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1 Introduction

In this paper, we consider the boundary value problem

W(t)+{)\—q(t)}y() 0, telab, @
ary(a)+agy (a) = A [ay(a) + az)/ a)l, @)
b1y (b) +bay (b) = A [bly (b)] (3

whereA is a real parameteq(t) is a real-valued functiong;, &, b, b{ € R, i = 0,1. Also we assume thai(t) is
continuous, its differentiation exists and is integrablidis problem differs from the usual regular Sturm-Liouill
problem in the sense that eigenvalue paramketsrcontained in the boundary conditionaatProblems of this type arise
from the method of separation of variables applied to ma#t&al models for certain physical problems including heat
conduction and wave propagation, et@]. It is shown by Walter 15] that this problem is self-adjoint problerithe
purpose of this paper is to obtain asymptotic approximatfonthe eigenvalues ol}-(3).

Approximations of this type have been derived before. Wetioriin particular [7,8] and [2]. Fulton’s approach in7] is
based on an iteration of the usual Volterra integral equapooducing an asymptotic expansion of the solution in @igh
powers of YAY2 asA — o and in B] is based on the analysis df4] for regular Sturm-Liouville problems on a finite
closed interval and involves some operator-theoreticallte of [L5]. The approach used ir2] is based on an iterative
procedure solving the associated Riccati equation andugiog an asymptotic expansion of the solution in the higher
powers of ¥A1/2 as)A — o for smoothq (t). There is also a vast amount of literature dealing with asptipestimates

of eigenvalues for standart Sturm-Liouville problems witigular endpoints3 4,5,6,9,10,11,13,14]. Here we follow

the similar approach in4[10,12]. We assume without loss of generality, thgft) has mean value zero. That is

J2at)dt=0

2 Conclusion

Theorem 1. The eigenvalues, of (1)-(3) satisfy asA — oo,
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(i) ifa,#0and b, 0,

12 (n+D)m 1 ayb) — ajb b-a P/ 2n+ln(x—a))
e T W F L o, 2_4(n+1)rr./a (S'” b— )q(x)dx
_ (b—a)® | —3biohhb, + 30y (b))® + (by)°
(n+1)2 2 3(by)°
(b—a)?® | —3a,ahay+3ay (ay) + (a))° (b-a)® & B
(n+1)?m2 [ 3(a)° " 2(n+1°m & [a(b) ~a(a)]

(b—a)® & b 2+Ym(x—a)) B -
_2(n+1)2n28_;./a (CO“ b—a )q (x)dx}+0(n"*n (n)) +0(n"*n*(n)).

(i) ifa,#0andt, =0,

12 (2n+3)m 2 apbp—aiby  (b-a) /b _(2n+3)m(x—a)\
"= Sboa) T Enrant T a4, 2enranl S boa a (x)dx
N 4(b—a)? 3b’1b1b27b§]+ 4(b—a)® | —3a,abay+3ay(a))” + (a))°
(2n+37°m " 3(b))° (2n+37° 12 3(a)°
2(b—a) a
~- == _Aqb)+q(@
23724, [a(b)+a(a)]
2(b—a)* &

b B
m alz /a (COS(2n+ 3)77'[;)( a)) q/ (X) dX} +0 (n74n (n)) +0 (n73n2 (n)) _

Theorem 2. The eigenvalues, of (1)-(3) satisfy asA — oo,

(i) ifa,=0andt, #0,

12 (2n+3)m 2 ajby—ab,  b-a /b _(2n+3)m(x—a)\
"= Zb-a T@ednt am  2@n+3n O b-a a (x)dx
_ 4A(b-a)° : 3by (b))% — 3b) bbby + ()3 ]
(2n+3)* 72 3(by)°
4(b—a)®  —3damar+ad 2(b—a)? a
o Aboa TSt 208 % )+ q(a)
(2n+3)° T 3(a) (2n+3)°m ay

2(b-a° a [P/ (2n+3)m(x—a)\ - B
+(2n+3)2nza_’l./a (C°° b-a )Q<X>dX}+O(n *n(m) +0(n"°n?(n)),

(i) ifa,=0and B, =0,

12 (n+2)m 1 ajby — aphy b—a /‘b (SinZ(nJrZ)rr(xa)
b
a

V= e Tmianl @b tania >q/(x)dx

~ (b—a)® |3bjbib,— b3 N (b—a)® —3ajaay+ad
(n+2°m | 3(b)° (n+2°m 3(a)°
b— a)?
g 180 a@)]
(b—a)? a b/ 2(n+2)n(x-a)\ - -
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3 The method

We associate withl]) the Riccati equation

V(LA)=—-A4+g—V2

We define

S(t,A) = Relv(t,A)], (4)
T(t,A) = Im[v(t,A)]. 5)

It is shown in B] that any real-valued solution of) is in the form

y(t,A) =R(t,A)cosO (t,A) (6)

with Rt
S(ta)\>: R((I7A))7 (7)
T({A)=06'(t,A). (8)

Our approach to calculatimgy, is to approximate thosk which are such that
b
B(b,)\)—e(a,)\):/ T (x,A)dx )
a
We suppose that there exist functioh&) andn (A) so that

t'beZi“/ZXq' X)dx <AM)NA), telab) (10)

where
(i) A(t):= f°|df (x)|dxis a decreasing function of
(i) A()eLlab],
(iii) I‘]()\)—)Oas)\l/z—)oo

Forq € L[a,b] the existence of th& andn functions may be established fdmpositive as follows. We note that, avoiding
the trivial casef;” | (x)| dx= 0. ’ftbezml/qu/ (X)dX‘ < JP|df ()| dx < o s, if we define

[R5 o dd / [P (9] i I (9] dx A0,
F(t.A):=10, if J°[of (x)] dx=0, (11)

then O< F (t,A) < 1 and we sef) (A) := sup,i<pF (t,A). N (A) is well defined by {1) andA ~Y/2n (A) — 0 asA — o
[12].

Our method of approximating a solutionwft,A) = —A +q—v? on|[a, b] is similar to [L2], so we set

V(t,A) =AY 4 %vn(t,)\). (12)
n=1
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When we put this serie into the Riccati equation and solMewiftial equations, we hold
) b .
vi(t.2) = e P [T g dx
t

) b _
Va(t,4) = e 2 [N (2 dx (13)

vz [° g2 =
Vn(t,A) = g2 /t N2 () + 21 (xA) T Vm(xA) Jdx N> 3.
m=1

Also we foundf (b,A) — 08 (a,A) = f;’T (x,A)dx, so with @) and (L2) we have

b

e(b,/\)fe(a,/\):/

a

/\1/2+|mzvn(x,A) dx,
n=1
then . )
B(b,)\)fe(a,/\):)\l/z(bfa)JrZIm/ Vo (X, A ) dx (14)
n=1 a
Theorem 3.[1] If v (t,A) as in 12), asA — o«
V(t,A) =iAY2 v (t,A) +O0 (A% (M)

where

b
Vi (t,A) = —%/\ ~1/2q(b) sin2Al/2(b—t)+%/\ *1/2/t (sin2x\1/2 (x_t)) q (x)dx

b
4i {%A ~1/2q(b) cos A Y2 (b— 1) — %/\ “1/2gt) - %A 2 [*(cos2 " (x~1)) ' () dx} .
t
andn (A) is defined 12).
After some calculations by using the last theorem, wihwe gain

b
S(t,)\):f%/\*l/zq(b)sinz\1/2(b7t)+%)\’1/2 (00527\1/2t)/t [sinZ)\l/zx] q (x)dx
b
—%/\ -1/2 (sin?)\l/zt)/ [coszAl/Zx] q () dx+0(A"1n2Z(A)).
t

Let define the following notations:
b
sin& ::/ (cosZAl/zx) q (x)dx,
t
b
cos& = / (sin2)\1/2x) q (x)dx,
t
thus we can writ&(t,A) as

S(t,A) = —%)\ “12q(b)sin2A Y2 (b—t)+ %)\ ’1/2005(2)\ Y2 4 Et) +0(A1n2(n)). (15)

Similarly, with (5) we findT (t,A) as
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1 1 1 _
Tt ) =AY24 A “2q(b)cosAY?(b—t) — % ~1/2q (H)-5A *l/zsm(Z/\ Y2 4 a) +0(A"%(2)).  (16)

Also, by using integration by part td.8), we determine

b i b 12
/alvl(x,)\)dx: 2)\1/2/@1 A0 g (x) dx

and again with integration by part

b

b . iA/2x
/ Vi (x,A)dx= '_2)\ ~1/2-20 V2 [Q(X)ez
a

b .
! /a 2y (x)dx

2012 | 2iavz,
. ' b
_ %)\ 7leZ|)\1/2(b7a)q (b) — %)\ “19(a) — %)\ ~1g-2A12a / 2iA l/2xq/ () dx
Ja
- %/\ “1q(b) [cos22(b—a) +isin2AY2(b-a)| - %A “q(a)

b
— %)\ ’l/ [cos?)\l/z(xfa)ﬂsin2/\1/2(xfa)} q (x)dx,
a

SO
b
im [ v () dx= 7 a(b)sin A2 (b—a)~ 1A tcos(2Aa+ &),
a

We also have from equatioi§),

and forn > 3

V(A dx = — (12 @V (2 (xA) 2V 1 (X A) S V(%A ]d
[ v A)de= i [T Va2 06A) + 200 1(62) 5 vm(xA) Jx

Thus, with the last equations

b . )
/a nzllm{vn(x,)\)}dx:nzllm{/al vn(x,}\)dx}

= iA ~g(b)sin2A Y2 (b— a)f%)\ *lcos<2/\ Y2a 4 Ea) +0 (/\ =322 (A )) .Qan

4 Proof of the main results

Proof of theorem 1. (i) If &, # 0 andb), # O, the real solution of”’ (t) +[A —q(t)]y(t) =0isy(t,A) =R(t,A)cosO (t,A)
from (6). We use this equation for bounddry: a , we find

R(a,A) {cos@ (@A) {(a’z)\ +ay) % + (—ajA +a1) | + (abA —ap) O (a,)\)sine(a,/\)} =0.
If we choosen; as

R(aA)
R(a,A)
cosay 1= (a5A —ap) 6’ (a,A),

sinay := (—abA +ap) + (—aA + &),
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we haveR(a,A)sin[a1+ 6(a,A)] =0 so sifa;+ 6 (a,A)) =0, or 8(a,A) = —a1. Using by equations7) and @) as
S(t,A) = zg’;\; , T(t,A)=0'(t,A) and their asymptotic expansioribf-(16), we calculate

—ajA + 22 Y2a,q(b)sin2A /2 (b — a) — $A Y28, cos(2A Y2a+ &) +ay
—A"Y2a5q(b) sin2A /2 (b — a) + 32 ~Y2a,cos(2A Y2+ &)
sina; +0(n?(2))+0(A"'n2(2))
cosa; apA %2+ IA12ahq(b) cos A Y2 (b—a) — $AY/2a,q(a) ’
—3AY2a,sin(2AY2a+ &) — apA /2 — SA Y 2a,q(b) cos A Y2 (b - a)
+3A7"Y2a5q(a) + 3A Y2asin(2AY2a+ &) +0(n?(A)) + O (A 7102 (1))

hence
—ajA + 1A Y2aq(b)sin2A /2 (b — a) — 1A Y/2a, cos(2A Y2a+ &) +ay
—3A"Y2a5q(b) sin2A /2 (b — a) + 22 ~Y2a,cos(2A Y2a+ &)
sina; +0(n?(A)) +0(A~*n*(2))
cosay 1+ 32 "1q(b)cosAY?(b—a) - 11 1q(a)
ayA3/2 | —3Atsin(2AY2a+ &) — %/\ 1-1) *Z%q(b) cos2AY2(b—a)

+3A *Z%q (a)+3A *2% sin(2AY2a+ &) + 0 (A~3/2n2(A))

Then

. —SA Y2432 1q(b)Sin2A Y2 (b—a) — 34 cos(2A Y Zat &) + A 32
A= m ) 2q(b)sin2AY2(b—a) + 2 A 2cos(2AY2a+ &) +O(A-¥2n2 (M)
28, 2, a n

1-3r"Yg(b)cosAY2(b—a)+ 11 1q(a) 1
+3A71sin(2AY2a+ &) + %/\ 1+2A *Z%q(b) cos2A2(b—a)
—1A *Z%q(a) — 1A *2% sin(2AY2a+ &) + 1A 22 (a)
+3A 7207 (b)cos A Y2 (b—a) + A ~2sir? (2AV2a+ &)

+{%}2}\*2—%/\*Zq(a)q(b)cosml/z(b—a) ’

—3A72q(b)cos A2 (b—a)sin(2AY2a+ &,)
—%/\*Zq(b) cos2AY2(b—a)+1ir2q(a)sin(2A1/2a+ &,)
+%A “2sin(2AY2a+ &) + %A*Zq(auo(;\ -3/2n2()))

SO

tana ——a—'lx\*l/z 5\*1 b)sin2A Y2 (b — —1/\*1 o) 1/2 & ,-32
1==7 +2 g(b)sin (b—a) 5 cos a+é&, +a’
2 2

&, iN2AY2(h—a)+ 22 )2 12
2a’2/\ g(b)sin22+<(b a)+2a2/\ cos(Z)\ a+Ea)

/

/ / / /
+ %/\’3/2q(b) cosAY?(b—a)— a—l,)\ ~3/2q(a) — za—l,)\ ~3/2sin (2/\ Y25+ Ea) _ 2% 5-8p2

a, 24, & (]
- %A 22 (b)cos A Y2 (b— a)sin2AY2(b—a) + %/\ ~2q(a)q(b)sin2A Y2 (b—a)
+ %A “2q(b)sin2AY?(b— a)sin (24 %+ &) + 2%2,)\ ~2q(b)sin2A Y2 (b a)

2

+ %A ~2q(b)cosAY?(b—a) cos(Z/\ Y2a 4 Ea) —~ 2a—;2)\ -2 cos(2/\ Y2q 4+ Ea)

- %A “q(a) cos(ZA Yzt Ea) +0 (A “2n2(a )) :
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In the last equation, by using Taylor expansion of argtarx = 0, we obtain

ap=— a—ll)\’l/zqt }A’lq(b)sinz\l/z(bfa)f 1)\’1003(2/\1/2a+5 )
a, 2 2 2

/

713 /
LAy a2 1 [ﬁ] 2324 8 3-322q(b)cos A Y2 (b a)

a 3% 28,
a3 a 32 1/2 (A | 32
N 2_a’2/\ q(a) — Z—a,z/\ S|n<2)\ a+t Ea) f WA
7\2 712
- BN Sqosina 2o a) 5 | 2] A Psin(21 20 £) as)
2(ay) 2
1

fZ/\*Zqz(b)cos?)\l/z(bfa)sin2/\1/2(bfa)+%A*Zq(a)q(b)sinml/z(bfa)

+ %/\ ~2q(b)sin2A Y2 (b—a)sin (2)\ Y2a 4 Ea) + %/\ ~2q(b)cosA Y2 (b—a) cos(Z)\ Y2+ Ea)

%/\ ,22a_a2,2 cos(Z)\ Y2a 4 Ea) - %/\ ~2q(a) cos(Z/\ Y2a 4 Ea) +0 (/\ —32p2 (A )) .

Similarly, when we use the form(t,A) = R(t,A)cosO (t,A) for boundaryt = b, we find

R (b,A)
R(b,A)

R(b,)) {cos@(b,/\) [(—b’zA +1y) + (—BA +7) | — (~b5A + by) 9’(b,)\)sin9(b,}\)} )

If we choosens, as

R (b,A) ,
R(b,A) +(7 1/\ +bl);

cosa, 1= (—b5A +by) 6’ (b,A),

sina, := (—bbA +by)

we haveR(b,A)sin[az — 68 (b,A)] =0 so sifa, — 6 (b,A)] =0, 0r 6(b,A) =0+ (n+1) . Using byS(t,A) = RR/((;’;)),
T(t,A) = 6'(t,A) and their asymptotic expansioris}-(16) we can write '

sinaz _ —Abj+b1+0(n%(A))+0(A"1n% (1))
costr,  —A320,+A1/2b 4+ 0O(n2(A))+0O(A-1n2(A))’
SO
_1/2b] _3/2b1 - _ab -2 b3 —3/2,,2
tanay = [A"Y2 2 _A7¥22 L0(A7¥2n2(A) ]x 1+A7 124202 2-10(A%202(2)
S SRR MR SRR

b/ b b\ b
:/\71/2_17)\73/2_1 /\73/2 1M2 0] )\73/2 2 A)).
b, b, (0,)? (A2 )

In the last equation, by using Taylor expansion of argtarx = 0, we obtain

/ / 7\3
= A 71/2b_/1 7/\73/2b_/1 A 73/2b1_b22 7/\73/2(b_1)2 40 (/\ 73/202(/\)) _ (19)
b2 b2 (b3) (3)
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Let use these finding4.7), (18) and (19) in 8 (b,A)—08(a,A) = AY2(b—a)+ zﬁzllmf;’vn (x,A)dx, we see that

3
1/2b )\,3/2ﬂ+)\73/2 b/lbz 7A*3/2&

(n+)m+A~
% % (b5)* (b5)*
al/\ “2y 2 A q(b)sinml/z(b—a)—3A*cos(2}\”a+ Ea)
a, 2

a, 32 1la]") 32, 81, 30 12 _
+ ,/\ +3[a’2] A +2a,2}\ q(b)cosA+“(b—a)

al 32 iy B 5320 (or1)2 A, g
2a2)\ q(a) 2a’2)\ sm(Z)\ a+Ea) [a’z]z)\

f%/\*Zqz(b)cos?)\l/z(bfa)sin2/\1/2(bfa)+%)\*Zq(a)q(b)sinz\l/z(bfa)

112
+ %/\ ~2q(b)sin2A /2 (b— a)sin(Z)\ Y2a 4 Ea) - %/\ -2 %} q(b)sin2AY?(b—a)

+ %/\ ~2q(b)cosAY?(b—a) cos(Z)\ Y2a 4 Ea)
1 1/2 1 1/2 ~3/2,,2

4/\ q(a) cos(Z/\ a+ Ea) 4)\ q(a) cos(Z)\ a+ Ea) +0 ()\ n (/\))
=AY2(b—a)+ %/\ “lg(b)sin2A2(b—a) — %)\ ’1cos<2/\ Y2a 4 Ea) +0(A72n(1)).

We prove the theorem by using definitions of &ircosé; andn (A); also series error computation in the last equation.

Proof of theorem 2. (ii) If &, =0 andb’, = 0, our problem is

') +{A—a®}yt)=0, telab,
ary(a) +ay (a :/\a'ﬂ’( a),
b1y (b) + bay (b) = Abjy(b).

The real solution of”’ (t) + [A — q(t)]y(t) =0isy(t,A) = R(t,A)cosB (t,A). We use this equation for bounddry- a,
we find

R(a,A) {cosQ (a,A) [azz((:’;\)) —ajA +ag| —ab’ (a,/\)sine(a,/\)} =0.
If we choosens as
. R(aA)
sinas 1= ay R((a,)\) —ajA +ay,
cosasz = —az60’ (a,A),

we haveR(a,A)sin(as + 6 (a,A)) =0sosinas+6(a,A)) =0,0r0(a,A) = —as. Using byS(t,A) = F;{;Q; Tt A) =
0’ (t,A) and their asymptotic expansions, one writes

—apA Y2 - 22712 (b)cos A Y2 (b—a) + A~ Y2sin(2A Y2a+ &)
2i\*l/zq( a)+0(A"'n?(1))
A 1y 2 3/2q(b)sin2;\1/2(b—a)—za—a2,1r3/2cos(2/\l/2a+§a)
+0(A n*(» >)

cotaz =

—ajA

© 2018 BISKA Bilisim Technology
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ap, _ a
cotaz = —;2/\ V2 2 S
a

1 1 1
1+Z_’1/\71*2%1)\73/2(3](b)sin2)\l/2(b*a)+%/\73/2008(2)\1/2&+Ea)

2
+[%} /\*2—%A*qu(b)sinm”z(b—aﬂ—%A*5/2c03(2A1/2a+Ea)+0()\*2r72()\)) ’

then
cotag = 2222 22\ -3/2q(b)cos2r 2 (b—a) — 222 I2sin(2AH2a+ &) — 222 32q(a)
1 1 1 1
_3/2 2 2
i 2 %A Zq(b)sin2AM?(b—a) + L5252
[2q] 2] (4]
2
% ) *Zcos(ZA Y2a 4 Ea) 4 %2 55124 (b)cos A L2 (b a)
2 [ay]* 2[ay]”
ajay Qa | 5/ . _
12 A7%%q(a) - 2252 -%2sin (22 2a+ &) + O (A 02 (M)
2[a] 2 [a]
In the last equation, by using Taylor expansioraafcotxatx = 0, we obtain
Tt 2, 9 &y 32 1/2
— AM=az3=—=——=A ——A —
6@@r)=as=3 % 2, q(b)cosAY2(b—a)
a , 3/ & 3/ 1/2 aa , 32
—A —A 2A — A
+ 2a q(a)+ 24, sm( a+ Ea) [a’l]z
3 2
— 2 A3 B 2gb)sin2a 2 (b-a)
3[ay] 2[a)]
2 2
- [aa 2/\’2cos<2)\ Y2g 4 Ea) — %)\ -5/2
2|a a
auay | _ ajay | _
- ﬁ)\ 52q(b)cos A2 (b—a)+ ﬁ)\ 52q(a)
1 1
3
A 2sin (221 20+ &) () -s72gin (22*%a+ &)
2[&] 2[a]
a3 a3
2_A75%g(a) + —2;A752+0(A 202 (2)).

3
2[a] 2[a]
For boundary = b, by usingy(b,A) = R(b,A)cos8 (b,A), we find

R(b,)\){cos@(b,)\)[bzz((tt;’:))— JA + Dby —bze’(b,)\)sine(b,)\)}=0-

If we choosen, as

. R (b,A
sinag ;= by R((b,/\)) —bjA + by,
cosay = b6’ (b,A),

a _ a
o —3/2q(b)cosAY?(b—a) — 2—;,/\*3/2sm(2)\ Y2+ Ea) - 2—2/\’3/2q(a) +0(A7%n% (1))
1

(20)
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we haveR(b,A)sin[as— 6 (b,A)] =0 so sifas— 6 (b,A)] =0, 0r 8(b,A) = (n+1) m+ a4. Using byS(t,A) = zg’;\;,

T (t,A) = 6'(t,A) and their asymptotic expansions, one writes

A7Y2,+0(A71n2 (1))

cotay = -
—bA [17 @Afl+0(x\72n2(/\))}
bz bl bl 2
- [_;\ H2Z10(A an(/\))] X 1+ A1 {—} AT2+0(A2n%(N) |,
b by by
then
2 3
cotay = —A 1202 _;\*3/2% _,\75/2% _;\*5/2%4_0 (A *2,72()\)) i

2 3 4
by (b1) (b) (bh)
In the last equation, by using Taylor expansioraafcotxatx = 0, we obtain

3 2
o — gﬂ\fl/z% +,\73/2_b1,b22 f,\f3/2—b-’f . —/\’S/Z%v@()\ W)
| (by) 3(b4) (bh)
SO
3
O(bA)=(n+ 1)y 5 4A-H22 4y 92 D02 o9 br
2 1 (b}) 3(b)
2 3
P T R L Y TP (21)
(b4) (b)

Let use these findings il (b,A) — 8 (a,A) =AY2(b—a)+3r_, Imfﬁf’vn (x,A) dx, we estimate that

(n+1)m+= +A*1/2b—,2 +A*3/2—blb22 ave B . —A*5/2—b%b23
2 by (b) 3(by) (b)
5o bib3  moay a ,_
~A 5/2ﬁ+§—a—§)\ 1/2—2—;1)\ 3/2q(b)cos A2 (b a)
1
&, 302 & )32 1/2 aap | 32
+=A"q(a)+ A sin(2A“a+ &) —
28, 28, ( a) (2]
a3 3/2 a5 2 oy 1/2 a5 2 1/2
+ﬁ)\’ +ﬁ)\’ g(b)sin2A*/“(b—a)— ; 5A~ cos(Z)\ a+£a)
3a] 2[&] 2[a]
ajay —5/2 & , 55 1/2 a& , 5/
——==A ———=A g(b)cosA+““(b—a)+ —=A g(a
T A T
al | _ ajas | _
TR~
1
3
ad , 52 1/2 I CH N 1/2 2,2
Z[a’l]zA sm(Z/\ a+Ea) —Z[a’lfl\ sm(ZA a+Ea)+O(/\ n°(A))

=AY2(b—a)+ %)\ “1q(b)sin2AY?(b—a) — %/\ *1005(2)\ Y2a 4 Ea)

+0(A"2n (1)) +0(A"¥2n2(1)).
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We prove the theorem by using definitions of &ircosé: andn (A); also series error computation in the last equation.

Similarly, Theorem 1 (ii) follows from14), (18) and @1); Theorem 2 (i) follows from14), (20) and (L9).
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