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Abstract: In this article, we drive the Binet form to Fibonacci and gattieed Fibonacci numbers by applying the Laplace tramsfor
method that has not got enough credit for solutions of diffiee equations compare to other avaiable methods so far.
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1 Introduction

The sequenck, of the Fibonacci numbers is defined by the recurrence relatio

0, ifn=0
Fn=14¢1, ifn=1
Fnoi+Fa2, ifn>2

A compact formula, known the Binet form, for the Fibonaccimhers is given by
Fn=—=(@"-(-9)™"),

where@ = ”T‘/g for the name ofp see [L]. There are several analytic proofs obtaining the Binemfoising the method
of matrices P,3,4,5], the method of generating functiong][ the method of complex residues][ for a discussion of
more traditional methods$] and the method of difference equatich10,11].

It is important to note that Binet (1786—1856) probably wasthe first to figure out this. Leonhard Euler (1707-1783),
Daniel Bernoulli (1700-1782), Abraham de Moivre (1667-4)7&nd also Gabriel Lamé (1795-1870) after whom the
sequence is sometimes called, worked the same formula aettiman a century earlier. For further reading, sE214,
15,16,17,18,19,20].

LetY(t) be a real or complex function for> 0 ands is a real or complex parameter. Then the Laplace transfoiiftof
is defined by

2O} =y(9) = [ Ve ot
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we assume that this integral exists.

Y(t— if t
f 2V} =y(s and Gty =4 & Mt>a e 2i6h) = ey(s) L)
0 ift<a
For the Laplace transform of(t) and its properties, se€1,22).
2 Main results
Lemmal. LetY(t) =a,forn<t<n+1lwheren=0,1,23,---. Then
_ae(l-e9)

LNY(t+1)} =€y - ——

S

Proof. ApplyingY(t) =apfor0<t < 1. Then

LY+ 1)) = /Om e S (t+ 1)t

= es/loo e %Y (u)du
=€ [/Om e Y (u)du— /Oles“Y(u)du}

=€%(s) — es/ol e Magdu

= e%y(s) — de(1-e)

s
Lemma2. LetY(t)=a,forn<t<n+1lwheren=0,1,23,---. Then

L{Y(t+2)} =Py(s) — (1 e 9)(ae+a)

S

Proof. ApplyingY(t) =apfor0 <t < landY(t)=a; for1<t < 2. Then

ZIY(t+2)} = /O Te Sty (t+ 2)dt

= eZS/: e Y (u)du

- eZS/OOO e Y (u)du— eZS/Ole*wY(u)du - ezsflze*s“Y(U)dU
1 2

= e®y(s) — € /o e Yagdu — & /1 e adu

e ae adet e

= ®y(s) - S B s

B e(1—e S)(ape®+a1)
= &%y(s) - s

For general version of Lemmniaand Lemma&, see 7).
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Lemma3.LetY(t)=r"forn<t<n+1lwheren=0,1,2 3, ---. Then

l1-e%

2O} = g1 e

Proof. Geometric series is employed when necessary.

1 2 3
Z{r”}:/ e*S‘rOdtJr/ e*S‘rldtJr/ e rldt+ -
0 1 2

1—e S esS_ efzs e—Zs_e—3s
= +r +r2 +...
S S S
l1-e8
== (L+reS+r2e®4..)
_l-e® 1
s 1-res
1€
s(1—res)’
Theorem 1. Let Fp=0andF, = 1. If
Fn+2 = Fn+l+ Fna n Z 07 (2)

then

1 ((1+v5)" [1-v5B\"
= ((20) (%)) ©

Proof. By applying Lemmal, Lemma2 and taking the Laplace transform of both sides2)fdne obtains.

(®—e-1)y(s) = Ll; e,
Then
_S(1-e) 1 1
WO o np e g

(1-e 11
VB 1-L8es 1 18es )

Applying Lemma3 and the inverse Laplace transform one obtains
n n
E_ L ((1+vB)  [(1-V5
"5 2 2 '

Theorem 2. Let Fp = pand F, = p+qif

Fn+2 = Fn + Fn+l; n Z 07 (4)
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then either

e _R-R((1+v8\"_(1=vB\"\ R ((1+vB\"_(1-v8)""
"5 2 -\ 2 +E 2 2

e _FitrR(/5-1) <<1+\@>n <1¢5>n>
ne /5 2 2 '

For generalized Fibonacci numbers, s2g.[

or

Proof. By applying Lemmal, Lemma2 and taking the Laplace transform of both sides4)fqne obtains

(-1~ SECNRSHR) Ffl-e)

S S

Then
e e €l-ed( 1 1 ele9yf 1 1
y(s) = (F1—Fo) \/ES <es_% es_%?’> +Fo \/ES <e5_1+2\/§ e5_12\/§>

R 1 gl 1
o VvBs \1- —”Zﬁ es 1-— —1’2ﬁ’e*S O /Bs 1- —”Zﬁe*S 1- —1’2ﬁ’e*S '

Now using LemmaB, (1) and taking the inverse Laplace transform one obtainsrithe
1 1
F_Fl—Fo 1+\/§ n_ 1—\/§n+i 1+\/§ n+_1_\/5 n+
SN 2 2 /5 2 2

e F+R(/5-1) <<1+\/§)”_ (1—\/5)”)
ne V5 2 2 '

Corollary 1. If Fg = 0 and F; = 1 then one obtains Theorem 1.

or

Corollary 2. If Fg = 0 and F; = 1 then one obtains Lucas numbers, denoted by L, L, = 2F, 1 — Fy, where Ry isin the
form (3).

For Lucas numbers and its properties, sE215,16,17,18].

3 Conclusion

The Laplace transform method are applied to generalizezhitci sequence to obtain the Binet form. The result obdaine
in [12] is applied to Pell and Tribonacci numbers. With this aetjele aim to bring up the importance of Laplace transform
method for difference equations to interested readers.

Competing interests

The authors declare that they have no competing interests.

© 2018 BISKA Bilisim Technology



NTMSCI 6, No. 2, 97-101 (2018) Wwww.ntmsci.com BISKA 11

Authors' contributions

All authors have contributed to all parts of the article. &lithors read and approved the final manuscript.

References

[1] M. Livio, The Golden Ratio: The Story of Phi, the World'sast Astonishing Number, Broadway Books, New York, 2002.
[2] S. L. Basin and V. E. Hoggatt, Jr., A primer on the Fibonaszjuence—Part Il, Fibonacci Quart. 1 (2) (1963), pp. 61-68
[3] D. Kalman, Sums of powers by matrix methods, Fibonacca®@w8(1) (1990), pp. 60-71.
[4] D. Kalman, Generalized Fibonacci numbers by matrix mad#h Fibonacci Quart. 20(1) (1982), pp. 73-76.
[5] B. Liu, A matrix method to solve linear recurrences wittnstant coefficients, Fibonacci Quart. 30(1) (1992), pB. 2-
[6] W. Watkins, Generating functions, College Math. J. 3§(®87), pp. 195-211.
[7] P. JR. Hagis, An analytic proof of the formula fBg, Fibonacci Quart. 2 (4) (1964), pp. 267-268.
[8] R. J. Hendel, Approaches to the formula for tith Fibonacci number, College Math. J. 25 (2) (1994), pp. 132-
[9] J. A. Jeske, Linear recurrence relations—Part |, FibonQuart. 1 (2) (1963), pp. 69-74.
[10] R. E. Hartwig, Note on a linear difference equation, AnMdath. Monthly 113 (3) (2006), pp. 250-256.
[11] S. Elaydi, An Introduction to Difference Equations,riBiger, New York, 1996.
[12] R. M. Guil, Binet forms by Laplace transforms, FiboneQuart. 9 (1) (1971), pp. 41-50.
[13] V. E. Hoggatt, Jr., Fibonacci and Lucas Numbers, Hoog¥lifflin Company, Boston, 1969.
[14] D. E. Knuth, The Art of Computer Programming Volume I:felamental Algorithms, Addison Wesley Longman, 3rd ed, Read
Massachusetts, 1997.
[15] S. Vajda, Fibonacci and Lucas Numbers, and the Goldetid®e Theory and Applications, Dover, Mineola, New Yor98b.
[16] R. A. Dunlap, The Golden Ratio and Fibonacci Numbersrlé&/8cientific Press, London, 1997.
[17] T. Koshy, Fibonacci and Lucas Numbers with Applicagpdiohn Wiley & Sons Inc, New York, 2001.
[18] A. S. Posamentier and I. Lehmann, The Fabulous Fibomaumbers, Prometheus, Amherst, New York, 2007.
[19] R. Grimaldi, Fibonacci and Catalan Numbers: An Intratitan, John Wiley & Sons, New York, 2012.
[20] D. M. Burton, Elementary Number Theory, Allyn and Bac&woston, 1980.
[21] A. C. Grove, An Introduction to the Laplace transfornmdahe z-transform, Prentice Hall, 1991.
[22] M. R. Spiegel, Theory and Problems of Laplace Trans&rcGraw-Hill, New York, 1965.
[23] A. F. Horadam, A generalized Fibonacci sequence, AMath. Monthly 68(5) (1961), pp. 455-459.

© 2018 BISKA Bilisim Technology


www.ntmsci.com

	Introduction
	Main results
	Conclusion

