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Abstract: The purpose of this paper is to define and study the notionewfiasses of functions, nameﬂy(y V) 98,8 )-continuous,

(a(v,)/>' am_p«))-closed anda(y’w, am_’ﬁ«))-homeomorphism functions and investigate their fundaaigbperties.
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1 Introduction

The study of topological spaces, their continuous functemmd general properties make up one branch of Topology known
as’ General Topology The concept of closednesss and continuity are fundameittarespect to the investigation of
topological spaces. The field of mathematical science is¢&bpology concerned with all questions directly or iedity
related to continuity. In 2013, Ibrahim][introduced and discussed an operation of a topo@yX) into the power set
P(X) of a spaceX and also he introduced the conceptgfopen sets. Ibrahin?] introduced the notion ofr O(X, T)(y,v’)’
which is the collection of albr(y’y/)—open sets in a topological spa®€, 1) and also he defined the(y’y/)—Ti [3] (i =

0, %, 1,2) in topological spaces. In this paper, the author intredared study the new types of functions and give some
properties of these functions in topological spaces.

2 Preliminaries

Throughout this paper, by, 1) and(Y, o) (or X andY) we always mean topological spaces without any propertgeixc
the mentioned in the context. The closure and the interioa aglubsetA of X are denoted bYCI(A) and Int(A),
respectively. A subsek of a topological spacéX, 1) is said to bex-open g] if A C Int(Cl(Int(A))). The complement of
ana-open set is said to be-closed. The intersection of ali-closed sets containingis called thex-closure ofA and is
denoted byaCI(A). The family of alla-open (respa-closed) sets in a topological spacé, 1) is denoted byyO(X, 1)
(resp. aC(X,T)). An operationy : aO(X,17) — P(X) [1] is a mapping satisfying the conditio¥, C VY for each
V € aO(X, ). We call the mapping an operation omO(X, T). A subsetA of X is called anay,-open set]] if for each
pointx € A, there exists am-open set) of X containingx such thatJ¥ C A. The complement of aa,-open set is called
ay-closed. The set of all,-open sets oK is denote byaO(X, T),. An operationy on aO(X, 1) is said to bex-regular
[1] if for every a-open setsU andV containingx € X, there exists armx-open setW containing x such that
WY CUYNVY. An operationy on aO(X, 1) is said to bea-open [] if for every a-open setU containingx € X, there
exists anyy-open seV of X such thak € V andv C UY.
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We recall the following definitions and results fro@j.[

Definition 1. A non-empty subset A @K, 1) is said to bea(yy/)-open if for each x A, there existr-open sets U and

V of X containing x such thatUJVY C A. A subset F ofX, 1) is said to bea(yy/)-closed if its complement XF is

ag,/y-open. The set of atk /)-open sets ofX, 1) is denoted byrO(X, T)( e

Proposition 1.If A; is ag,./)-open forevery € I, thenU{A :iel}is i,y ) open.

v:y)
Definition 2. A topological spacéX, 1) is said to bea —regular if for each point x in X and every-open setU in X

containing X, there exist-open sets W and S in X contalnlng x such th¥tV®’ C U.

Proposition 2.A topological spacéX, T) with operations/andy onaO(X, 1) is ayy —regular ifand only ifa O(X, 1) =
aO(X, r)( e

Definition 3. Let A be a subset of a topological spagé 7). The intersection of altx )—closed sets containing A is
called thea( /) -closure of A and denoted hvy —CI( ).

Proposition 3. Let A be subset of a topological spacg 7). Then,

Q) Ais ayy )-closed if and only |tr
2 a, —CI( ) is a, )—closed

vy ClA) =A

Definition 4. For a subset A ofX, T), we deﬁn@rCI(y /) (A) as foIIows:aCI(y‘y/) (A) = {xe X : (UYUWY)NA# @holds
for everya-open sets U and W containing.x '

Theorem 1.Let A be subset of a topological spacg 7). Then, A s, >—closed if and only rbrCI )( ) =A.

Definition 5. A subset A ofX, 1) is said to be ana, /- generalized closed (brieflw(w)- g.closed) set ih(
CI(A) CU whenever AZU and U is ana(,, ./ -open set inX, ).

vy)”

Proposition 4. The following statementd), (2) and(3) are equivalent for a subset A 6K, 7).

Q) Ai isa, /y-9- closed in(X, 1).
2 a )-C|({X}) NA# @for every xe a )-CI(A).
€)) or —CI( ) \ A does not contain any non-empn}{/y/)—closed set.

Definition 6. [3] A topological spacéX, 1) is said to be:

(1) a y) T1 if everya )9 closed set m(w/) -closed.

(2) a, To if for each pair of distinct points ¥ in X, there existr-open sets U and V such thatexU NV and
ygz UVUVV oryeUnV and x¢ UYuVY.

3) a, Tl if for each pair of distinct points,y in X, there existr-open sets U and V containing x andopen sets W

and S containing y such that#/U YUVY and X¢ WYU Y.
4) apy, -Tz if for each pair of distinct points,y in X, there existr-open sets U and V containing x andopen sets W

and S containing y such that VUVV Nn(WYu s )=

Proposition 5.[3] A topological spacéX, 1) is Ay -Ty if and only if for each > X, {x} is a yy)-closed.
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3 (a A g ) -Continuous Functions

Throughout this section, Idt: (X,T) — (Y, o) be a function ang,y : aO(X,T) — P(X) be operations oo O(X, 1) and
B.B : aO(Y,0) — P(Y) be operations oorO(Y, o).

Definition 7. A function f: (X, 1) — (Y, 0) is said to be (I(VV/), a(BlB/))-continuous if for each point& X and eacho-

opensetsW and S ff, o) containing f(x), there existr-open setsU andV ¢K, 1) containing x such that(tJ VUVVl) C
WAUSH,

Theorem 2.Let f be a function. Consider the following statements.

@) f:(X,1)—(Y,0)is (a(v.,v')’ a(B,B/))-continuous.

2 f(aCIwy/)( )) C aCI(B,B/)(f(A)) for every subset A X, 7).

3) aCI( y/)(f L(B)) C f*l(aCI( )( )) for every subset B diY, o).

(4) f1(B)is a, y)-closed for every g oy -closed set B ofY, 0).

(5) f( )CI( )) C App )-Cl(f( )) for every subset A diX, 7).

(6) f*l( ) isa, /-open for everyr ; 5/)-open setV ofY, o).

(7) For each point xe X and eacha -open W of(Y, o) containing f(x), there eX|sta yy-open U of (X, 1)
containing x such that(fJ) CW.

(B.8"

Then, the following implications are truél) = (2) < (3) = (4) & (5) & (6) < (7).

Proof. (1) = (2). Letx aCI(W/)(A) andW, Sbea-open sets ofY, g) containingf (x). There existr-open set$) and
V of (X, T) containingx such thatf (UYUVY ) C WB US?'. Sincex ¢ aCl,(A), then(UYUVY)NA# @, implies that
f(UYUVY)N f(A) # @. Therefore, we havé(A) N (WP USF') £ ¢. Thereforef (x) € aCl g 1, (f(A)), which implies

thatx € f~1(aCl /)(f(A))).HenceorCI<N)(A)g f~1(aCl /)(f(A))) SO thatf(orCI( )( ))g Cl(B,B’)(f(A))'

(BB (BB

(2) = (3). Let B be any subset ofY. Then f~1(B) is a subset of X. By (2), we have
f(aCl, /) (f~ B )))gaCI(B’B/)(f(ffl(B)))QaCI(B’B/)( ). HenceaCl, /(- (B ))gf*l(aCI(B,B/)(B)).

(3) = (2). Let A be any subset ofX. Then f(A) is a subset of Y. By (3), we have
aCli,y(f~ f((A)) C f*l(aCI(B,B/)(f(A))). This implies that aCl, /\(A) C f*l(aCI(B,B/)(f(A))). Hence
f(aCI(, /) (A) S aClyg g (F(A)).

(3) = (4). Let B be ana(Bﬁ/)-closed set of(Y, o). By (3) and Theorend, aCI( )(f 1(B)) € f~1(B) and hence
f~1(B)is a,, -closed.

(4) = (5). Let A be any subset aX. Thenf(A) C App)”
HenceA C f~Y(a,, »,-CI(f(A))). By (4), we havef - 1(a

CI(f(A)) anda Cl(f( )) is ana(B‘B/)-closed set iry.
-CI(f(A))) WhICh is ana, )-closed set irX. Therefore,

(BB B.B)
a(y,y/)-CI(A) C f*l(a(B’B/)-Cl(f(A))). Hencef (a vy -CI( )) C A )-Cl(f( ).
(5) = (4. Let B be an a(B‘B/)—closed set of (Y,0). By (5),

y/) -CI(f~1(B)) C f*l(a(B‘B/)-CI(f(f*l(B)))) C f*l(a(ﬁ‘ﬁ/)-CI(B)) C f~1(B). Therefore, by Propositios (1),
f=1(B) i is a )—closed

(5) < (6). This follows from Definitionl and the equivalence ¢4) < (5).
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(6) = (7). LetW be anya g 5-open set iny containingf (x), so its inverse image is am /,-open set inX. Since

f(x) €W, thenx € f~1(W) and by hypothesi§~*(W) is ana,, , -open setirX containingx, so thatf (f~1(W)) C W.

(7) = (6). LetV € aO(Y, U)(B‘B/)' For eachx € f~1(V), by (7), there exists an,, /,-open set containingx such that
f(Ux) C V. Then, we have ~1(V) = U{Uy € aO(X, 1), i X € f~1(V)} and hencef (V) aO(X,1),,,, using
Propositionl.

Corollary 1. If (Y,0) is an qp B/)-regular space, then all statements of Theofare equivalent.

Proof. By Theoren?, it is sufficient to prove the implicatiof6) = (1), where (1) and (6) are the properties of Theorem
2. Letx € X andW, Shea-open sets ofY, o) containingf (x). By Propositior2, WU Sis (g g/ OPEN. Thenf-Y{(WuUS)
is ag,yy-open set of X, ) containingx by (6). Therefore, there exist-open set&) andV of (X, 1) containingx such

thatuYuvY C f~1(WuS) and sof (U VUVV') CWBUSF . This implies thaff is @y, 9 py)-continuous.
RemarkThe converse of implicatiofl) = (6) in Theoren® is not true in general as shown by the following example.

Example 1.LetX = {a,b,c},Y ={1,2,3}, 1= {@,X,{a},{b}.{a,b}}ando = {@,Y,{1},{2},{1,2}}. Letf : (X,T) —
(Y,0) be a function defined by

2, if x=a,
f(x)=< 3, if x=h,
1 ifx=c.

For eachA € aO(X), we define two operatior;sandy', respectively, byAY = CI(A) andAV/ =A
For eachK € aO(Y), we define two operations andf’, respectively, by = K andK? = CI(K). Then, the condition
(6) in Theoren® is true. It is shown that is not(awy), awlﬁ/))-continuous.

Theorenm? suggests the following.

Remark. If f : (X;1) —» (Y,0) is (a(yy/), A B/))-continuous, then the induced function
f:(X,a0(X, T)(yy/>) — (Y,a0(Y, 0)<I3 p')) is continuous.
Let (X, 1), (Y,0) and(Z,n) be spaces andy : aO(X) — P(X), 8,8 : aO(Y) — P(Y) and3,8 : aO(Z) — P(Z), be
operations o O(X, 1), aO(Y,0) andaO(Z, n), respectively.

Theo.rem 3.f f :. (.X,r) —(Y,0)is (a(y,y/.), a(B,B/))-continuous fand o(Y,0) = (Z,n)is (a(B,B')' a(w,))-continuous,
then its composition gof(X, 1) — (Z,n) is (am/), 0(6‘5/>)-contmuous.

Proof. Let x € X, K andL be a-open sets oZ containingg(f(x)). Sinceg is (a(B ) s 5/))-continuous, then there
exist a-open setdV andS of Y containingf (x) such thagW8 US?) C KO UL . Also, sincef is (@) Appy)-

continuous, then there exist-open setd) andV of X containingx such thatf (UVUVVI) cWPu & This implies
thatf(UYUVY ) CWBUSP C g {(KOUL?). Then, we obtairjgof)(UYUVY ) C KO UL® . Thereforegofis (a

_ )
0(5’5/))-contmuous.
Definition 8. A function f: (X, 1) — (Y, 0) is said to be(am/), o gy)-closed if fora,, , -closed set A of X, A) is
a(B’Bl)-closed iny.

Proposition 6. Let f: (X,7) — (Y,0) be an(a(y‘y/), a(B‘B/))-cIosed function. Then, for each subset B¥ofo) and each

a.,/)-open set U containing(B), there exists aw g o\-0pen setV such thatBV and f1(V) CU.

Proof.LetV =Y\ f(X\U). ThenV is a5 5/, -open. Thus ~1(B) CU impliesBCV andf (V) = f~1(Y\ f(X\U)) =
X\ fFL(f(X\U)) € X\ (X\U)=U,orf1(Vv)CU.
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Proposition 7.Let f: (X,7) — (Y,0) be a function. Then, f iéu(yy/), awﬁ/))-closed if and only i’a(Bﬁ/)-Cl(f(A)) C
f(awy)—CI(A)) for every subset A of X.

Proof. Obvious.

Corollary 2. If f : (X,1) — (Y,0) is bijective and f1: (Y,0) — (X,1) is
-closed.

(%,ﬁ’)’ a(y!y/))-continuous, then f i(sa(yy),
Ap ')

Proof. Follows from Theoren?2.

Proposition 8.1f f : (X, 1) — (Y, 0) is (a( V) 9.p )) -continuous anoja V) %e.p )) -closed, then

1) f(A)is App) 9 closed for evergr, /\-g. closed set A X, 7).
(2) f-4B)i |s a vy 9 closed for everw B89 closed set B dfY, o).

Proof. (1) LetV be ana g o,-open set containing(A). Then,f~1(V) is ana,, /,-open set containing by Theoren

and sod(, /) -CI(A ) C f~1(V). It follows that f (a (vy) -CI(A)) is ana g pry- -closed set and hen«:gﬁyﬁf)—CI(f(A)) C
Ap ) Cl(f( vy Cl(A))) = f(a v, )-CI( )) C V. This implies thaff (A) is a(B,B/)-g.closed

(2) LetU be anya, s -open set such thafrl( ) CU. LetF = a(y,y/)-CI( ~1(B))N(X\U), thenF is a(yy/)-closed

in (X,1). This |mpllesf( )is Ap gy -closed setinlY, o). Sincef(F) = (a<y7¥/)-CI(f*1( )N (X\U)) C qp

CI(B)ﬁf(X\U)ga(B,B/)-CI(B)ﬂ(Y\B) by Theoren®, it is shown thatr( )-CI( )\Bcontalnsam(B,B/)-closed

set f(F). It follows from Propositiord that f(F) = ¢ and hencd= = @. Thereforea( )-Cl(f 1(B)) CU. This

shows thatf ~(B) is a9 closed.

f
f

Theorem 4. Suppose that there exists a(mr
f:(X,1) = (Y,0).

(B,B/))-contmuous and(a( a(B’BI))-CIosed function, say

(vy)’ vy

(1) If f is injective and(Y, 0) is Ap g T1 then(X, 1) is Ay T1
(2) If f is surjective and X, T) is Ay T%, then(Y,0) is App )-T%

Proof. (1) LetAbe anda, /-9 closed set ofX, ). We claim thatA is a(yy)-closed in(X, 7). By Propositior8 (1), f (A)
is awyﬁ/)-g.closed SincéY, o) is Ap g T% this implies thatf (A) is App )—closed Since is (a vy s, B'))'
continuous and injective, then, we hae- f~1(f(A)) is a, )—closed by Theorer. Hence(X, 1) is Ayy) T1

(2) LetB be ana Bl)—g.closed set infY,0). By Proposition8 (2) and assumption, it is shown thBt= f(f~ 1( )) is
A Bl)-closed and henog, 0) is a(B‘B/)'T%'

Theorem 5.Suppose that there exists @"(y App )) -continuous injection. IfY, o) is a(B-B’)'Ti' then(X,1) is Ay
Ti, where i=0,1,2.

Proof.Let f : (X, 1) — (Y,0) be the(a(yy/), Agp )) -continuous injection. The proof for= 1 is as follows:
Letx e X. Then, by PropositioB, { f(x)} is Ap g -closed in(Y, g). By Theoren? and Propositio, {x} i isa )—closed
and hencéX, 1) is a, )-Tl The proofs foii = 0, 2 follow from Definition6 (2), (4) and by Theorerf.

Definition 9. A function f: (X,7) — (Y, 0) is called an(a vy 9p.p )) homeomorphism if f is amgyy), a(B,B'))'

v
continuous bijection and  : (Y,0) — (X, 1) is (a( ) qiyy )) -continuous. The collection of a(la(y‘y/), a(y‘y/))-
homeomorphisms froifX, 7) onto itself is denoted bty -h(X; 7). ' '

Theorem 6.Suppose that f(X,17) — (Y,0) is an(a(w), a(BlB/))-homeomorphism function. TheX, 1) is a(yy/)-Ti if
and only if(Y,0) is a1 g g, -Ti, where i= 0, 3,1,2.

Proof. The proof follows from Theorem4 5 and Definition9
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Theorem 7.Let f: (X,7) — (Y,0) be a function. Then,

(1) For each topological spac€X, 1), the coIIectiom(N)-h(X, 1) forms a group under the composition of functions.
(2) For an (am/), g m)-homeomorphism f(X,1) = (Y, 0), there exists a group isomorphism, say: trm/)—

h(X,1) — a(B,B/)'h(Y’ o).

Proof. PuttingHyx = a(y’y/)-h(x, 7).

(1) First we prove that: i € Hyx andb € Hy, thenboa € Hy. Indeed, since andb (resp.a~! andb™1) are(a(y,y/),
a(y,y/))-continuous bijectonsyoa (resp.atob! = (boa)™t) is also an(a(y,y/), a(y,y/))-continuous bijection by
Theorem3 and sdboa € Hx, whereboa: X — X is the composite functions af: X — X andb: X — X such that
(boa)(x) =b(a(x)) for every pointx € X. Thus, the following binary operatiany : Hx x Hx — Hx is well defined
by nx(a,b) = boa. Puttinga- b = nx(a,b), we have the following properties:

(@) (a-b)-c=a-(b-c) holds for every elements b, c € Hy;

(b) for all elementa € Hy, there exists an elemeeat Hx such that-e=e-a=ahold in Hx;

(c) for each elemerd € Hx, there exists an elemeat € Hy such that-a; = a; -a= ehold in Hx.

Indeed, (a) is obtained obviously;

(b) is obtained by taking = 1x and using the fact thatcle Hyx, where % : X — X is the identity function;

(c) is obtained by taking; = a~* for eacha € Hy. Then, by definition of groups, the pdiryx, nx) forms a group
under the composition of functions.

(2) The required group isomorphisf : Hx — Hy is well defined byf,(a) = f o (ao f 1) for every elemena € Hy.
Indeed,f.(a) € Hy holds for everya € Hy by Theoren, f.(a-b) = fo(boa)of™t=foboflofoaof =
(f«(b)) o (f.(a)) = fi(a)- f.(b) hold for every elementa, b € Hx and sof. : Hx — Hy is a homomorphism. Hence
f. : Hx — Hy is the required isomorphism.
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