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Abstract: In this paper we study the uniqueness of weakly weightedsgha small function by a meromorphic function and its
differential polynomial. The result of the paper improvensorecent results due to Hong-Yan Xu and Yi Hu [5].
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1 Introduction

Let f be a meromorphic function in the open complex pl&héNe use the standard notations of Nevanlinna theory,
which can be found in [7]. We denote I9r, f) any quantity satisfyin@(r, f) = o{T(r, f)} asr — o possibly outside a
set of finite linear measure.

A meromorphic functiora = a(z) is called a small function of if T(r,a) = §(r, f). We denote by§(f) the collection of
all small functions off. ClearlyC c S(f).

Let f andg be two meromorphic functions i@ anda € S(f) N S(g). We say thaf andg share the functioa = a(z) CM
(counting multiplicities) or IM (ignoring multiplicities if f —a and g — a have the same set of zeros counting
multiplicities or ignoring multiplicities respectively.

Definition 1. [5] Let k be a positive integer, and let f be a meromorphic fumcéiod ac S(f).

(i) N(r,a f| > k) denotes the counting function of zeros of & whose multiplicities are not less thanwhere each
zero is counted only once.

(i) N(r,a; f| < k) denotes the counting function of zeros of & whose multiplicities are not greater than where
each zero is counted only once.

@iy Np(r,a f)=N(r,a f)+ 3P ,N(r,a f| > k).
Definition 2. [2] For any complex numbere CU {«}, we denote byy(c, f) the quantity

Np(r,c; f)

5p(C, f) = 1—rlmsupw,
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where p is a positive integer. Cleargg(c, f) > d(c, f).

Let Ne(r,a) be the counting function of all common zeros ef & and g— a with the same multiplicities, andyit,a) be
the counting functions of all common zeros of & and g— a ignoring multiplicities. Denotes bMg (r,a) andNg(r,a)
the reduced counting functions of f and g correspondingeoctbunting functions N\r,a) and Ny(r, a), respectively. If

N(r,a; f) +N(r,a;g) — 2Ng(r,a) = S(r, f) + S(r,9),
then we say that f and g share a “CM”. If

N(r,a; f) +N(r,a;g) — 2No(r,a) = S(r, f) + S(r,9),
then we say that f and g share a “IM”.

Definition 3. [5] Let f and g be two nonconstant meromorphic functions shaaitigM”, fora € S(f) N S(g), and a
positive integer k oto.

0] N?(r, a) denotes the counting function of zeros of & whose multiplicities are equal to the corresponding zeros
of g— a, both of their mutiplicities are not greater thanwhere each zero is counted only once.

(ii) Nék(r, a) denotes the reduced counting function of zeros-efafwhich are zeros of g a, both of their mutiplicities
are not less than kwhere each zero is counted only once.

(iii) Let z be the zeros of £ a with multiplicity p and zeros of g a with multiplicity g. Denote by (r,a;g) the
reduced counting function of those zeros of- & and g— a such that p> q = k.Ng-(r,a;g) is defined
analogously.

(iv) N.(r,a; f,g) denotes the reduce counting function of zeros-efafwhose multiplicities differ from the multiplicities
of the corresponding zeros of-ga.

Clearly,
N.(r,a; f,g) = Ni(r,a;g, f) andN,(r,a; f,g) = N_(r,a f) + N_(r,& ).

Definition 4. [5] Forac S(f)NS(g), if k is a positive integer o, and
N(r,a; f| <k)— NE (r,a) =9, f),N(r,a; f| > k+1) — N<k+1( r,a)=9S(r,f);

N(r,a;0] < k) —Ng(r,) = S(r,0), N(r,8;9] > k+ 1) - Ny (r,a) = S(r,g),

orifk =0and
N(r,a; f) —No(r,a) = S(r, f), N(r,a;9) —No(r,a) = S(r,9),

whereNy(r,a) is the reduce counting functions of all common zeresafand g— a ignoring multiplicities, then we say
f and g weakly share a with weight Kere, we write fg share”(a,k)” to mean that fg weakly share a with weight k

Obviously, if f and g sharg(a,k)”, then f and g shar&(a, p)” for any p(0 < p < k). Also, we note that f and g share a
“IM” or “CM” if and only if f and g share “(a,0)" or “(a, )", respectively.

Definition 5. [5] Let
L(f)=f" ta, 1 f" V4 +aof, (%)
be a differential polynomial of ,fwhere g (j =0,1,....n—1) € §(f).

In 2003, Yu [8] considered the uniqueness problem of anefftinction or meromorphic function when it shares one
small function with its derivative and proved the followiresults.
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Theorem 1.Letn> 1, let f be a non-constant entire functiongas( ) and a 0, . If f, (" share a CM and(0, f) > 3,
then f= (.

Theorem 2.Let n> 1, let f be a non-constant non-entire meromorphic functiog,%(f) and aZ 0,, f and a do not
have any common pole. If f(") share a CM andid(0, f) 4 2(8+n)O (e, ) > 19+ 2n, then f= (",

In 2004, Liu and Gu [3] applied a different method and obtdithe following results.

Theorem 3.Let f be a non-constant meromorphic functiors &(f) and a# 0, . If f, f(") share a CM, f and a do not
have any common pole of same multiplicity &30, f) 4 40 (e, f) > 5, then f= (",

Theorem 4.Letn> 1, let f be a non-constant entire functiongas( ) and a 0, . If f, (" share a CM and(0, f) > 3,
then f= (.
In 2011, Hong-Yan Xu and Yi Hu [5] obtained the following rétsuhich improve the results of [15, 8].

Theorem 5.Letn> 1, let f be a non-constant meromorphic functiorg &(f) and aZ 0, «. Suppose that(f) is defined
by (), If f, L(f) share”(a,k)". Then f=L(f) if one of the following assumptions holds,

1. 2< k<o and

40(eo, f) +284n(0, f) > 5,
2. k=1and . 3
(5+0) 0. 1)+ 3601+ 820, 1) > 45
3. k=0and
(6+2n)O(eo, f) + 3(0, f) +20(0, f) + 2%:n(0, f) > (2n+ 10).
We define a monomidll[f] and differential polynomiaH [f] as follows,
Let po, p1, ---, Pk be non-negative integers. We call
M[f] = fPo(f )P (fK))P

a differential monomial irf with degreedy = po+ p1+ ... + px and weight'yy = po+ 2p1+ ... + (k+ 1) p, and
n
H[f]:Zaij[f], (1)
=1

wherea; are small functions of , is called a differential polynomial ifi of degreed = max{dw,,1 < j < n} and weight
I = max{lv;,1 < j < n}, furthermore ifdegM;) = d(j = 1,2,...,n), then H[f] is a homogeneous differential
polynomial inf of degreed.

In this paper, we improve the above Theorems and obtain tloeviag results.

Theorem 6. Let f be a non-constant meromorphic function anfif Hbe a non-constant homogeneous differential
polynomial of degree d and weightsatisfyingl” > (k+2)d — 2. Let az) € S(f) be a small meromorphic function of f
such that &z) # 0,. Suppose that + a and H f] — a share(0, k). Then%l = C for some non-zero constant C if one
of the following asumptions holds,

(i) 2<k<eoand

40(co, f) + &,(0, f) + d&._4(0, f%) > 5, &)

(i) k=1and
<;+Fd) O, 1)+ 26:(0.1) + ddr a0, 1) > T 14, )

(i) k=0and
(642 —2d)O(oo, )+ (0, f) +20(0, f) + dd, ra(0, f9) +d&. r (0, f4) > 2r +9. (4)
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Especially, wherk = 0, i.e., f andH sharea IM, if (4) holds, thenf = H[f].
From Theorem 6 we have the following corollary.

Corollary 1. Let f be a non-constant entire function aneta(z) (# 0, ) be a meromorphic function such thafTa) =
S(r, f). If f,H[f] share*(a,k)", k > 2and & _q(0, %) > g1;, orif f, H[f] share"(a,1)” and & _q4(0, f) > 5353,
orif f, H[f] share*(a,0)" and &, 4(0, ) > 242 _ 1(5,(0,f) 4+ 20(0, f) + d&y r _a(0, f9)), then B2 — C for
some non-zero constant C andsfH|[f] for k= 0, where Hf] is defined by1).

2 Some lemmas

For the proof of our main results, we need the following lerama

Lemma 1.[4] Let H[f] be a non-constant differential polynomial. Lett®e a pole of f order p and neither a zero nor a
pole of coefficients of H]. Then g is a pole of Hf| with order at most pd- (I —d).

Lemma 2.[4] Let f be a non-constant meromorphic functior,fHis a homogeneous differential polynomial in f of
degree d and weight, and let p be a positive integer. If[f] £ 0andl" > (k+2)d— (p+ 1), we have

Np <r,%) <T(r,H)—dT(r,f) +Npir_d <r, f—ld) +S(r, f), (5)

Np (r, %) < (F —d)N(r, f) + Npir—qg (r, f—1d> +9(r, f). (6)

Lemma 3.[6] Letk be a nonnegative integer &, F and G be two nonconstant meromorphic functions, F and Geshar
“(1,k)". Let
F// F/ G// G/
A(?ZF—_1><EZG—_1>- O

T(r,F) < Na(r,00; F) 4+ No(r,0;F) + Na(r,0; G) + No(r,0;G) + S(r,F) + S(r,G).

If A#£0,2<k< oo, then

The same inequalities holds foTG).

When f and g shard “IM”, N_(r,1;f) denotes the counting function of the 1-points of f whoseipfiglties are
greater than 1-points of gvhere each zero is counted only once. Similarly, we deNpte 1;9), Né) (r,1;f) denotes the
counting function of those simple 1-points of f ar;ding(EZ(r, 1;f) denotes the counting function of those multiplicity

1-points of f and geach point in these counting functions is counted only ohrtéhe same way, one can define
1 —(2

N (r, 1;9), NE(r, 1;9).

Lemma 4.[5] If f, g be two nonconstant meromorphic functions such that thegesii1,1)”, then

2NL(r,1; )+ 2N, (1, 1;0) + NZ(r,1; ) — Nio2(r, 1;0) < N(r,1;9) — N(r, 1;9).

Lemma5.[5] Let f, g share*(1,1)". Then

— 1_ 1_ 1 '
Nts2(r,1;9) < éN(r,O;f) + éN(r,oo; f)— ENo(f,O, f)+S(rf).
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Lemma 6.[5] Let f and g be two nonconstant meromorphic functions shdriagd)”. Then
NL(r,1; ) +2NL(r,1;9) + (r 1;f) = N¢>1(r,1;9) — Ng-1(r, 1; f) < N(r,1;9) — N(r, 1;9).
Lemma 7.[5] Let f, g share"(1,0)". Then
NL(r,1;f) < N(r,0; f) + N(r,00; f) + S(r, f).
Lemma 8.[5] Let f, g share*(1,0)". Then

, o(r,0,f') + S(r, f);
(r,0;9) + N(r,00; f) —No(r,0, f') + S(r,g).

Proof. (proof of Theorem 6.) Let
F=-, G=——. (8)

From the conditions of Theorem 6, we know tfraandG share {1,k)”, and from (8), we have

T(LF)=T(rf)+8rf),T(r,G) =O(T(r,f)) +S(r, ). ©)
N(r,o0;F) = N(r,0; G) + S, f). (10)

It is obvious thatf is a transcendental meromorphic function. Aebe defined by (7). We distinguish two cases

Case 1A = 0. integrating (7), yields
1 cC
F-1 G-1
whereC andD are constants ard # 0. If there exists a poley of f with multiplicity p which is not zero or pole od,

thenz, is a pole ofG with multiplicity pd+ (I —d), a pole ofF with multiplicity p. This contradicts (11) ad contains
at least one derivative. Therefore, we have

+D, (11)

N(r,00;F) = N(r,00;G) = N(r,00; f) = §(r, f). (12)

(11) also shows th& andG share the value 1 CM. Next, we will pro@= 0. Supposé # 0, then we have

1  D(G-1+§)
F-1  G-1

N<r,0;D<Gl+%>)N<r, g_) S, ). (14)

Subcase 1.1If % =1, then by using (12), (14) and the second fundamental thearerhave

(13)

So, we have

T(r,F) <N(r,0;G) +N(r,0;G) + N (r,O;G— 1+ %) +8(r,F)
<N(r,0;G) + S(r,F) < (1+0(1))T(r,G).

This gives that
T(r,G) = N(r,0;G) + S(r,F) = Ny (r,0;G) + (1, F).

So we have
T(r,H) =N(r,0;H) + §(r, f) = Ny (r,0;H) + S(r, f).
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Let p =1, then from assumption we have
r>k+2d—2=(k+2)d—(p+1).
Thus from (5) in Lemma 2, we get
T(r,H) =Ny (r,0;H) + S(r, f) < T(r,H) —dT(r, ) + Nojp g (r,0; £9) + S(r, f).

So we have
dT(rv f) < N1+r7d(r50; fd) +S(r7 f)

This gives that
dT(r, f) = Nyyr_qg(r,0; f9) +S(r, f).

So we have
62+r7d(r,0; fd) = 6l+l—7d(r50; fd) =0.

Since (12), we get

O(w, f) =1. (15)
Subcase 1.2k > 2. By using (2) and the definition of deficiency, we get a contoi.
Subcase 1.3k = 1. By using (3) and the definition of deficiency, we get a contrioin.

Subcase 1.4k = 0. By using (4) and the definition of deficiency, we get a contrioln.

Subcase 1.5If % =1, then from (13), we have

1 G
Fo1-°6-1
This gives us that

1 1
F-1-=|G=-—=
(Frrg)esc

Using thatF = L andG = &, we get
1 a1

Using (12), (16), Lemma 1 and the first fundamental theoreenget

d+DT(r,f)=T (r,O;fd <f - <1+é) a)> +0(1)
=T (r,oo;::d—gz> +0(1)

=N (r,oo;%) +8(r, f)

dN(r,0; f) 4+ S(r, f)

<
< (d40(1))T(r, ),

which is a contradiction, hend2 = 0. This gives from (11) that

G-1
— =C.
F-1

(© 2018 BISKA Bilisim Technology
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Sowe gel.H[ffa =C(C # 0.) Next, we will proveC = 1 whenl = 0. Suppose&€ +# 1, then we have
f-a

(G-1+C)

Ol

and
N(r,0;F) = N(r,(1+C);G). a7)

By the second fundamental theorem and (12) (17), we have

T(r,G)

< N(r,0;G) +N(r,0;G) +N(r,(1+C); G) + S(r, f)
<N(r,0;G) +N(r,0;F) + S(r, f)
=Ny (r,0;G) + N(r,0;F).
By Lemma 2 forp = 1, we have

dT(r, f) < Npor_qg(r,0; f9) +N(r,0; f) + (r, f).
From the above formula and the definition of deficiency, weehav

ddrr-a(0, f4)+0(0, f) < 1. (18)

So we have
A&, r—a(0, ) +&,(0, ) < 1, ddyr_a(0, %) < 1. (19)

Combining (18) (19) (15) with the assumptions of Theorem &, get a contradiction. S& = 1 andF = G, i.e.
f = H[f]. This is just the conclusion of this theorem.

Case2A £0.

Subcase 2.1k > 2. It follows from Lemma 3 that

T(r,G) < No(r,00;F) + Na(r, 0;F) + No(r,00; G) + No(r,0;G) + S(r,F) + (1, G). (20)
Noting that
N2(r,0;G) = Np (r,O;%) < Np(r,0;H) + S(r, f).
Let p =2, then from assumption we have
r>k+2d-2>(k+2)d—(p+1).
Thus, from (5) in Lemma 2 we obtain that
T(r,H) < 4N(r,00; f) + No(r,0; ) + T(r,H) —dT(r, f) + Noy r_q(r,0; £9) + S(r, f).

So we have
dT(r, f) <4N(r,00; f) +Na(r,0; ) + Noy r_q(r,0; f9) 4+ S(r, f).

This gives that
40(o, )+ 5(0, f) +d&ra(0, %) <5

Which contradicts the assumption (2) of Theorem 6.

Subcase 2.2k = 1. We know that~, G share {1,1)", hence we have
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N(r,00;H) < N(r,00;F) +N(r, 1;F| > 2) + N(r,0;F| > 2) +- N(r,0;G| > 2)

_ o , (21)
+ No(r,0;F )+ No(r,0;G ) + S(r, f),

and
N(r,1;F| =1) < N(r,0;H) 4+ S(r, f) < N(r,o0;H) + S(r, f), (22)

whereNy(r,0;F') is the reduced counting function of those zeroB afvhich are not the zeros &f(F — 1), andNy(r,0;G')
is similarly defined. By the second fundamental theorem, aectisat

T(r,F)+T(r,G) < N(r,00;F) +N(r,0;F) 4+ N(r,o; G) + N(r,0;G)
+N(r,1;F) +N(r,1;G) — No(r,0;F ) (23)
—No(r,0;G ) + S(r,F) + Sr,G).
Using Lemmas (4)and (5), (21) and (22) we can get

e

N(r,1;F) +N(r,1;G) < N(r,1;F| = 1) + N.(r,1;F) + N (r,1;G) + Ng (r,1;F) + N(r, 1;G)
<N(rLF[=1)+N(r,1,6) = NL(r,1;F) = NL(r, 1,G) + Ne>2(r, 1,G)
<N(r,0;F| > 2) +N(r,0;G| > 2) + N(r,»; F) + N.(r,1;F,G) + T(r,G) (24)

-m(r,1;G) +0O(1) + %N(r, 00;F) —NL(r,1;F) = N_(r,1;G) + %N(r,O;F)
+ No(r,O;F/) + No(r,O;G/) +S(r,F)+ S(r,G).

Combining (23) and (24), we can obtain

T(r,F) < =N(r,00;F) +Ny(r,0;F) + No(r,0;G) + %N(r,O;F)+S(r, f)

NINNIN

< =N(r,00;F) + gNz(r,O;F)+N2(r,O;G) +S(r, f).

By the definition ofF, G and (6), we have

(1,601 F ) + SNo(1, 0iF ) 4 No(r, 0iH) + (., )

N(r,o0; f)+ gNz(r,O; f)+ (I — d)N(r,00; f) + No, r _g(r,0; f9) + S(r, f).

T(r,f) <

<

NINNIN

So
2

which contradicts the assumption (3) of Theorem 6.

<Z +r —d) O(oo, )+ 252(0, f)+dSr-q(0,f) <T +4,

Subcase 2.3k = 0. We know that~, G share {1,0)", hence we have

N(r,e0;H) < N(r,00;F) +N(r,1;F| > 2) + N(r,0;F| > 2) + N(r,0;G| > 2) (25)
+NL(r,1;F) + NL(r,1;,G) + No(r,0;F ) + No(r,0;G ) + S(r, f),
and
N (r, 1;F) = N2 (1, 1:G) + S(r, 1), NE(r, 1iF) = NE(r, 1;G) + S(1. ),
Ng(r, 1;F) < N(r,00;H) + S(r, f). (26)
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Using Lemmas 6-8 and (25) and (26), we get

N(r,1;F) +N(r,1;,G) < N_(r,1;F) +N_(r,1;G) +N(E2(r, 1;F)+N(r,1;G)
N

L

D (r,1;F) +N(r,1;G) = N_(r,1;G) + Ng1(r, 1;G) + Ng=1 (1, 1;,G)

N(r,0;F| > 2) + N(r,0;G| > 2) + N(r,00;F) + N, (r,1;F,G) + T(r,G) (27)
—m(r,1;G) +0O(1) — N.(r,1;G) + Ng-1(r,1;G) + Ng-1(r, 1;G)

+No(r,0;F) +No(r,0;G ) + S(r,F) + S(1, G).

<
<

Combining (23) and (27) and by Lemma 2, we can obtain

T(r, f) <6N(r,00;F)+Na(r,0;F) + 2N(r,0;F) + N2(r,0;G) + N(r,0;G) + §(r, f)
< (642 — 2d)N(r, 0; f) 4 +Na(r,0; f) 4+ 2N(r,0; f) + No  _g(r,0; f9)
+ N1+I—7d(r70; fd) +S(ra f)

So
(642 —2d) O (e, ) + 8(0, f) +20(0, ) + dBy.ra(0, f%) + & r_a(0, %) < 2 +9,

which contradicts the assumption (4) of Theorem 6. Now tl@flas been completed.
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