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Abstract: In this paper, it is given a new concept which is a generatinadf the concepts s-convexity, JM-convexity, My A-s-
convexity and obtained some theorems for Hermite-Hadaryaelinequalities for this class of functions. Some natagglications
to special means of real numbers are also given.
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1 Introduction

Let f:1 CR — R be a convex function defined on the interlalf real numbers and, b € | with a < b. The following

inequality . . X f ‘b
f<%) <ot [Trooaxs 120 (1)

holds. This double inequality is known in the literature aridite-Hadamard integral inequality for convex functions
Note that some of the classical inequalities for means catehieed from () for appropriate particular selections of the
mappingf. Both inequalities hold in the reversed directiorfifs concave. For some results which generalize, improve
and extend the inequalitiet)(we refer the reader to the recent papers (see [1, 4, 6, 7]).

Forr € R the power meaM; (a,b) of orderr of two positive numbera andb is defined by

r r 1/r

a+b
Mr:Mr(a,b): ( 2 ) 7r .

Vab, r=0

It is well-known thatM, (a, b) is continuous and strictly increasing with respect toR for fixeda,b > 0 with a # b. Let

Y

L=L(ab)=(b—a)/(Inb—Ina),I =1 (ab) = % (aa/bb)l/afb

A=A(ab) = (a+b)/2,G=G(ab) = vab and H=H (a,b) = 2ab/(a+ b) be the logarithmic, identric, arithmetic,
geometric, and harmonic means of two positive real numbarglb with a = b, respectively. Then

min{a,b} < H(a,b) =M_4(a,b) < G(a,b) = Mg(a,b) < L(a,b) <1 (a,b) < A(a,b) = M1(a,b) < max{a,b}.
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LetM be the family of all mean values of two number&in= (0,»). GivenM,N € M, we say that a functionf : R, —
R4 is (M,N)-convex if f (M(x,y)) < N(f(x), f(y)) for all x,y €R.. The concept of M, N)-convexity has been studied
extensively in the literature from various points of viewd<.g. [2, 3, 5,]). Let

A(a,b;t) =ta+ (1—t)b,G(ab;t) = alb' ™, H (a,b;t) = ab/(ta+ (1 —t)b)

and
Mp (a,b;t) = (taP+ (1—t)bP) /P

be the weighted arithmetic, geometric, harmonic, powerrdeop means of two positive real numbesisand b with
a#bfort €0,1], respectively.

The most used class of means is quasi-arithmetic mean, veinelssociated to a continuous and strictly monotonic
function¢ : 1 C R — R by the formula

Mp(xy) =¢* (M) . for xyel.

Weighted quasi-arithmetic mean is given by the formula

Mg (X y;t) =1 (td(X)+ (1—t)d(y)), for x,yel,te[0,1],

wheret € (0,1) andx < y always impliesx < My (X, y;t) < y. The function¢ is calledKolmogoroff-Naguma function of
M. The special interest are the power mebflysonR ., defined by

)X, p#0
$p(x) '{Inx, 0=0"

For p =1, we get the arithmetic meak= M3, for p = 0, we get the geometric me&= Mg and forp= —1, we get the
harmonic meamd = M_;.

For any two quasi-arithmetic meard,N (with Kolmogoroff-Naguma functiorp, defined on intervalsl,J,
respectively), a functiofi : | — J can be callec(M¢, Mw)-convex if it satisfies

f(Mg (X, y;1)) <My (f(x), f(y);t) for all x,yel and te[0,1]. 2

If the inequality in @) is reversed, therf is said to be(M¢,Mw)-concave. fy: 1 CR—-R P =x (e,
My (T(x), f(y);t) = A(a,b;t)), then we just say thalt is My A-convex.

Let f be aMgA-convex. In this case

(i) fwetake¢ : I CR =R, ¢(x) =X, thenMyA-convexity deduce usual convexity.

(ii) If we take @ : 1 C (0,00) — R ¢ (x) = Inx, thenMy A-convexity deduce GA-convexity. (see [13,14])
(iii) 1fwe take ¢ : 1 C (0,00) =R ¢(x) =x 1, thenMy A-convexity deduce harmonically convexity. (see [7])
(iv) Ifwetaked : 1 C (0,0) — R, ¢(x) = xP, p € R\ {0}, thenMyA-convexity deducg-convexity. (see [8]).

The theory of(Mg, My )-convex functions can be deduced from the theory of usualeofunctions.
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Lemma 1.[9], If ¢ and g are two continuous and strictly monotonic functions (orimals | and J respectively) angl
is increasing then a function:fl — J is (M¢, Mw)-convex if and only ify o f o ¢~ is convex orp (1) in the usual sense.

Definition 1. Let0 < s< 1. A function f: | C Rg — R whereRg = [0, ), is said to be s-convex in the first sense if
f(ax+By) < af(x)+ B (y)

for all x,y € | anda, 8 > 0 with aS+ BS = 1. We denote this class of real functions ki K
In [5], Hudzik and Maligranda considered the following clad functions.

Definition 2. A function f: 1 C Rg — R whereRg = [0, ), is said to be s-convex in the second sense if
f (ax+ By) < a®f(x)+ B (y)

forallx,y € l anda, 8 > Owith a 4+ B = 1 and s fixed in(0, 1]. They denoted this byK

It can be easily seen that fer= 1, s-convexity reduces to ordinary convexity of functions defiron[0, c).

In [4], Dragomir and Fitzpatrick proved a variant of Hermiladamard inequality which holds for theconvex
functions.

Theorem 1.Suppose that fRg — Rg is an s-convex function in the second sense, wher¢ds1] and let ab € 0, ),
a<b.If f € L[a,b], then the following inequalities hold

b

The constant k= is the best possible in the second inequalitydhn (

1
s+l
The main purpose of this paper is to introduce the conddpis-s-convex function in the first sense and the second sense

and give the Hermite-Hadamard’s inequality for these elass functions. Morever, in this paper we establish a new
identity and a consequence of the identity is that we obtainesnew general integral inequalities.

2 Definitions of My A-s-convex functions

Definition 3. Let | be a real intervalg : | C R — R be a continuous and strictly monotonic function are @, 1].

(i) Afunction f:1 CR — R is said to be MA-s-convex in the first sense, if

F( (00 +(1-1)o(¥)) ST+ (1-t)f(y) (4)

forallx,y e landte 0,1]. If the inequality in §) is reversed, then f is said to beyM-s-concave in the first sense.
(i) Afunction f:1 CR — R is said to be MA-s-convex in the second sense, if

F( (00 +(1-1)o(¥)) <tF)+ (1-1)*f(y) (5)

for all x,y € I and t € 0,1]. If the inequality in(5) is reversed, then f is said to beyM-s-concave in the second
sense.
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It can be easily seen that:

(i) For ¢ : 1 C (0,0) — R, ¢(x) = mx+n, me R\ 0, ne R, MyA-s-convexity (in the first sense or second sense)
reduces to ordinargconvexity onl.
(if) For ¢ :1 C (0,0) — R,¢(X) = Inx, thenMy A-s-convexity deduce GA-s-convexity.
(iiiy For ¢ 11 C (0,0) — R, ¢(x) = x1, thenMg A-s-convexity deduce harmonicalsconvexity.
(iv) For¢ :1 C (0,0) =R, ¢(x) =xP, pe R\ 0 thenMyA-s-convexity deducép, s)-convexity.

Lemma 2.Let f:1 CR — R be a differentiable function on land a,be | witha < band¢—1: ¢(1") — 1" is continously
diferentiable. If f € L [a,b], then the following equality holds:

Proof. Let us defind; andl, as follows:

= [ - DATO P 0+ 109 (@)
SO0+ A-00@) [ [ (B0 + (116 (@)

Then we can write

(¢(x)—¢(a) /01 (t=1) (@ (td (x) +(1-t)(@)f' (¢t (x) + (1 1) (a)))dt

1 X /
:f("’”‘m/a F(u)¢' (wdu,

(¢ (%) —¢(b))/01(1—t)(¢71)/(t¢ (X) + (L—-)¢ (b)) F'(¢~1(td () + (1~ 1) ¢ (b)))dlt
:—f(b)+;/xlbf(u)¢ (u)du
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and so we have
O~ #(@) [ (1016 00+ (1-09(@) (69 (9 + (1- 08 (@))et
—(@X-0@) @~ [ e wdu
(05) -9 () [ (106t 00+ (1-09(@) (679 (9 + (108 (@))ot
=0 (0) ) 1)~ [ (W) ()

By multiplying with 525 both of sides these equalities and adding side by to side vee ha

(¢)—¢ (@) f(a)+(¢
¢ (b)—¢(
a

b)) 1 o
2 e AMCLACED

as desired. Thus the Lemma is proved.

Theorem 2.Let f: 1 C [0,00] — R be differentiable onland a< b, ¢ : | — R be continuous and strictly monotonic
function such thap =1 : ¢ (I) — 17 is continuously differentiable and & L[ab]. If ’f" strongly My — A— s convex
function, we have,

-9 @FT@+(@D-¢x)Fb) 1 b,
$()— 9@ SO —g@ fa WO (X
X -9 @)%, |, ,
< OS] o] 00 0] ®
(P(B)— (X)), |,
TR [o| ' 00|+ B2 | @)| 2| (9 (0) — 6 )2

where
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Proof. From Above Lemma and stronghy — A — sconvexity of| |, we have

‘%2 [ 16700 00+ (1-09 (@) (6719 00+ (1) (@)
+%2/5“t>(<i>1>’<t<l><X>+<1t>¢<b>>f’(¢l<t¢<x>+<1t)¢<b>>>dt

< (Z; Eg_z((g)zl/ﬂl—t)’(d’1)’<t¢(x)+(1—t>¢<a))} (9 a9 () + (1~ ()|t
OO0 ]2 1900+ 00 )| |7 (0200 (1119 )]
S/01(1*0‘@5’1)/(t¢(X)+(1*t)¢(a)) [tsf'(XH(l—t)Sf'(a)—ct(lft)(¢(x)f¢(a))2} dt
OO0 M6 100+ Ao @)

G- @2
IR0 Wo (a-u

[ =00 tow+a-ue@|a)

(97)) (9 (9 +(1-1)¢ (@)|dt)|f'O(x)

f (a)’

f (b)’
(e a2 |0y tom + a-0g)]ot) (0 (- 07

Thus the proof is completed.

Corollary 1. If we takeg (x) = x in above Teorem, we get

< (x—a)? 1

(x—a)f(a)+(b—x)f(b) 1 b
b—a 7b—a/a FOgdx < =3 {(s+1)(s+2) (X)’
1, c (b—x)? 1 : 1, c
et @ 1_2|Xa|2]+ b_a [(s+1)(s+2)’f (X)’+(s+2) f (@) 1_2“0"'2]'
RemarkFrom above Corollary, if we take the limit as— 0, then we get
(x—a)f(@+b-xfb) 1 [ (x—a+(b—x? ]| | (x=a?|f'@]+0-x?|f b)
b—a _b—a/a Fodx < (s+1)(s+2)(ba)] 0]+ b—a)(s+2) '

Theorem 3.Let f: 1 C [0,0) — R be differentiable onlandabel’ witha<b, abel’, ¢ :1 — R be continuous
and strictly monotonic funcion such thét: ¢(1°) — 1" is continuously differentiable and €L [a,b], for some fixed
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se (0,1] and g> 1with 2 + 1 = 1. 1f | f'|9 is strongly My — A— s convex, we get
q P

f (b) 1 b,
~E g L, e K

— 2 / / 1/q
— 2 / / 1/q
< OO oy ([ @]t "+ a-vf O - aa-v e m)-g00a)

where

1 / p
1= [ 0787 900+ -0 @) ot

1 / P
D2= [ (107|871 + -9 b))

Proof. By using above Lemma and Holdetisequality, we have

(¢~ (¢ (b)—
f (o 1(t¢(x)+(l—t)¢(a)))‘dt+w

[ra-u]6 w00+ a-vs o)

. 2 1 ’
< % (/0 (1_t)p’(¢—1) (tg (x)+(1—t)¢(a))’pdt)

(8716 (9 + (119 (b)) ait

1/p

1 q 1/q
(¢ (t¢<x)+<l—t>¢<b)))\dt) |

In the last inequality, if we consider thgit' |4 is stronglyMy — A— sconvex function, then we get

1/p
<

(¢ (%) — ! 1’ p
TR e AU (R NEICRNCRLEICHIED

1/q

f'@)| - cta-0@ - ¢ @)%y |

o]+ @ -1

1/p

(¢ (b)—9(x)?
¢ (b)— ¢ (a)
1/q

([ o @09 ®) o007 |

Thus the proof of the Theorem 3.1 is completed.

1 / P
(f @=07(67) o+ -9 )| at

£+ @y

Corollary 2. If we takeg (x) = x in above Theorem, then we get

1/p

_ _ b
(x—a)f(a)+(b x)f(b)_bia/af(x)dx

b—a
1
(| e
0

2
< & [ @ -tpay

1/q ( —X)Z 1/p

‘x| f’(a)‘qfct(lft)(xfa)zdt) |+ E_a [(/01(14)%0

f (x| +(1-t)°
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([

1/q

f (x)]q+ (1—tsf (b)’qfct(lft)(bfx)zdt) ]

I CANE T
(E_;)Z (p%l)l/p(?ll f/(x)‘q+?ll f/(b)‘q—%(b—x)z)m}.

Corollary 3. If we takeg¢ (x) = x in above Theorem, then we get

(x—a)f(a)+(b-xf() 1 (x—a)? 1 0 a e qay cx—ar) e
b—a _b—a./a Fogdn < (b—a)(erl)l/p (s—i—l( f (X)‘ | (a)‘ )_ 6 )
(b—x)? 1 Coa 8y c(x—a)? v
(b—a)(erl)l/p <S+1( f (X>‘ Hf (b)‘ )7 6 )
RemarkFrom above Corollary if we take the limit @— 0, then we get
N INLENEL
(x-a)f(@+(b-x)fb) 1 b (x—a)?, 1 Pl +]f (@)
T _b—a/a f(x)dx‘g_ba (p+1)1/p —
’ ’ 1/q
S0 1, 0o+ |t )]
~— b—a ‘p+1 s+1
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