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Abstract: In this paper, we define generalized order of an entire fonatif several complex variables in terms of central index and
use it to estimate the growth properties of composite eftinetion of several complex variables with respect to ontheffactor of
the composition function.
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1 Introduction, Definitions and Notations

We denote compler-space byC" and indicate its elements (points):

(21,22,....70), (|12a] ;| 22] , ..y |Zn]) 5 (P, P25 s Th), (Ke, K, ooy Kn)

by their corresponding symbats|z| ,r,k etc. Throughou€ = Q, stands for a nonempty open completeircular region
in C"(see 833 of [3]) with center at(0,0,...,0), the zero element ¢f". We write

|Q|={r:r =7 for somee Q}

and
Q" ={r:re|Q|,norj=0,1<j<n}

and regard these as subsets ofrirdimensional Euclidean spa®. For anyr,s € R", we say that
(i) r<sors>r,ifandonlyifr; <sjforl1<j<n,
(i) r<sors>r,ifandonlyifr <sbutr is not equal tes
and
(i) r<<sors>>r,ifandonlyifrj <sjforl1<j<n.
A function f (z), ze C" is said to be analytic at a poidte C" if it can be expanded in some neighborhooddds an
absolutely convergent power series. If we assdme(0,0,...,0), thenf (z) has representation(sed fnd [8]).

f(2) = i Bt 22020 = S A
K]

k=(0.0.....,0) =0
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wherek = (kg, ko, .....,kn) belongs to#” = {k: k € C", eachk; is rational integef and|k| = k; + ko + ..... 4+ kn.

Forr > (0,0,...,0), the maximum ternu(r) = p(r, f), the maximum modulud(r) = M(r, f) and the central index
v(r) =v(r, f) = (vi(r, f),va(r, T),...,vn(r, f)) of entire functionf (z) are given by (seeg] and [7]).

u(r) = u(r, F) = max{jaq r'}

M(r) = M(r, f) = max|f (2)|

|2|=r

and

L | max[k; : Ja| rk = p(n)] ,if p(r) >0
vJ(r)_vJ(r,f)_{ O,ijfu(r):O,forlgjgn. }

Also, the central index(r, ) for which maximum term is achieved

[v(r, f)| = va(r, )+ va(r, f) +... 4+ vn(r, ).

Definition 1. ([3], p.339) The orderps and lower orderA of an entire function (z) = f (z1, 2, .....,z,) are defined as
follows
(2
pr = limsup l0g¥ M(r1,r2,....fn, )
F1,72,00 T30 log(rirz...rn)
and .
Ar= liminf 09/ M(rq,r2,...,In, f)-
F1,F2,00,Fn—>00 log(rirz...rm)
where

log x = log (Iog[kfl] x) fork=1,2,3,...and lod” x = x.

Following Datta and Mallik (se€?]) definitions of hyper order (hyper lower order), generdiorder (generalized lower
order) of entire functions of two complex variables, we masedghe same for the entire functionsretomplex variables.

Definition 2. The hyper ordep; and the hyper lower ordek ¢ of an entire function f are defined as follows:

log® M(ry,ra,....rn, f)

p;= limsup

r1,r2,.....n—> Iog(rlrg...rn)
and .
- L log®'M(rq,ro,....rn, f
Af: I|m|nf g ( 9 9 sIny )
r1,12,....,ln—=% log(rirz...rn)

Definition 3. Let| be an integep> 1. The generalized ordepy] and the generalized lower ordétg] of an entire function
f are defined as follows:

[1+1]
pp]: limsup log" "' M(rq,rz,...,rn, )

r1,r2,...,fn—o log(rirz...rn)
and -
o logm M ceosTn,
/\f“]: liminf og (rlera ,In, )
r1,2,..., )p— |Og(rlr2”.rn)

Whenl = 1, Definition3 coincides with Definitiorl and wher = 2, Definition3 coincides with Definitior?.
In 1988, He and Xiaod] define the order of an entire function in terms of its cenitrdkex as follows:
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Definition 4. The orderp; of an entire function z) is defined by

L logv(r, f)
pf—“l:'l)sotlp oar

Similarly, the lower orded; of of an entire function (z) is defined as

Ar = liming 129V ).
r-o  logr

Laterin 1999, Chen and Yandg][define the hyper order of an entire function in terms of thetizd index in the following
manner.

Definition 5. The hyper ordep; of an entire function z) is defined by

. log? v(r, f)
pi = Ilrpjogpv-

Similarly, the hyper lower ordek  of of an entire function f is defined as

— .. logPy(rf
At =liminf 97(’)
r—oo logr
So it is interesting to investigate that whether or not thaegalized order of an entire function of several complex

variables can be define in terms of its central index.

In this paper, we establish that the generalized order (@éned lower order) of an entire function of several comple
variables can be defined in terms of its central index. Alsocstuely some comparative growth measure of composite
entire function of several complex variables with respedeft (right) factor of the composite entire function based
their central index.

2 Lemmas

In this section we present some lemmas which will be need#ttisequel.

Lemma 1. [6] Let p,r € |Q] and letu(p) andu(r) be both positive. Then the line integral,

r
| = / —ij(_x)de
'p 1 |

=}

]

taken over any connected polygor | with sides parallel to the axes and from ptor

(i) exists,
(i) is independent of the polygon and
(iii) is suchthatogu(r) =logu(p)+1.

Lemma 2.[6] Letr € |Q|. Let pe |C"| and be such that p> (1,1,...,1), while pr= (p1r1, para, ..., pafn) still € |Q|.
Let

Nj = maxvj(t)for1<j<n.
r<t<pr

Then
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n

() 1) < M) < 1) 1[N+ 5]

(i) p(r)=M(r),if and only if the seriesg a,r¥has at most one non vanishing term
k=0
(iii) the last relation in (i) is an equality if and only jf(r) = 0.

Lemma 3.Let f(z) be an entire function of n-complex variables with genemlirderpp], where | be a positive integer
> 1. Then
log! |v(r,ra,....rn, )]

py] = limsup

r1,r2,....fn—>o Iog(rlrz...rn)
Proof. Set
(D= Y Ao oD% = 3 ad
k=(0.0.....,0 K=o

By Lemmal, we see the maximum terpn(r) of f satisfies
r n Vi (X)
logu(r) = logu(p) + | > (1)
p 171 7
Krishna (], Corollary 2.9) proved that;(r) is increasing and right continuous jrth variable for 1< j < n. Therefore,

for anyp,r € |Q| such thaiu(r) > 0 andp >> (1,1,...,1), we get for 1< j <n,

r

1 de
i(nN< i(ry ey M1,y Tn) —.
VJ(r) = |ong /Vl(rla 7r] 1, arn) Xj (2)
p
From (1) and @), we get
n
logu(r) > logu(p) + 3 vj(r)logp; @)
=1
By Lemma2, we have
H(r f) < M(r, ) @
It follows from (3) and @) that
n
Z vj(r)logpj <logM(r, f)+Cy (5)
=1
Asp>>(1,1,..,1)ie.,p=(p1,P2-..,Pn) >> (1,1,...,1), choosingp; = 2 for 1 < j < n, we get
n
Z vj(r)log2<logM(r, f)+C;
=1
1 [1+2] [1+2]
=log" v (r, f)|+10g" "2 <log"' ™ M(r, f) +Cy (6)
= log" |v(r, )| +log'* Y2 <log! U M(r, f) +C;
whereCj(> 0)(j = 1,2) is a suitable constant.
By (6) and Definition3, we have
(1 (1+1]
limsup log" |v(ri,ro,...,rn, )] < limsup log" " M(rq,ro,...;rn, ) :pp]. o
P 2peeef 30 log(rarz...rn) O S e log(rira...rn)
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On the other hand, by choosipg=2for 1< j <ni.e.,p=(2,2,...,2) in (i) of Lemma2, we have

n
M(r, f) < p(r, f) [TIN;+2],
1

whereN; = r;ngx vj(t),for1<j<n.
r pr

n
M(r, ) < Jay(.p| "0 I_II[NJ +2] 8
J:

Since{|ax|} is bounded, from&) we get

S5

logM(r, f)

IN

n
vj(r)logrj+ 3 logN;+Cs
=1

Il
!

n
lv (r,f)||ogrj+ZIogNj+C3

IN
M=

IN
'[\

v(r, f)[log(rarz...rn) +10g(NiNz...Nn) + Cs
= log! Y M(r, f) <log"|v(r, f)| +log! Y (rira...rn) +log" ¥ (N1Ny...Np) +Ca 9)

whereC;j (> 0)(j = 3,4) are suitable constants. Bg)(and Definition3, we get

[1+1] (]
py]: limsup log M(rl,rz,...,rn,f)S limsup log |v(r1,r2,...,rn,f)|.

(10)
r1,02,...,Fn—+% log(rarz...rn) r1,02,.....n—3% log(rirz...rn)

By (7) and (L0), Lemma3 follows.

In the line of Lemm&B, we can prove the following lemma:

Lemma 4. Let f(z) be an entire function of n-complex variables with geneealifower order}\f“], where | is a positive
integer> 1. Then
(1] f
/\fﬂ] — liminf 0g |V(rl7r27-"arn7 )|
r1,r2,.... n—> Iog(rlrz...rn)

The proof is omitted.

3 Theorems

In this section we present the main results of the paper.

Theorem 1.Let f and g be two entire functions of n-complex variablesoAlet0 < /\Hg < ppg <o and0 < )\é} <

pé,] < o, Then

|
A,

< log“] |V(r15 r2,....rn, fo g)|
Pg] ~nzeinoeJogl (i, ro, ..o, 9)]

Al 5l

fog pfog !

}< limsup I|V(r17r2, .M, foQ)] pfog
r1,r2,....Fn— Iog [v(ri,r2,...,Mn,9)| /\g[]

< max{
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Proof. Using respectively Lemma and Lemma4 for the entire functiorg, we have for arbitrary positive and for all
sufficiently large values afy,ro, ..., r, that

Iogm [v(r1,r2,...,Mn,9)| < (pg] +¢€)log(rira...r) (12)

and
Iog“] |v(r17 f2,..., rnvg)| Z ()\g] - S) Iog(rlrz"'rn)' (12)

Also, for a sequence of values of eaclrgfrs, ..., rn tending to infinity
Iog“] [V(ri,r2,...,Mn,9)| < (Aé” +¢)log(rirz...rn) (13)

and

Iog“] [v(ri,ro,...,rn, Q)| > (pg] —¢)log(rara...r). (14)
Using respectively Lemma and Lemma4 for the composite entire functioho g, we have for arbitrary positive and
for all sufficiently large values afy,ro, ..., ry that

log" [V (r1,r2, ... T, f 0G)| < (pflg + &) log(rar...rn) (15)

and
log" |v(ry,r2,....r0, fog)| > ()\f“lg —¢&)log(rira...rn). (16)

Again, for a sequence of values of eaclrgf,, ...,r, tending to infinity
log!! [v(r1,ra,....rn, fog)| < (/\Pig +€)log(rars...rn) (17)

and

log!! [V(r1,T2,....Tn, f0@)| > (pf1g — £)10g(r1r2...n). (18)

Now from (11) and (L6), it follows for all sufficiently large values afy,r»...,ry that

109" [v(r0.r2...cn. fog)| _ Ay~

log!|v(ry,r2,....t,9)) — pil+&

As g(> 0) is arbitrary, we obtain

|
log! |v(r1,r2,....rn, f o Q)| . Af[ig
itz logl |v(ry,ra, . m,9)l — pfl

(19)

Again, combining {2) and (L7), we get for a sequence of values of eacnof,, ..., r, tending to infinity

109" [v(r012..tn. fog) _ Ayt
log" |v(ry, 1z, @)l A -

Sinceg(> 0) is arbitrary, it follows that

0 Al
Iiminf Iog ||v(rl,r27"',rn,fog)| S f—lljg.
rur2;...fn=re logH |V(r1,r2,...,rn,g)| Aé]

(20)
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Similarly, from (14) and (L5) it follows for a sequence of values of eachrgfr,, ..., ry tending to infinity

106" |V(r1.12.....tn, foQ)| _ Pleg+E

Iogm|V(rlar27'-'arnag)| B Pg]*f .

As g(> 0) is arbitrary, we obtain

U

0 !
||m|nf |Og !V(r17r25"'7rn7fog)| S pf_Tg' (21)
1rzetne logl [V(ry, 12, nt,g)|  pl!
Now combining (9), (20) and 1), we get
U L
’\fog < logm |v(r1,r2,...,rn,fog)| <min{/\f°9 pfog}. (22)
pg] T r1,r2,.fn—00 |og[|] |V(r17r2,_._7rn7g)| - /\g“] ’ pg]

Now, from (13) and (L6) we obtain for a sequence of values of eacinofs, ..., ry tending to infinity that

log!! |v(r1,r2,....rn, f o Q)| . Af“ig_g
log" [v(r1,r2,....tn, @)~ Al +e

Choosinge — 0 we get that

0 Al
|imsup |Og !V(rl7r25"'7rn7fog)| > ng' (23)
rureamoe logl |v(re,ra, ..., 0)) A

Again from (12) and (L5), it follows for all sufficiently large values af;,ro, ...,y

|
log!! |v(r1,r2,....rn, f o Q)] - Png-i-e

Iog“] |V(r15r27"'arnag)| B /\ggl] —& .

As g(> 0) is arbitrary, we obtain

(]

0 |
limsup log" |v(ry,r2,...,M, fog)] <@- (24)

r1,f2,.... p—>00 Iog“]|v(r1,r2,---7fn79)| B /\g]

Similarly, combining £1) and ({L8), we get for a sequence of values of eachof,, ..., rptending to infinity

|
log!! |v(r1,r2,....rn, f o )| - Pug —€

log" [v(r1,r2,....tn, Q) pdlte

Sincee(> 0) is arbitrary, it follows

(]

0 |
limsup log" |v(ry,r2,...,M, fog)] >@- (25)

rrzetaoeo logl [V(ry,ra,..m0))  pf!
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Therefore, combiningX3), (24) and @5) we get

Al 5l

fog pfog !

}< limsup I|V(r17r2, ,I, foQ)] pfog
r1,02,...., p— Iog |V(r17r2, rn,g)| /\é]

max { (26)

Thus the theorem follows fron2@) and @6).

Remarklf we take 0< /\fm < pp] < o instead of 0< A@[,” < pg] < o and the other conditions remain the same, then also

Theoreml holds withg replaced byf in the denominator as we see in the next theorem.

Theorem 2.Let f and g be two entire functions of n-complex variablesoA&t0 < )\Hg < pHg <o and0< )\H <
pp < . Then

I
lli Og“]|V(rlvr27---arn7fog)| /\Q’g pL

]
I
g< liminf < min 7 og
ol =ttt e g u(ry it O] ARl
Al ol 0 i
<max{ fog png}< limsup log |V(rl’r2’ T, fog)| Sprg.
f rurernoe loglv(re,ra, .., £)] )\fH

The proof is omitted.

Example 1.Taking f = expz, g = zandn = 1 one can easily verify that the sigr<’” in Theorem2 cannot be replaced
by “ < ” only.

Corollary 1. Let f and g be two entire functions of n-complex variables©ghat0 < )\f“lg < pplg < o0, Also let0 < /\f“] =
pp] < o, Then

|
log! [v(r1,r2,....Tn, foQ)| Af[ig

liminf = ,
rirzenoe Jogll v(ry,ra, o, £)] Al
and "
(1]
||mSUp lo g |V(r1,r2, I, f Og)| _ prg.
rurzm—e logl v (re,ra, .., ) pg]

4 Conclusion

The main aim of the paper is to investigate some growth pt@seof entire function of several complex variables on the
basis of central index. There are several other growth ptiggeof entire function of several complex variables, ngme
type(weak type), exponent of convergence, L-order(lowden, L*-order(lower order), and properties related teséa
can be investigate using the central index and we feel thathewory will provide a helping tool for the investigation.
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