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Abstract: In this study, we investigate optimal pricing and orderiegidions based on different levels of risk aversity. By g&trVaR
measure as an alternative to expectation operator, a oaeipter extension of the classical price-setting newswemadel is obtained.
For the additive demand model, a simulation study is coretlitti compare optimal prices and orders of risk averse newlsve with
those of less prudent and risk taker ones.
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1 Introduction

We consider a newsvendor model in which a risk averse decisimker (DM) simultaneously decides the selling price
and order quantity. Depending on the different risk atetwmdf the DMs, the optimal price and order deviate from the
risk-neutral optimal decisions that maximize the totalentpd profit. A risk-averse DM aims to find the optimal balance
between the total overage and underage costs with low kitylati his objective which leads him to be prudent against
substantial losses, for more detail s&8)][ Inventory problems are similar to investment problemdinance since
decisions have to be taken in a stochastic environment,iakgreferences of the DMs are important to include, see
[13]. For this reason, the processes performed in financialmiakagement are also useful for inventory problems. We
focus on three basic distribution-based risk measuresievat Risk (VaR), Conditional Value at Risk (CVaR) and EVaR
which was defined by Kuan et afL§]. VaR and CVaR are quantile-based measures for quantificafi financial risk,

and they have also been used in stochastic inventory degsablems for controlling profit (or loss) variability. Deite

its wide applicability and simplicity, some criticisms leldeen done on VaR, such as not being subadditive that causes
penalization of diversification, being difficult to optineiZneither convex nor concave), and insensitive to extressek
that occur with small probability, for a detailed analysé®e $2]. On the other hand, coherent risk measures (such as
CVaR) have ideal behavioral properties, namely monotbnidranslation invariance, positive homogeneity and
subadditivity (see4]). Newey and PowellZ0] introduced expectiles which are known to be coherent rigkasures.
Typically, as a family of generalized quantiles, expestéee more concentrated around the mean than the corresgondi
guantiles (seeq]). Besides, they are more sensitive to the size of extrersgel relatively to VaR since they rely on
more comprehensive information (s€]). Moreover, expectiles are suitable for forecasting kibegting and bayesian
decision making (se€lf]).

Coherent risk measures have commonly used in newsvenda@lsnasglan alternative to the expectation operator in order
to take into account risk preferences. The literature tealgwith risk by using VaR and CVaR, but does not consider
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pricing as a decision, is as follows. Jammernegg and Kis¢hKaprovided profit maximizing newsvendor solutions
with risk considerations by using mean-CVaR criterion. @oand Takanol6] adopted both single and multiple item
newsvendor models for the minimization of convex mean-CWajectives for two types of loss functions, namely the
net loss and the total cost. The latter considered positieetage cost, while the former considered no shortage cost.
Ahmed et al. 1] analyzed the extension of the classical multi-period nemgor model considering coherent risk
measure objective. I9] and [10], the authors studied mean-risk models with law-invarizotierent risk measures in
risk averse newsvendor problen@zler et al. P1] utilized VaR as the risk measure in a newsvendor framewark a
investigated two-product version under a VaR constrainf26] and [27], trade-off analyses between expected profit and
CVaR were done via two risk parameters in risk-averse irugrhodels. Katariya et al1B] showed that the impact of
risk aversity on the optimal order quantities depends onddmmand distribution and the cost parameters for CVaR
criterion newsvendor problem. Wu et &3 investigated the newsvendor model with random shortagewtder CVaR
criterion. Arikan and Fichtingerd studied the risk-averse newsvendor problem with spedsiaimeasure objective that
covers many coherent risk measures including CVaR and ré&aRR. The authors also argued the impact of both the
monotonicity of the objective function and the selling primn risk neutral and risk averse optimal order quantities.

Now, let us review the relevant models in which the price isaxmgenously given. In7], the authors adopted CVaR as
the objective function in order to find the optimal pricingdaordering decisions for both additive and multiplicative
demand models. Chiu and Chd][derived the optimal joint pricing and stocking decisiorfsttte VaR newsvendor
under price-dependent demands. In case emergency purcphase is allowed, Xu 25 investigated the impacts of
parameter changes on the optimal selling price and ordentigpaf risk sensitive newsvendors. Within a newsvendor
framework, Arcelus et al.Z] evaluated the pricing and ordering policies to meet pdependent stochastic demand by
maximizing of the risk-adjusted expected profit. B¥], the authors discussed the effects of both risk aversemasds
competition on the newsvendor’s optimal ordering and pgdtrategies under the CVaR criterion. Dai and MehY [
considered a risk-averse newsvendor making a joint dec@inordering, pricing and marketing by using CVaR as the
decision criterion. For a literature review on periodic éntory systems, the reader may refer &8][in which
time-consistent coherent risk measures are used to stusk-averse firm’s inventory and price control activities.

In this paper, risk averse solutions are evaluated undeE¥ad&R minimization criterion in the newsvendor setting. The
rest of this paper is organized as follows. In the next sactite notation used for the classical price-setting nendoe
model is given. In Section 3, the definitions and some prageedf VaR, CVaR, and EVaR measures are given. The
proposed EVaR criterion price-setting newsvendor modptésented and analyzed its risk attitude relations in Secti
4. Afterwards, a numerical example is given for exponergiabr distribution. The paper is concluded with some
remarks in Section 5.

2 The classical price-setting newsvendor model

In this section, the notation used for the basic pricetsgttiewsvendor model is given. At the beginning of the time
period, DM does not know how much he can sale, and needs tdelboth the order quantityand the unit selling price

p before price-dependent stochastic demand is realizedufiihpurchase price of the productisFor an underprediction
case, unsatisfied demand is penalized with a shortage (@tckalue per unis. Leftover inventory is sold in a secondary
market with discounted salvage price per wrfior an overforecast case. It is assumed thatc < p ands > 0. Demand

is denoted byD(p, €), wheree is stochastic error term with known distribution functibg(.). Then, the profit of the
newsvendor can be written as

n(p,q) = pmin{q,D(p,€)} — cq—smaxD(p,€) —q,0} +vmaxq—D(p,), 0} )
= (p—¢)D(p,&) — (c—V)[q—D(p,&)]" — (p+s—¢)[D(p,e) — ] *
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where[]* = max{-,0}, (c— V) and (p+ s— ¢) are unit overage and underage costs, respectively. Bydinting the
uncertain loss functioh(p,q) = —m(p,q), we get

L(p,q) = (c—V)[g—D(p,&)]" + (p+s—c)[D(p,&) —a] " — (p—c)D(p, &). 2

In this study, we only consider the additive demand modeD&n €) = a— bp+ € wherea,b > 0. The expected loss is
derived as:

00

—a+b
ELpal= [ (e=va-(p-v@-bprO)dR)+ [ (sa-bp+t)~(prs-dadR() (@)

with error rangg0, ).

3 Some risk measures and their properties

In order to better understand the financial meaning of riskngjfying, the concept of risk measure was defined
axiomatically via acceptability concept id][ A financial positionL > 0 is defined by an uncertain monetary variable
representing possible losses (if a possible value isfnegative, it means that it denotes a gain), and itspigk > 0 is
considered as the additional capital requirement for aemtable position. A financial position become acceptable by
adding to the risk valu&/aR, (L), if we say that the probability of loss does not excdéd- a) for a specified,
sufficiently high, thresholdr € (0,1). By definition, it can be interpreted as "maximum loss whigmot exceeded with
a given high confidence levef’, so

VaRy(L) =inf{l eRIP(L<I)>a} 4)

which can be referred to the-quantile of the underlying loss distribution, that ¥aR, (L) = F(a). Typical
confidence levels are 0.90, 0.95 or higher.

As an alternative measure of risk, CVaR answers the queshtthat is the expected loss d¢fl — a) x 100% worst
losses?”. If the distribution functioR_(.) is continuousCVaR, (L) equals to the conditional expectation of loss when
theVaR, (L) is exceeded, that is

1 1
CVaRy (L) =E[L|L >VaR,(L)] = m/a Fol(t)dt. (5)

Definition 1. (Coherency4]): A risk measurep satisfying the following axioms is said to be coherent.

(Translation invariancep(L +m) = p(L) —m, for m € R, adding risk-free cash to a position reduce its risk by theea
cash.

(Subadditivity)o(L1 + L2) < p(L1) + p(L2), diversification cannot increase risk.

(Positive homogeneity)(AL) = Ap(L), for A > 0, increasing the size of the position scales its risk by timeestactor.
(Monotonicity) s < L, = p(L1) < p(L»), the greater the loss, the greater the risk.

There are many considerations in choosing the proper rigsare. VaR has been widely used in practice, but it is not a
subadditive risk measure. By contrast, CVaR is coheremtaFmherent risk measure, relaxation of the axioms positive
homogeneity and subadditivity as convexity axiom:

(Convexity) p(AL1+ (1 —A)Lp) <Ap(L1)+ (1—A)p(Ly) for A € (0,1), (6)

one can get convex measures of risk. Convex and coherentesisures capture and reflect the impact of behavioral
risk preferences. For a detailed information on risk measand their properties, reader may referitd.[ To describe
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risk behaviors in the decision problem, we utilize expestivhich also have appealing risk measurement properties.
Expectiles have resemblance to quantiles, in factpanexpectile is also aa —quantile (see]2] for the relation). It is
well-known thata-quantile can be defined as the minimizer of the expectatidheofollowing asymmetric, piecewise
linear score (error), that is
I* =F Y(a) =argmirE[a (L— )"+ (1—a)(L—1)7] (7)
|

wherea € (0,1), (L—1)* = max{L —1,0} and(L—1)~ = max{| — L,0}. Similarly, w-expectile can be defined as the
minimizer of the expectation of the following asymmetriegewise quadratic score, so

eu(L) =argmirE [ ((L-1)")"+ (1 w) (L 1))’ (8)
|
for w € (0,1). From the first order of optimality condition, the followindentity holds
WE[(L —ew(L)"] = (1 - w)E[(L —ew(L))]. 9)

If we takew = 0.5, we simply gete,,(L) = E[L]. The functione,(L) is continuous and strictly increasing with respect to

w (see p]). When a positive value of the random variable is assumed as a gain, that X, = —L, then
ew(L) = —e1_,(X). Note that, ourw correspond$l — w) when the random variable denotes a gain a$jn[2], [19.

Now, let us defin&EVaR,(L) = ey(L). From @), EVaR,(L) can be seen as monetary value that should be added to the
position in order to have for a specified, sufficiently highirgloss ratiog%;. In [19], w is referred to as an index of
prudentiality, andEVaR,(L) is understood as the margin (capital) requirement undempthdentiality levelw. For

w > 0.5, a higher value otv leads to more prudent margin requirement which means a hitgggee of risk aversion.

Alternatively, one can calculate-expectile from the following identityZ0]

2w—1 [
1-w Jeun)

eulL) = E[L] + (1 - ew(L))dR.(). (10)

4 The price-setting newsvendor model with evar criterion

SinceEVaR, (L) is strictly increasing with respect to, we choosev € (0.5, 1) for more prudent and risk averse decisions,
andw € (0,0.5) for less prudent and risk taker decisions. If we take- 0.5, the EVaR minimization model reduces to
the classical price-setting newsvendor model. We derigebjective function EVaR froml(), so

+2w—1
1-w

(li+12) (11)

where
g-a+bp
i= [T e via- (- v@-bp) —euL)] dR ()

|2:/°° [s(a—bp+t)— (p+5—c)g—ew(L)] " dF(t).
g—a+bp

We need to investigate three separate cases
Case 1ey(L) < (c—p)q,

Case 2(c— p)q<ewp(L) <(c—v)q,

Case 3ey(L) > (c—V)q.
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Case 1Forly, (c—v)g— (p—V)(t+a—bp) > ey(L) since 0<t <g—a+bp.Forly, s(t+a—bp)— (p+s—c)g> ey(L)
sinceq— a+bp<t. So, both integrands are positive and

-g—a+bp
|1:./0 [(c—Vv)q— (p—V)(@a—bp+t) —ey(L)] dFe(t),

|2:/‘oo [S(afprrt)f(p+sfc)qfew(L)]dF£(t)'
g—a+bp

From (11),
L]+ 2221 (E[L] — en(L)Fe(q—a+bp) —ew(L) (1 — Fe(q—a+bp)); so

Our model is
mineg,(L) Problem 1

subject to
ew(L) =E[L],
P,,(C— p)d—ew(L),a/b—p>0.

Case 2.Similarly, we get Problem 2 for Case 2 as following:

mineg,(L) Problem 2
subject to
{ew(l-) = E[L+ 25 (114 12),

P, G, €w(L) — (c—P)g, (c—V)q—ey(L),a/b—p=>0,

where

_v)g—ew(L
(c V)g—3w< )7a+bp

I, = /0 [(C_v)q—(p—v)(a—bp—H)—ew(L)]dFs(tL

|2 = /waaerp[S(ai prrt) - (p+sfc)q*ew(L)]ng(t).

Case 3.n a similar manner, one can get Problem 3 for Case 3 as failpwi

mineg,(L) Problem 3
subject to

eo(L) = E[L]+ 325 (I1+12),

P.0,€w(L) - (c—Vv)g,a/b—p=0,

I, =0,

l2 = /wmp[S(a bp+t) — (p+5—c)q—ew(L)]dFe(t).

To illustrate the proposed model, we present numericaltgesu

Example 1. This example is borrowed fron2§]. Suppose the error distribution is Exponential with pagtenA = 0.1
andD(p, &) = 200— 35p+ €. The unit salvage value = 0.5, the unit shortage cost= 1 and the unit ordering cost

c = 1. We solve our three problems separately and we get the alpsiotutions from Problem 2. We present the risk
taker and the risk neutral results in Table 1, and risk avegsalts in Table 2. Next, we generate 5000 error scenarios
for exponential distribution and simulate profit functionising the corresponding optimal solutiams(L), p*, g*. Risk
aversity increases when the risk parameténcreases. According to the results of analysis and as ¢qdbe standard
deviation (volatility) of the profit function decreases @hd gain-loss ratio increases when risk aversity increases

(© 2018 BISKA Bilisim Technology


www.ntmsci.com

107 BIS K A H. G. Akdemir: Pricing and ordering decisions of risk-aeengwsvendors: Expectile-based value at risk...

w 0.1 0.2 0.3 0.4 0.5
ew(L) -232.958| -221.593| -216.166| -211.839| -208.364
p* 3.630 3,660 3.531 3.504 3.482
q 107.969| 97.895 | 102.249| 100.454 | 98.877
E[m] 203.912 | 206.421| 207.430| 207.941| 208.101
On 26.677 | 23.236 | 22.185 | 20.378 | 18.607
Gain/Loss| 0.577 0.744 0.974 1.173 1.327

Table 1: Risk taker and the risk neutral results.

5 0.6 0.7 0.8 0.9
eo(L) | -205.339] -202.516] -199.609| -196.289
p* 3463 | 3445 | 3.457 | 3.410
q 97.409 | 96.000 | 93.017 | 93.494
E[n] | 207.980| 207.604 | 206.747 | 206.063
Or 16.819 | 15028 | 12.862 | 11.651
Gain/Loss| 1541 | 1.816 | 2.189 | 3.182

Table 2: Risk averse results.

5 Concluding remarks

In this paper, we use EVaR measure as an objective functidetermine price-setting newsvendor solutions with risk
considerations. We suppose that the random demand is thédumf the selling price, especially the additive demand
form is considered. In addition to the order quantity, thi selling price is accepted as a decision variable in thesital
newsvendor problem. When the newsvendor makes a decistbrrigk driven behavior, the optimal order quantity and
price deviate from the classical expected profit maximizjngntity and price. Risk averse DMs dislike high volatility
their expected profits and they keep higher margin valuespfimary contribution of this paper is that the aforememit
EVaR minimization model extends the classical price1sgttiewsvendor model through a one-parameter risk measure
and facilitates a trade-off analysis between the capitadteld in reserve and the expected profit. When we use elgsecti
the decision relies on both tails of the loss distributionl & easy to compute because of convexity. For risk averse
newsvendors, another effective way to hedge against rigkuse pricing as a tool. Hopefully, we will extend our work
for different demand models and provide sensitivitiy asayor future research directions.
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