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1 Introduction

In 1965, Njastad4] initiated and explored a new class of generalized openisetsopological space callettopen sets.
In 1979, S. Kasahar&] defined the concept of an operation on topological spacgsdroducedx-closed graphs of an
operation. H. Ogateb] called the operatior asy operation and introduced the notionywbpen sets. H. Z. Ibrahini]
introduced and discussed an operation of a topoto@yX ) into the power seP(X) of a spaceX and also he introduced
the concept ofry-open sets. In 1992, J. Umehara, H. Maki and T. Néjidefined and discussed the propertie$wfy’)—
open sets. A. B. Khalaf, S. Jafari and H. Z. Ibrah@hiptroduced the notion offO(X, 7),,, ./, which is the collection of

\3%!

all ay,/-open sets in a topological spacé, 7). In this paper, the author introduce and study the notiam@fX, T)(y V)

which is the collection of albr(yy/)-open by using operatior;sandy’ on a topological spaceO(X, T).

2 Preliminaries

Throughout this pape(X, ) represent nonempty topological space on which no separatioms are assumed, unless
otherwise mentioned. The closure and the interior of a dubsé X are denoted bI(A) andInt(A), respectively. A
subsetA of a topological spacéX, 1) is said to bear-open B] if A C Int(Cl(Int(A))). The complement of ao-open
set is said to b&-closed. The intersection of all-closed sets containindy is called thea-closure ofA and is denoted
by aCl(A). The family of alla-open (respa-closed) sets in a topological spage, 1) is denoted byaO(X, 1) (resp.
aC(X,1)). An operationy [3] on a topologyt is a mapping front into power seP(X) of X such thav C VY for each
V € 1, whereVY denotes the value gfatV. An operatiory : aO(X, 1) — P(X) [1] is a mapping satisfying the condition,
V CVYfor eachV € aO(X, ). We call the mapping an operation omO(X, 7). A subsetA of X is called anay-open
set [1] if for each pointx € A, there exists am-open set) of X containingx such thaty¥ C A. The complement of an
ay-open set is called,-closed. The set of alt,-open sets oK is denote byaO(X, 7),. The intersection of alir,-closed
sets containing\ is called thea,-closure ofA and denoted byr,CI(A). A pointx € aCly(A) iff UYNA # ¢ for each
a-open setU containingx. An operationy on aO(X, T) is said to bea-regular [l] if for every a-open setdJ andV
containingx € X, there exists am-open seWW containingx such thatVyY C UYNVY. A spaceX is said to bexy-regular

®© 2018 BISKA Bilisim Technology * Corresponding author e-maliariwanmath@yahoo.com


 http://dx.doi.org/10.20852/ntmsci.2018.280

151 BISKA H. Z. lbrahim: Ona(,, /,-open sets in topological spaces

[2] if for eachx € X and for eaclo-open seV in X containingx, there exists a-open set in X containingx such that
UY CV. A subsefA of X is said to bea[y y)-open ] if for eachx € A, there existr-open seté) andV of X containing

x such that’YNVY C A. A non-empty subsek of X with an operatiory on is called(y, )/)—open B] if for eachx € A,
there exist open set$ andV of X containingx such that)Y UVY C A,

3 a(%y/)-Open Sets

In this section, we define and discuss the propertieﬁp;/)-open sets.

Definition 1. A subset A ofX, 1) is said to beor y)-open if for each x A, there existo-open sets U and V of X
containing x such that YUVY C A. The set of albr yy-open sets ofX, T) is denoted by O(X, T)( L

Proposition 1.1f A; is ag,/y-open forevery €I, thenU{Ai:i€l}is a,,/ -open.

Proof. Let x € Ui A, thenx € A; for somei € |. SinceA is ana, s -open set, so there exigtopen seté) andV of X
containingx such that)Y UVY C A; C Uic|Ai. Thereforepic A is ana( )-open set of X, 7).

Remarllf AandB are twoa(y /) open sets ifX, 1), then the following example shows thaat B need not ber(y /) open.

Example 1.Let X = {1,2,3} andt1 = {¢,X,{2},{3},{1,2},{2,3}} be a topology orX. For eachA € aO(X, 1), we
define two operationg andy/ , respectively, by

A JAU{2} if3EA
A if3 ¢ A,

and

A A TTAZ{2,
] X, ifA={2}).

Then, it is obvious that the sefd, 2} and{2,3} area, /,-open, however their intersectid@} is nota,, / -open.

Remarli-rom the above example, we notice that the family otxﬂll!y/)-open subsets of a spa¥ds a supratopology and
need not be a topology in general. '

In the following proposition, the intersection of tvru? )-open sets is alsawy -open, under a certain condition.

Proposition 2. Let yandy/ be a-regular operations. If A and B are,, /\-open, then MB is i,y open.

Proof. Let x ¢ ANB. Thenx € A andx € B. SinceA andB area, /,-open sets, there exiat-open setd), V, W andS

vyY)
containingx such thatJ VUVV CA andWVU SV C B. Sincey andy area- regular operatlons then there exisibpen
setskK andL containingx such tha U LY C(UYrnwy)u (VV ﬂSV) c(u VUVV) (WVUSV) C ANB. This implies

thatANBis ana,, /,-open set.

RemarkBy the above propositon, ';fandy' area-regular operations, themO(X, T)(m/) forms a topology orX.

Proposition 3. The set A isa(yy/)-open in X if and only if for each g A, there exists am, s -open set B such that
xeBCA.

Proof. Obvious.
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Remark. A subsetA is an a )-open set of (X,7) if and only if A is a-open in (X,7). The operation

(id,id’
id =id : aO(X,1) — P(X) is defined byVd =V for any setV € aO(X,1). This operation is called the identity
operation ormO(X, 7). Thereforea O(X, r)(id i) = aO(X,1).

Remarl{l] A subsetA is an aiq-open set of(X, 1) if and only if A is a-open in (X, ). Therefore, we have that
aO(X,T)ig = aO(X, 1).

RemarkFrom Remark$ and3, we haven O(X, T)(id,id/) =a0(X,1) = a0(X,1)ig = aO(X, 1),
RemarkThe following example shows that the conceptx%; /)-open and open are independent.

Example 2.Let X = {1,2,3} andt = {@, X, {1} } be a topology oiX. For eachA € aO(X, 1), we define two operations
yandy/ , respectively, by

) A if A={1,2},
AV =AY =< X, if A#{1,2},
o, if A= 0.

Then,a(y‘y/)—open sets arg, X, and{1,2}.

Proposition 4.Letyandy be operations omO(X). If Ais (y,y )-open, then A isr(yy)-open.

Proof. Obvious.

The converse of the above proposition need not be true inrgeaeit is shown in the following example.

Example 3.Let X = {1,2,3} andt = {®, X, {2} } be a topology orX. For eachA € aO(X, 1), we define two operations
yandy, respectively, byAY = AY = A, Then,{1,2} is ai,y/y-open but noty, y )-open.

Proposition 5.1f A'is ag,./)-open, then A isx[yy/]-open.

Proof. Obvious.

The converse of the above proposition need not be true irrgkeit is shown in the following example.

Example 4Let X = {1,2,3} and1 = {¢,X,{1},{1,2},{1,3}} be a topology orX. For eachA € aO(X, 1), we define
two operationy andy' , respectively, by

ar_ JAU{L) 2 €A,
A if2 ¢ A,

and
X, if A {1},
A =< A if A= {1},
o, if A= 0.

Then,{1,3}is a,/-open but nou<y7)/)—open.
Proposition 6.1f A is ac,.y/)-open, then A igry-open for any 0perati0|y/.

Proof. Obvious.

The converse of the above proposition need not be true irrgkeit is shown in the following example.
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Example 5.Let X = {1,2,3} andr be a discrete topology oX. For eachA € aO(X, 1), we define two operationsand
y , respectively, by

A, if A={3},
AY =< X, A+ {3},
o, if A= 0.
and
W X A0,
o, if A= 0.

Then,{3} is ay-open but notr, /,-open.
Remark. As ay-open if and only ifAis a(y,iq)-open.
Remarl.1] Every a,-open subset of a spaeis a-open.

RemarkWe have the following implications but none of this implicets are reversible.

G-open
| \h‘
(7,7 )-open ——=a_ -+ -open a-open

Y

x, -0pen
v v'17OP

Definition 2. A topological spacé€X, 1) is said to bea(yy)-regular if for each point x in X and evey-open set U in X
containing X, there exigt-open sets W and S in X containing x such th¥tve CU.

Proposition 7.A topological spacéX, T) with operations/andy onaO(X, 1) is a, y/)-regular ifand only ifa O(X, 1) =

aO(X, r)(y,y/).

Proof.Let (X, T) bea(y’y/)-regular andh € aO(X, 1). Since(X, 1) is a(y,y/)-regular, then for eache A, there existr-open
setsW andSin X containingx such thatWvYUS’ C A. This implies thatA € aO(X, 1) . But we havex O(X, T)(W/) C
aO(X,1). ThereforeaO(X,T) = aO(X, r)(y’y/).

Conversely, leoO(X, 1) = aO(X, T)(w/), x € X andV be a-open inX containingx. Then, by assumptio¥ is Ay vy
open set. This implies that there existopen set® andSin X containingx such thaiw¥u g Cv. Therefore(X, 1) is
a(y’y/)-regular.

vy)

Remarklf a spaceX is a /)-regular, therr C aO(X, T

3% vy

Remark(X, 1) is a(yy/)-regular if and only if it is bothory-regular ancb(y/-regular.

Definition 3. A subset F ofX, 1) is said to bea( /)—closed if its complement XF is ag,/)-open. We denote the set of

3%
all a,, , -closed sets ofX, 1) by aC(X, 1)

vY) vy)
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Definition 4. Let A be a subset of a topological spacg 7). The intersection of albr( )-closed sets containing A is
called theor( /)—closure of A and denoted tny(yy/)-CI(A).

184
Proposition 8. For a point xe X, xe a(yy/)-CI( A) if and only if VN A # ¢ for everya, / -open setV containing x.
Proof. Obvious.

Proposition 9.Let A and B be subsets (£, ). Then the following hold:

1) AC a, )—CI( ).

(2) TAC B, thena(w/)-CI(A) C a(yy/)—CI(B).

(3) Ac aC(X, r)(yy) if and only ifor(y,y/)-CI(A) =
4 oy, )—CI( ) € aC(X, r)(yy)

®) a, —CI(AmB)Ca< /)y CI(A )N a,yCl(B ).

(6) If yandy are a-regular, thena< )—CI(AU B) = a, >-CI( )U (yyl)-CI(B).
Proof. They are obvious.
RemarkFrom Remark3 and Definition3, the following hold for any subsét of X.

(1) aC(X,1)(y,a) = {F : Fis ay-closed.
(2) a(y’id)-C|(A) = UVC|(A)

Definition 5. For a subset A ofX, 1), we definmCI(yy/)(A) as foIIows:aCI(N)(A) = {xeX: (UYUWY)NA+ @holds
for everya-open sets U and W containing.x

Proposition 10.For a subset A ofX, T), we have

(1) ACaCI(A )CaCI (A) C aCl
(2) a,CI(A) C ag,,-CI(A).

Proof. Obvious.

/>( )Ca -CI( )

vy (vy)

Theorem 1.Let A and B be subsets of a topological spéXer). Then, we have the following properties:

(1) AC aCI(w/)(A).
2 aCI( )((p)frpandaCI( )( )=X.
(3) A€ orC(X r)( V) if and onIy |forCI / (A)

(4) IFACB, thenaCI( /(A SacCl, E/)

(5) If yandy are a-regular, thenaCI (Au B) = aCI(y)/)(A)UaCI(y‘V/)(B).
(6) aCl,/ (ANB) S aCl,, /(A )ﬁaCI /) (B)- '

Proof. (1), (2) and (4) They are obtained from Definitibn

(3) Supposé is a(w)-closed, soX\ Ais ag,/)-open in(X, 7). We claim thataCI( vy )( ) C A Letx ¢ A. There exist
a-open sets) andV of (X, T) containingk such that)Y UVY C X\ A, that is,(U VUV‘/) NA = @. Hence by Definitiorb,
we have thak ¢ aCI(W/)(A) and soaCI(y,y/)(A) CA.By (1), itis proved thathI( )( ) =A.

Conversely, suppose thraCI )( ) =A. Letxe X\ A. Sincex ¢ orCI )( ), there existr-open sets) andV containing
x such tha{UYuUVY)nA= qo thatis,UYUVY C X\ A. ThereforeA is a, / -closed.

(5) Letx ¢ orCI )( ) U aCI( )( ). Then, there existr-open setdJ VW and S of (X, 1) containingx such that
(UYUVY)NnA= (p and(WYuU SV)ﬁB . Sincey andy area- regular by definition ofx- regular there existr-open
setsK andL of (X, 1) containingx such thak¥ CUYNWY andL CVV ny. Thus, we havékVuLV) (AUB) C ((UYN
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WY)U (VY NS )N (AUB) C (UYUVY )N (WYUS' )N (AUB) = [(UYUVY )N (WYUS ) NAJU[((UYUVY )N (WYL
SVl)) B] = ¢, thatis, (kYU LV/)ﬂ (AUB) = ¢. Hencex ¢ aCIm/)(AU B). This shows thaﬂxCI(y’y/)(A) uaCIm/)(B) D
aCI(y )(Au B).

(6) This obtained from (4).

Definition 6. Let A be a subset of a topological spag€ t). The union of alla(yy)-open sets contained in A is called

the Ay y )-lnterlor of A and is denoted bty -Int (A).

Proposition 11.For any subsets B of X, we have the following:

(1) Ay -Int(A) is an a.,/)-open set in X.

(2) A |s ag,./y-open if and onIy if A= Ay Int(A).
3) a(y,y/)-lnt(a(w)-lnt(A)) -Int( ).

4) a(y’y/)-lnt(A) CA

(5) fACB, thena(y ) -Int(A) C a(yy/)-lnt(B)

(6) a )-Int(AU B)D Ay y-Int(A)U -Int(B)
(7) a -Int(Am B) C a, —Int(A) -Int(B)

Proof. Obvious.

Proposition 12.Let A be any subset of a topological spd®e1). Then, the following statements are true:

(1) X\a(yy/) Int(A) = CI( )
(2) X\ a, /) -Cl(A) = ( ) Int(X\A).
(3) a, ) -Int(A) =X\ a, ,)-CI(X\A).
4) a /)-CI(A) X\a -Int(X\A).

Proof. Obvious.

4 or(w,)-g.closed sets

In this section, we define and study some propertie;s()g;/)-g.closed sets.

Definition 7. A subset A ofX, 1) is said to be an, /- generalized closed (brleflya - g.closed) set, itrm/)—
CI(A) CU whenever AZU and U is ana,, / -open set inX, 7).

Remarklt is clear that everyy closed set |$x( )0- closed. But the converse is not true in general as it is/aho
the following example.

Example 6.Let X = {1,2,3} andt = {@,{1},{2},{1,2},{1,3},X}. For eachA € aO(X), we define two operationg
andy, respectively, by

A TAS {042} {13)),
X, otherwise.

Now, if we letA = {1}, since the onlyx )-0pen supersets # are{1,3} andX, thenAis a9 closed. But, it is
easy to see thatis nota< vy )-closed

Proposition 13.I1f Ais a,/y-open anoh )9 closed, then A e, )-closed

Proof. SinceA is ag,,)-open andA C A, we havea( )—CI( ) CA, alsoAC a, )—CI( ), thereforea( >-CI( ) =

Thatis,Ais a(yy )-closed

(© 2018 BISKA Bilisim Technology
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Proposition 14.The intersection of an, /\-g. closed set and aa, /- -closed set is alwaya /)9 closed.

Proof. Let A be ana, /,-g. closed set an& be ana, -closed set. Assume thbt is an ag,/y-open set such that
ANF CU. SetG=X \ F Then we havéA C U UG, smceG is ai,.y ) open, thetd UG is Ayy) open and sincé is

Ay 9- closed, themx( )-CI( ) CUUG. Now, a(y,y)—CI(Am F)C (y,y/)—CI(A)ma(y,y/)-CI(F) = a(y,y/)-CI(A)mF C
(U UG)mF =U ﬂF)u<pCU

The intersection of twau(yy/)-g.closed sets need not bgyy)-g.closed in general. Itis shown by the following example.

Example 7.Let X = {1,2,3} andt be a discrete topology oX. For eachA € aO(X), we define two operationsandy',
respectively, by

A = A FAS{p{1}},
X, otherwise.

SetA = {1,2} andB = {1,3}. Clearly,A andB ared, /\-g. closed sets, sincé is their onlya /)-open superset. But,

C={1}=AnBis nota, /-G closed, smcétC{l}EaO(X T)( )anda( )-CI( )= Xg;{l}

Proposition 15.If y ana)/ are a-regular operations orrO(X, 7). Then the finite union ai(yy/)-g.closed sets is always
an a(y‘y/)-g.closed set.

Proof. Let A andB be two a9 closed sets, anAUB C U, whereU is a, y)—open SinceA and B are Ay
g.closed sets, we ha\cq /,-CI(A) CU anda ) -Cl(B) CU and soa, /) -ClI(A)U ) -Cl(B) C U. But, we have
a(yy/)-CI(A) U a(yy/)-CI( ) a,, )-CI(AU B) by Propositiord (6). Thereforea -CI( UB) CU and scAUB s an

a(y’y/)-g.closed set.

Ny

The union of twoa( )0- closed sets need not hgy -g.closed in general. It is shown by the following example.

Example 8.Let X = {1,2,3} andt be a discrete topology oX. For eachA € aO(X), we define two operationsandy’,
respectively, by

A _ar = JA TAC{0{1,2},{1,3},{2,3}},
X, otherwise,

Let A= {1} andB = {2}. HereA andB areqa
ag,,/)-open ancbr -CI({l 2}) =

() 9" closed buAUB = {1,2} is nota, /,-0- closed, sincg1,2} is

Proposition 16.If a subset A ofX, 1) is a(yy/)-g.closed and A BC a(yy/)-CI( ), then B is ana, ./ -g. closed set in
(X, 7).

Proof. LetU be ana,, /,-open set of(X, 1) such thaB C U. Since A |sa(yy/) g.closed, we haver( V) -CI(A) C
Now, by Proposmorﬁ)and assumptions, it is shown th% -CI(A) C a, )—CI( ) C Ay Clla v, >-CI( )] =
CI(A) CU and sod )—CI( ) CU. ThereforeBis ana, /)-g. closed set ofX, ).

(vv)

Proposition 17.For each xe X, {x} is a,,-closed or X\ {x} is a,y-9-closed in(X, 7).

Proof. Suppose thafx} is not Ay -closed. ThenX\ {x} is not a,,/)open. LetU be anya
X\ {x} CU. Then, this impliet) = X and soa

Proposition 18.The following statementd), (2) and(3) are equivalent for a subset A 0X, 7).

(y.y)OPEN set such that
-CI(X \ {x}) CU. HenceX\ {x} is Ay 9 closed.

(1) Ais Ay 9- closed in(X, 1).
(2) a, -CI({x} NA= @for every xe a )—CI( ).
3) a -CI( )\ A does not contain any non-emp% y/)-closed set.
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Proof. (1) = (2). Suppose that there emstsapomzta( V) -CI(A) such thatx(y,y/)-CI({x})ﬁA: Q. Sincea(y,y/)-CI({x})

is a(yy) -closed by Propositio8, X\a V) -Cl({x}) is ana, /,-open set of X, 7). SinceA C X\(a(y,y/)-CI({x})) and

Ais Ay 9- closed, this |mpllesr( >-CI( ) C X\a -CI({x}) and hencex ¢ o >—CI( ). This is a contradiction.

Therefore, we conclude thaE CI({X}) NA#£ @ holds for every € Ay -CI(A )

(2) = (3). Suppose that there eX|sts anon- emW -closed seF such thaF ca, )-CI( )\Aand s;AANF = @. Let

yeF.Thenye Ay -CI(A) andy ¢ A. By (2), itis obtamed thaip # a, CI({y} YNAC a, )—CI( JNA=FnNA

and soF NA # o. Th|s is a contradiction and so (3) is claimed.

(3) = (1). LetAC U, whereU is ag,/y-open in(X,1). If Ay -CI(A) is not contained itJ, thena( V) -CI(A) N (X\
U) # ¢. Now, smcea( )CI( )N (X\U)ga(% ) CI(A \Aanda —CI( )N (X\U) is a non- emptyJ —closed

set, we obtain a contradlctlon and thereféris a9 closed.

Proposition 19.1f Ais an a(yy/)—g.closed set of a space X, then the following are equivalent

(1) Ais a, )—closed

(2 a, -CI( )\ Ais a(y’y/)-closed.

Proof. (1) = (2). SinceAis a, y)—closed them( )—CI( ) = Aholds by Propositio® (3) and saor,, —CI( J\NA=0

and the sepisa,, ,,-closed.

(2) = (2). SinceA is a9 closed, g, )-CI( ) \ A does not contain any non-emp@(y,y/)-closed subset and so
A,y -CI( )\ A= @. This shows thaf\is Ay -closed.

Proposition 20.For a spacegX, 1), the following are equivalent:

(1) Every subset of X |e( )9 closed.
(2) aO(X, T)( ) = aC(X, T)( L

Proof.(1) = (2). LetU € aO(X, r)( V) Then, by hypothesi$] is a9 closed which implies thaz( )-CI( )CU,
0,0, /) -Cl(U) =U. Thus, we haveJ € aC(X, r)( V) ;and soaO(X r)( /) S aC(X, r)( /)

Conversely, lel € aC(X, T)(y ) Then,X\V € aO(X r)(yy) By using the above techlnque it is shown that
aO(X, r)(y,y/) and soaC(X, T)(W/) C aO(X, r)(yy) Therefore, we have the proof of (2).

(2) = (1). If Ais a subset of a spa¢X, T) such thatA C U whereU € aO(X, T)( V) thenU € aC(X,r)er Therefore

Ay y )-CI(A) Cayy )-CI( ) = U which shows thaf\ is Ay 9 closed.

Definition 8. A subset A of X isr g.open if its complement ¥A is a(y‘y/)-g.closed in(X,1).

vy
Itis clear that every, /,-0pen set m /)-9-open, but the converse is not true in general as it is showre following
example.

Example 9.Consider Examplé, if A= {2,3}, thenAis ag,/)-9-open but notr( )-open.

CoroIIary 1. Asubset A ofX,T) is ag,.,/)-9-open if and only if FC a, )—Int( ) whenever FC A and F |sa< /) -closed
in (X, 7).

Proof. By Definition 8 and Propositiori 2, the proof is obtained.
The union of twoa(yy)—g.open sets need not b?y /)-9-0pen in general. It is shown by the following example.

Example 10.Consider Exampl&, if A= {2} andB = {3} thenA andB area, /,-g.open sets iXX, butAUB = {2,3} is
notana,  -g.open setirx.

Corollary 2. Let yandy' be ana-regular operations omO(X, T), and let A and B be twa /)-g-open sets in a space
(X,7). Then OB is alsoa(yy/)-g.open.

(© 2018 BISKA Bilisim Technology
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Proof. By Definition 8 and Propositiorl5, it is proved.

Corollary 3. Every singleton point set in a spaf%, 1) is eithera(yy/)—g.open oram/)—closed.
Proof. By Definition 8 and Propositiod 7, it is proved.

Corollary 4. If a(y,y/)-lnt(A) CBCAandA isa(y,y/)-g.open, then B ia(y’y/)-g.open.

Proof. By Definition 8 and Proposition2 and16, the proof is obtained.
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