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1 Introduction

In this paper, we consider the boundary value problem

)//(t)+{)\ 7q(t)}y(t):0ﬂ te [aab]v (1)
a1y (a) +azy (a) = A [ary(a) +ay (a)] , @)
by (b) + b2y’ (b) = A [by (b) +bay (b)] ®)
whereA is a real parameteq(t) is a real-valued functiong;, &, b, bf € R, i = 0,1. Also we assume thai(t) is

integrable. This problem differs from the usual regular®tiLiouville problem in the sense that eigenvalue paramkete
is contained in the boundary condition @t Problems of this type arise from the method of separationapiables
applied to mathematical models for certain physical proisiéncluding heat conduction and wave propagation, &fc. [
It is shown by Walter 15 that this problem is self-adjoint problerthe purpose of this paper is to obtain asymptotic
approximations for the eigenvalues Gj«3).

Approximations of this type have been derived before. Wetioriin particular [7,8] and [2]. Fulton’s approach in7] is
based on an iteration of the usual Volterra integral equapooducing an asymptotic expansion of the solution in éigh
powers of YAY2? asA — o and in B] is based on the analysis df4] for regular Sturm-Liouville problems on a finite
closed interval and involves some operator-theoreticallte of [L5]. The approach used ir2] is based on an iterative
procedure solving the associated Riccati equation anduginod an asymptotic expansion of the solution in the higher
powers of YAY/2 asA — oo for smoothq(t). There is also a vast amount of literature dealing with asptipestimates

of eigenvalues for standart Sturm-Liouville problems wigigular endpoints3 4,5,6,9,10,11,13,14]. Here we follow
the similar approach in4[10,12]. We assume without loss of generality, thgft) has mean value zero. That is

J2a(dt=o.
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2 Conclusion

Theorem 1. The eigenvalues, of (1)-(3) satisfy asA — oo,
(i) ifa,#0andb, #0,

12 (n+1)m 1 abby —ajb, }/b 2+ Yn(x—a)
" = boa) +(n+1)n{ &0, +35 | cos b a q(x)dx}

+0(n2n(n)) +0(n"tn?(n)),

(i) ifa,#0andt, =0,

"S- TEnrant &y 2
+0(n"?n(n)) +0(n"*n?(n)).

/ _ Ak b _
12 _(2n+3)m 2 aLhp —ajb) 1/ (COS(2n+§)rt;x a))q(x)dx}
a _

Theorem 2. The eigenvalues,, of (1)-(3) satisfy asA — oo,
(i) ifa,=0andb, #0,

" T 2(b-a) (2n+3)7‘r{ a,bl, 2 /a
+0(n~%n (n)) +O(n*n?(n)),

' / b _
12 (2n+3)m 2 ajb) —aph, 1 <COS(2n+1;)7T;x a)>q(x)dx}

(i) ifa,=0andt, =0,

"o izl ap, 2/
+0(n~2n(n)) +O(n"*n?(n)).

I / b _
1/2 (n + 2) m 1 albg azbl 1 (COSZ(n +§)77T2§X a)) q(X) dX}

3 The method

We associate withl] the Riccati equation

We define

S(t,A) = Relv(t,A)], (4)
T(t,A)=Im[v(t,A)]. (5)

Itis shown in B] that any real-valued solution of)is in the form

y(t,A)=R(t,A)cosO(t,A) (6)

with Rt
S(t,A) = R((t’M), (7)
T(t,A)=0"(t,1). (8)
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Our approach to calculatingy, is to approximate thosk which are such that
b
B(b,)\)—e(a,)\):/ T (xA)dx )
Ja
We suppose that there exist functioh@) andn (A) so that

b ot/
/t g (x) dx

<AMN@A), telab) (10)

where

@) A):= ftb |g(x)|dxis a decreasing function of
(i) A(.)eL[ab],
(i) N(A)—0asAY? - w.

Forg € L[a,b] the existence of thA andn functions may be established fdmositive as follows. We note that, avoiding
the trivial casef;° g (x)| dx= 0. ‘ftb 22 xq (x) dx‘ < [Plq(x)|dx < o so, if we define

1PN g dx / P aGoldx, it °la(]dx~0,
Ft.A):=10, if °)q(x)|dx=0, (11)

then O<F (t,A) < 1and we sef) (A) :=sup,«<pF (t,A). N (A) is well defined by {1) andn (A) — 0 asA — o« [12].
Our method of approximating a solutionwft,A) = —A 4+ q— v on[a, b] is similar to [L2], so we set
V(t,A) =AY+ S v (t,A). (12)
n=1
When we put this serie into the Riccati equation and solMewdihtial equations, we hold

. b _
vi(t,2) = —e 24 [T g d

. b
Va(t,\) = e AR /t M2 (x, 1) dx, (13)
sir/2 [P oip1/2 n—2
Vn(t,A) =€~ t/ M VR (A) +2vn_1(x,A) > Vm(xA)Jdx n>3.
t m=1

Also we foundf (b,A) — 0 (a,A) = f;’T (x,A)dx, so with @) and (L2 we have

b

B(b,)\)—e(a,)\):/

a

/\1/2+Im2vn(x,)\)] dx,
n=1

then
G(b,)\)—e(a,)\):)\l/z(b—a)+Zlm/bvn(x,/\)dx (14)
n=1 a

Theorem 3.[1] If v (t,A) asin (12), asA —

V(t,A) =iAY2 4 v (t,A) +0(n? (1))
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where
_ b b
vi(t,A) = 7872,,\1/%/ Mg (x) dx = — [cosml/ztfisinz\l/zt} x/ {cos?)\l/szrisinZ/\l/zx} q(x) dx
t t

andn (A) is defined 12).

After some calculations by using the last theorem, wifhwe gain

S(t,A) =— (cosml/zt) /tb [00527\1/24 q(x)dx— (sin?)\l/zt) /tb [sian\l/ZX} q(x)dx+0(n?(A)).

Let define the following notations:

sin& = /tb (cosZz\l/zx) q(x) dx,
cos§ = /tb (sin2)\l/2x) q(x)dx,

thus we can writ&(t,A) as
S(t,4) = —sin(2AY2%+ &) +0(n?(1)). (15)

Similarly, with (5) we findT (t,A) as
T(t,4)=AY2—cos(2A%2 + &) +0(n?(1)). (16)

Also, by using integration by part td 8), we determine

b _ b iAY/2(x—a)
/avl(x,)\)dx_zl\l/z/ae2 q(x)dx

and again with integration by part
b i b b
/ vi (X, A)dx= I—/\’l/z[/ iq(x) [sian\l/zx] [cosml/za} dxf/ iq (x) [cos?)\l/zx} {sin?)\l/za} dx
a 2 a a

+|§ *1/2[/:q(x) {cos?)\l/zx} [cos?)\l/za} dx+ /:q(x) [sinZ)\l/zx} {sin?)\l/za} dx,

SO

Im/:vl(x,)\)dx: %/\*1/2 [cosZAl/za} /:Q(X) [cos?)\l/zx} dx+ [sian\l/za} /b

a

a(x) [sin?)\ 1/2x} dx

We also have from equatioiJ),

./bvz(x,)\)dx: ! /b {1—@“1/2()(*3)} V3 (X,A) dx

and forn> 3

b
/ V(X A)dX= ——
a
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Thus, with the last equations

b o [ b 1
IMm{vnh(x,A) dx= S I n(X,A)dx b = ZA~Y2sin(2A Y% oA tn(r)). 17
L3 imin o r]zlm{_/awx Jaxf = 34 H2sin(21246) 400 P (). a7)

4 Proof of the main results

Proof of theorem 1.

(i) If &, 0 andb), # O, the real solution of/’ (t) +[A —q(t)]y(t) =0 isy(t,A) = R(t,A)cosf (t,A) from (6). We
use this equation for boundatry= a , we find

R (a,A)

R(a,A) {cose (a,A) [(a’z)\ +a) R

+(—aA +ar) | + (aA —ap) 6 (a,)\)sine(a,)\)} —0.

If we choosen; as

R (a,A)
R(a,A)
cosay i= (apA —ap) €' (a,A),

sinay == (—abA +ap) + (A + &),

we haveR(a,A)sin[a;+ 08 (a,A)]=0sosinai1+ 6 (a,A)) =0,0r 08 (a,A) = —ai. Using by equations?) and @)
asS(t,A) = (“ )) T (t,A) = 6'(t,A) and their asymptotic expansioris}-(16), we calculate
—ajA +Aaysin(2AY2a+ &) +ag — apsin(2AY2a+ &)
sina; +0(n?(2))+0(An%(2))
cosar  ahA¥2 - acos(2AY2a+ &) — A%, +apcos(2A2a+ &)
+0(n?(A)) +0(An*(2))
hence

—ajA +Aapsin(2AY2a+ &) +ag — apsin(2AY2a+ &)
sina; +0(n%(2))+0(An3(A))
cosay 292 1-2"%2c0s(2AY2a+&a) —A1E +A"¥2% cos(2A?a+ &)
+O(A7%2n2(1)) +0(A2n%(2))

Then

—%A “12 4 A-Y2sin (20 Y28+ &) + ZA -3/2_) *3/2% sin(2AY2a + &)
+O(A"12n2(2))
1+AY2cos(2AY2a+ &) + A *1% —A *3/2% cos(2AY2a+ &)
+0(A2n2(2))

tana; =

X

3

so
a, g _1/2 a,
—_ 913 /2 A 1/2 1/2 __1A 1 2Al/2
tana; ) + sin (2}\ a+ Ea) 2, cos( a+ Ea)

+0(A2n2(n)).
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In the last equation, by using Taylor expansion of argtarx = 0, we obtain
A 12 a2 1/2 a, 1 1/2 ~1/2,,2
o) = fa/,z)\ +A sm(Z)\ a+ Ea) - a,z)\ cos(Z/\ a+ Ea) +O(/\ n (/\)). (18)

Similarly, when we use the form(t,A) = R(t,A)cos6 (t,A) for boundaryt = b, we find

R (b,A)
R(b,A)

R(b,)) {cos@(b,)\) [(—b’z)\ +1y) + (~bjA +bl)} — (—bhA +1y) 9’(b,/\)sin9(b,)\)} )

If we choosen, as

R (b, ,
o+ (biA b,

sinay == (—byA +by) 3
cosaz = (—b5A +by) 6’ (b,A),

we haveR(b,A)sin[a, — 8 (b,A)] = 0 so sinfa, — 6 (b,A)] =0, 0r 8(b,A) = a2+ (n+ 1) . Using byS(t,A) =

%, T(t,A) = 6'(t,A) and their asymptotic expansioris5f-(16) we can write

sinay —Abj+b1+0(n%(A))+0(An?(A))
2

cosaz A%+ 2172, + O (72 (A)) + O(An2(A))’

SO

/
tana, = [)\ 2Py epPi g (/\ 1/2:72(;\))} x {1+A1b—,2 +0 (/\ 1/2:72(;\))}
b2 b2 b2

_1/2b] _
- 1/2b_/1+o(/\ 1/2,,’2(/\))_
2

In the last equation, by using Taylor expansion of argtarx = 0, we obtain
bl
a=A *1/2b—,; 1o (/\ ~1/2p2() )) . (19)
Let use these finding47), (18) and (19) in 8 (b,A) — 8 (a,A) =A% (b—a)+ T5_, Imfaf’vn (x,A) dx, we see that

(1A A Y242 Y2sin(20 Y 2a 4 &) a1l cos(2AY2a+ &) +0 (A H2n2(2))
b, & 2 a, a

—AYV2(h—a)+ %A’l/zsin (2}\ 1/2 +Et) +0(A™n (1)),

We prove the theorem by using definitions of &ircosé; and n(A); also series error computation in the last
equation.

Proof of theorem 2.
ii) If a, =0 andb), =0, our problem is
7) 2

Y (t)+{A —at)}y(t) =0, teab],
ary(a)+agy (a) = Aaty(a),
bay (b) + bzy’ (b) = Ably(b).
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The real solution of/” (t) + [A — q(t)]y(t) = 0isy(t,A) = R(t,A)cosB (t,A). We use this equation for boundary
t=a, we find

R (a,A)
R(a,A)

R(a,A) {cos@ (aA) {az —aiA +ag| —apb’ (a,}\)sine(a,/\)} =0.

If we choosens as

. R@a)
sinaz = ay R@M) —ayA +ay,
cosaz = —azf’ (a,A),

we haveR(a,A)sin(as+0(a,A)) =0 so sifaz+6(a,A)) =0, or 6(a,A) = —as. Using byS(t,A) = RR/((;’;)),
T(t,A) = 6'(t,A) and their asymptotic expansions, one writes

cosas  —apA Y2+apcos(2AY2a+ &) +0(n?(A))
sinas  —ajA +a; —asin(2AY2a+ &) +0(n2(A))’

or
—apA Y2 4 aycos(2AY2a+ &) +0(n?% (1))

—aA [17 421+ ZA-Lsin(2A12a+ &) + O(A~1n2(A ))}

cotaz =

SO

_@, 12 82,1 1/2 1,2 a, 1 @, 1 1/2 1,2
cotag_a,)\ a,)\ cos(2)\ a+€a)+0<)\ n (A))x{lJr = A a&)\ S|n<2)\ a+6a>+0<)\ n(A)),

1 1 a
then

_ @, 1p @, 1/2 aap 32 & L g, 1/2 “1,.2
cotagfa,i)\ a,i/\ cos(Z/\ a+Ea)+[a/ﬂ2)\ (a’l)zl\ sm(Z)\ a+Ea)+O(/\ n%(A)).

In the last equation, by using Taylor expansioraafcotxatx = 0, we obtain

-3/2
_G(a,)\) =Qa3= 7_2-[_ %)\71/2_,_ %Aflcos(z)\l/za_i_éa) B al/azz/\ %
! 1 [&]
2 3
s g o ey,
(a4 3(a)

For boundary = b, by usingy(b,A) = R(b,A)cosf (b,A), we find

R (b))
R(b,A)

R(b,A) {cos@(b,)\) {bz —bjA +b1] - b29'(b,/\)sin9(b,)\)} =0.

If we chooseny as

R (b,A)

R(b,A)

cosay := b0’ (b,A),

sinay :=hy —bjA + by,

(© 2018 BISKA Bilisim Technology
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we haveR(b,A)sin[as — 8 (b,A)] = 0 so sinfas— 6 (b,A)] =0, 0r 8(b,A) = (n+1) T+ as. Using byS(t,A) =

%, T(t,A) = 6'(t,A) and their asymptotic expansions, one writes

A2, 40 (A7 102 (A

cotas = b2+ (AIn*(4))
_y [17 bi/\*1+0(x\*1n2()\))}
_1202 2.2 by, 1 “1,.2
=|-A b—,+O(/\ nZA))| x 1+b—,)\ +0(A N7 (A) |,
1 1

then

b b1b:
cotay = —A *1/2b—,i —A7%2 (b1/ )22+O (A% (A)).
1

In the last equation, by using Taylor expansioraaofcotxatx = 0, we obtain

T _ bz _ b1b2 _ b3 _
Oa— — +A 1/2_+)\ 327172 4 3/2—2+O A lnz A
T2 gt O )

SO

T g0 3, b1y 32 b3 ~1p2
O(bA)=(N+1)m+5+A Y224 A 3225 (%22 _10(A 12 (2)). (21)
2 by (b) 3(by)

Let use these findings il (b,A) — 0 (a,A) =AY?(b—a)+ ¥, Im_f,fvn (x,A) dx, we estimate that

122y app a2 g b3

T
N+ 71+ =+A +A
T_22)-12, %, 1/2 &, 32
+2 a,l)\ +a,l)\ cos(Z)\ a+Ea) —[a’]z)\
1

2 3
+ 222 2sin (22 £) + )32 Lo (22 (1))
[a] 3[a]

=AY2(b—a)+ %/\ *1/2sin(2A 1/2t+ft) +0(A"tq(1)).

We prove the theorem by using definitions of &ircosé; and n(A); also series error computation in the last
equation.

Similarly, Theorem 1 (ii) follows from14), (18) and @1); Theorem 2 (i) follows from14), (20) and (L9).
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