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Abstract: In this work, the dynamics of traveling waves of an improved nonlinear space-time fractional Schrödinger’s equation with
spatio-temporal dispersion in addition to group-velocitydispersion are studied. This equation models the propagation of solitons
through nano optical fibers. The fractional derivative formis considered in the meaning of conformable fractional derivative. The
exp(−φ(ξ )) algorithm will be carried out for retrieving the optical soliton solutions containing the form of kink and multi-soliton
shapes. In addition, some graphical simulations of solutions are provided for better understanding the physical phenomena.
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1 Introduction

The research area of optical soliton propagation is a quite important in nonlinear optics. This special type wave

propagation can be observed in many physical models. For example, optical solitons form the basic carriers for signal

propagation across long distances. Thanks to several advances in this field, many fascinating developments have placed

in our daily lives such as internet activity and social media[1]. In the last two decades, the optical solitons have been

examined from different aspects such as birefringent fibers, polarization mode dispersion, conservation laws, etc. [2]. In

the open literature, many powerful methods have been developed for nonlinear evolution equations in the meaning of

integrability. Some of them are listed in [3,4,5,6,7,8,9,10].

The governing mathematical equation of optical solitons isnonlinear Schrödinger equation (NLSE)

iqt +aqtx+bqxx+ cF
(

|q|2
)

q= 0, i =
√
−1. (1)

As can be seen, the above equation contains the nonlinear term and the group velocity dispersion (GVD), besides the

linear evolution term. Therefore, the temporal optical soliton formation emerges delicate balance between GVD and

nonlinearity. These type optical solitons propagate alongtrans-continental distances along the optical fibers [2].

However, as particularly emphasized in [11,12], the Eq.(1) is an ill-posed model. Therefore, the spatio-temporal

dispersion (STD) besides to GVD and nonlinear terms is addedto make the model well-posed.

On the other hand, a physical phenomenon may depend not only on the time (or space) instant but also on the time (or

space) history, which can be successfully modelled using the theory of derivatives and integrals of fractional order [13,

14]. This interesting topic goes back to L’Hospital’s famous question in 1695 asked what does it meandn f
dxn if n= 1

2. We

observe several approaches to the generalization of the notion of differentiation of fractional orders, e.g.,
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Riemann–Liouville, Grünwald–Letnikow, Caputo and modified Riemann–Liouville derivative [15,16,17,18], etc.

In this paper, our aim is to build optical soliton solutions for improved space-time fractional NLSE with spatio-temporal

dispersion

iDα
t q+aDα

t Dα
x q+bDα

x Dα
x q+ cF

(

|q|2
)

q= 0, i =
√
−1 (2)

in the sense of conformable fractional derivative. This newtype fractional derivative is introduced by Khalil et al. [19] in

2014 and some setbacks of other definitions are improved.

We observe several interesting works on the Eq.(2) including integer order derivatives. Savescu et. al. constructed optical

solitons for cases of Kerr law, power law, parabolic law, dual-power law as well as the log law via ansatz method [22].

Bhrawy et al. added to those results the cases of polynomial and triple-power laws by using the travelling wave

hypothesis [2]. Very recently, Yıldırım et al. constructed systematically dark, bright and singular soliton solutions of

model equation by extended Kudryashov’s algorithm [23]. In addition to those papers, Biswas et al. obtained the dark,

singular and singular periodic solutions employing by trial equation method [24].

The main motivation of this work is to examine the Eq.(2) via exp(−φ(ξ )) approach. As noted in the above lines,

studying the Eq.(2) in the context of fractional derivative makes the physicalmodel much more realistic. The three types

of nonlinearity -Kerr law, parabolic and dual power law-associated with Eq.(2) will be considered.

The paper is structured thusly. In Section 2, conformable fractional derivate andexp(−φ(ξ )) method for handling the

reduced ordinary differential equations (ODEs) are presented. Section 3 is devoted to present the optical soliton solutions

for three distinct nonlinear cases. In the final section, we give some concluding remarks.

2 Succinct overview of the conformable fractional derivative operator

2.1 Conformable fractional derivative operator

In 2014, Khalil et.al [19] have developed a quite important and efficient new fractional derivative calling as the

conformable fractional derivative operator. Its efficiency can be observed especially in fractional differential equations in

both directions -i.e. space and time regard- containing this type new derivative operator.

Now we give the brief definition and its important propertieswhich will be employed in subsequent sections for

constructing the traveling wave solutions of improved space-time fractional NLSE with spatio-temporal dispersion.

Let f : [0,∞)→R be a function. Theα th order conformable fractional derivative off is given by

Dα( f )(t) = lim
ε→0

f (t + εt1−α)− f (t)
ε

wheret > 0 andα ∈ (0,1].

In what follows, we give some important properties of above fractional derivative operator without proofs [19].

(1) Dα(c f +dg) = cDα( f )+dDα(g) for all c,d ∈ R.

(2) Dα(t p) = ptp−α , for all p∈R.

(3) Dα(λ ) = 0 for all constant functionsf (t) = λ .

(4) Dα( f g) = f Dα (g)+gDα( f ).
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(5) Dα
(

f
g

)

=
gDα( f )− f Dα(g)

g2 .

(6) Dα( f ◦g)(t) = t1−αg′(t) f ′(g(t)).

2.2 Exp(−φ(ξ )) method

The exp(−φ(ξ )) method [20,21] is one of the powerful approach for handling the nonlinear fractional differential

equations. As can be seen below, there exist many solution sets according to coefficient classifications of the auxiliary

equation. In the literature, we observe many studies related with this algorithm. For instance,in [25] the authors adopted

the exp(−φ(ξ )) method to construct the solitary wave solutions of the fractional generalized Sawada-Kotera equation.

Hosseini et. al. yielded the exact solutions of density-dependent conformable space-time fractional diffusion-reaction

equation using the exp(−φ(ξ )) method [26].

Let’s consider the space-time conformable fractional polynomial complex evolution equations as follows:

P(q,Dα
t q,Dα

x q,Dα
x Dα

x q,Dα
t Dα

x q, · · · ) = 0 (3)

We give the main steps of this method as follows:

Step 1. We define the wave variable transformation

q(x, t) =U(ξ )eiΦ(x,t), (4)

whereU(ξ ) represents the shape of the pulse and

ξ =
xα

α
− v

tα

α
,

Φ(x, t) =−κ
xα

α
+w

tα

α
+θ . (5)

The functionΦ(x, t) is the phase component of the soliton,κ is the soliton frequency,ω is the wave number of the soliton,

θ is the phase constant andν is the velocity of the soliton. If one uses the variable transformation (4) through (5) in Eq.(3),

then original equation Eq.(3) converts to

E(U,U ′,U ′′, ...) = 0 (6)

nonlinear integer order ordinary differential equation (ODE).

Step 2. To gain the solution(s) of Eq.(6), we suppose that the form of solutions can be in finite seriesform

U(ξ ) =
N

∑
i=0

ai exp(−φ(ξ ))i = a0+a1exp(−φ(ξ ))+ . . .+aN exp(−Nφ(ξ )), aN 6= 0 (7)

where the arbitrary constantsan, n= 0,1,2, . . . ,N should be fixed via the pursued algorithm,N is a positive number, which

is determined by the highest order linear term and nonlinearterms. In this stage, we assume that theφ(ξ ) is a solution of

the following auxiliary ODE:

φ ′(ξ ) = exp(−φ(ξ ))+ µ exp(φ(ξ ))+λ (8)
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According to coefficient classifications of Eq.(8), we have the following solution sets:

φ(ξ ) =
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















ln







−
√

λ 2−4µ tanh

(√
λ2−4µ

2 (ξ+C1)

)

−λ

2µ







ln







−
√

λ 2−4µ coth

(√
λ2−4µ

2 (ξ+C1)

)

−λ

2µ







, λ 2−4µ > 0, µ 6= 0,

− ln
(

λ
exp(λ (ξ+C1))−1

)

, λ 2−4µ > 0, µ = 0,

ln
(

− 2λ ((ξ+C1)+2)
λ 2(ξ+C1)

)

, λ 2−4µ = 0, µ 6= 0, λ 6= 0,

ln







√
4µ−λ 2 tan

(√
4µ−λ2

2 (ξ+C1)

)

−λ

2µ







ln







√
4µ−λ 2cot

(√
4µ−λ2

2 (ξ+C1)

)

−λ

2µ







, λ 2−4µ < 0, µ 6= 0.

(9)

wherean, · · · ,λ ,µ are constants to be determined later.

Step 3. Plugging Eq.(7) into Eq.(6) with the aid of Maple and putting the coefficients of same powers of exp(−φ(ξ )) to

zero, we obtain an algebraic system for gettingan’s.

Step 4. Substituting these coefficients values and the solutions ofEq.(8) into Eq.(6) we obtain the exact solutions of

Eq.(3).

3 Conformable fractional space-time NLSE with Spatio-temporal dispersion model and exact

traveling wave solutions

In this section, our purpose is to reveal the optical solitons of the improved NLSE with spatio-temporal dispersion which

is defined in the form of space-time conformable fractional derivative. First, we present mathematical background of the

model and then application of the exp(−φ(ξ )) method to the model equation.

3.1 Model equation

The dimensionless form of NLSE is given by ([24])

iDα
t q+aDα

t Dα
x q+bDα

x Dα
x q+ cF

(

|q|2
)

q= 0, i =
√
−1 (10)

wherex represents the non-dimensional distance along the fiber,t represents temporal variable in dimensionless form

anda, b andc are real valued constants. The dependent variableq(x, t) is a complex valued wave profile.

The coefficient of the constanta is spatio-temporal dispersion and the coefficient of constant b is group-velocity
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dispersion. In addition,c is the coefficient of the nonlinear term where the functionalF represents the non-Kerr law

nonlinearity in general. The nonlinear functionF
(

|q|2
)

q is k times continuously differentiable, so that ([24])

F
(

|q|2
)

q∈ ∞∪
m,n=1

Ck((−n,n)× (−m,m); R
2).

Plugging the Eq.(4) into Eq.(10) and then decomposing into imaginary and real parts, the following equations are deduced

ν =
aω −2bκ

1−aκ
, (11)

(b−av)U ′′− (w−awκ +bκ2)U + cF(U2)U = 0, (12)

respectively, where integration constants is chosen as zero in each integration process.

3.2 Application of the exp(−φ(ξ )) method to space-time NLSE with spatio-temporal dispersion

In this sub-section, the exact solutions of conformable improved space-time fractional NLSE with spatio-temporal

dispersion will be retrieved by using theexp(−φ(ξ ))-expansion scheme.

Kerr-law nonlinearity
The Kerr law of nonlinearity originates from the fact that a light wave in an optical fiber faces nonlinear responses from

non-harmonic motion of electrons bound in molecules, caused by an external electric field [24].

The Kerr law nonlinearity is the case whenF(s) = s. For Kerr law nonlinearity, (10) reads

iDα
t q+aDα

t Dα
x q+bDα

x Dα
x q+ c|q|2q= 0 (13)

and Eq.(12) converts to

(b−av)U ′′− (w−awκ +bκ2)U + cU3 = 0. (14)

Comparing the highest order linear termU ′′ with nonlinear termU3, we conclude that theN = 1. This means that the

series (7) must be expanded as the follows:

U(ξ ) = a0+a1exp(−φ(ξ )). (15)

wherea0 anda1 are constants to be determined, such thata1 6= 0.

Plugging Eq.(15) into (14) by aid of Maple and putting the coefficients of same powers ofexp(−φ(ξ )) to zero, we yield

an algebraic systems of containinga0,a1,κ ,w,λ andµ as the follows:

−2ava1+ ca3
1+2ba1 = 0, (16)

3ba1λ +3ca0a
2
1−3ava1λ = 0,

−ava1µλ +awκa0+ba1µλ −wa0+ ca3
0−bκ2a0 = 0,

ba1λ 2+awκa1+3ca2
0a1+2ba1µ −2ava1µ −ava1λ 2−wa1−bκ2a1 = 0.
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After solving system (16) through Eq.(11), we get the following coefficient results:

a0 = ±λ

√

−b
2a2κ2c−4acκ+4a2µc−a2λ 2c+2c

, (17)

a1 = ±2

√

−b
2a2κ2c−4acκ+4a2µc−a2λ 2c+2c

, (18)

w =
b
(

2κ3a−2κ2+4aκµ +4µ −aκλ 2−λ 2
)

2a2κ2−4aκ +4a2µ −a2λ 2+2
. (19)

Therefore, the solution of Eq.(14) is

U(ξ ) =±λ

√

−b
2a2κ2c−4acκ +4a2µc−a2λ 2c+2c

±2

√

−b
2a2κ2c−4acκ+4a2µc−a2λ 2c+2c

exp(−φ(ξ )).

Let us now discuss the following cases:

Case 1. If λ 2−4µ > 0, µ 6= 0,

U1(ξ ) = ±λ

√

−b
2a2κ2c−4acκ +4a2µc−a2λ 2c+2c

(20)

±2

√

−b
2a2κ2c−4acκ+4a2µc−a2λ 2c+2c

2µ
[

−
√

λ 2−4µ tanh

(√
λ 2−4µ

2 (ξ +C1)

)

−λ
] ,

U2(ξ ) = ±λ

√

−b
2a2κ2c−4acκ +4a2µc−a2λ 2c+2c

(21)

±2

√

−b
2a2κ2c−4acκ+4a2µc−a2λ 2c+2c

2µ
[

−
√

λ 2−4µ coth

(√
λ 2−4µ

2 (ξ +C1)

)

−λ
] .

Case 2. If λ 2−4µ > 0, µ = 0,

U3(ξ ) = ±λ

√

−b
2a2κ2c−4acκ +4a2µc−a2λ 2c+2c

(22)

±2

√

−b
2a2κ2c−4acκ+4a2µc−a2λ 2c+2c

λ
exp(λ (ξ +C1))−1

.

Case 3: If λ 2−4µ = 0, µ 6= 0, λ 6= 0,

U4(ξ ) = ±λ

√

−b
2a2κ2c−4acκ +4a2µc−a2λ 2c+2c

(23)

±2

√

−b
2a2κ2c−4acκ+4a2µc−a2λ 2c+2c

λ 2(ξ +C1)

2[λ (ξ +C1)+2]
.
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Case 4: If λ 2−4µ < 0 andµ 6= 0,

U5(ξ ) = ±λ

√

−b
2a2κ2c−4acκ +4a2µc−a2λ 2c+2c

(24)

±2

√

−b
2a2κ2c−4acκ+4a2µc−a2λ 2c+2c

2µ
[

√

4µ −λ 2 tan

(√
4µ−λ 2

2 (ξ +C1)

)

−λ
] ,

U6(ξ ) = ±λ

√

−b
2a2κ2c−4acκ +4a2µc−a2λ 2c+2c

(25)

±2

√

−b
2a2κ2c−4acκ+4a2µc−a2λ 2c+2c

2µ
[

√

4µ −λ 2cot

(√
4µ−λ 2

2 (ξ +C1)

)

−λ
] .

Then, the solutions of (13) corresponding to (20), (21) (22), (23), (24) and (25) are given by

q1(x, t) =U1(ξ )ei(−κ xα
α +w tα

α +θ), (26)

q2(x, t) =U2(ξ )ei(−κ xα
α +w tα

α +θ), (27)

q3(x, t) =U3(ξ )ei(−κ xα
α +w tα

α +θ), (28)

q4(x, t) =U4(ξ )ei(−κ xα
α +w tα

α +θ), (29)

q5(x, t) =U5(ξ )ei(−κ xα
α +w tα

α +θ), (30)

q6(x, t) =U6(ξ )ei(−κ xα
α +w tα

α +θ), (31)

where the value ofw is fixed in Eq.(19). In the below figure (Figure 1), the kink shape soliton profile of the model

equation (10) is observed for some special choices of parameters.

Parabolic-law Nonlinearity
This law arises in the nonlinear interaction between Langmuir waves and electrons. It describes the nonlinear interaction

between the high frequency Langmuir waves and the ion acoustic waves by ponder-motive forces [27].

For parabolic-law nonlinearity, we considerF(s) = γs+βs2 whereγ andβ are constants. Therefore, Eq.(10) takes the

form

iDα
t q+aDα

t Dα
x q+bDα

x Dα
x q+ c(γ |q|2+β |q|4)q= 0 (32)

and Eq.(12) converts to

(b−av)U ′′− (w−awκ +bκ2)U + γU3+βU5 = 0. (33)
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123 E. Yaşar and E. Yaşar: Optical solitons of conformable space-time fractional NLSE with Spatio-temporal...

(a) (b)

Fig. 1: The real and imaginary part of wave profile of Eq.(26) whena= b= c= 1,κ = 1/2,C1 = 0,w= 2,α = 1
2,θ =

1,λ = 3,µ = 2.

In order to use the balancing procedure, we need to make the ansatzU =V
1
2 in (33), so that (33) transforms to

(b−av)(2VV′′−V
′2)−4V2(w−awκ +bκ2)U +4γV3+4βV4 = 0. (34)

BalancingVV′′ with V4 in Eq.(34) yieldsN = 1. Thus, we have the following series expansion

V(ξ ) = a0+a1exp(−φ(ξ )).

SubstitutingV and its necessary derivatives into (34) and equating all the coefficients of exp(−φ(ξ ) to zero, we obtain a

highly complicated system of algebraic equations:

12γa0a
2
1+24βa2

0a
2
1+2ba2

1µ −4bκ2a2
1+4awκa2

1+6ba0a1λ −4wa2
1−2ava2

1µ +ba2
1λ 2−6ava0a1λ −ava2

1λ 2 = 0,

4ba0a1+4ba2
1λ −4ava0a1+4γa3

1−4ava2
1λ +16βa0a

3
1 = 0,

3ba2
1−3ava2

1+4βa4
1 = 0,

2ba0a1λ 2+8awκa0a1−8wa0a1+4ba0a1µ +16βa3
0a1−8bκ2a0a1−2ava0a1λ 2+12γa2

0a1−4ava0a1µ = 0,

4awκa2
0+4γa3

0+ava2
1µ2−4bκ2a2

0−4wa2
0−2ava0a1µλ +4βa4

0+2ba0a1µλ −ba2
1µ2 = 0.

Solving this system with the help of Maple, we reach to the following coefficient results through Eq.(11):

Result 1:

a0 =

(

1
2

λ +
1
2

√

λ 2−4µ
)

a1

β =
−3b

a2
1(4a2κ2−8aκ +a2λ 2−4a2µ +4)

,

γ =
4b

a1(4a2κ2−8aκ +a2λ 2−4a2µ +4)
,

w =
b(−4κ2+λ 2−4µ +4κ3a+aκλ 2−4aκµ)

4a2κ2−8aκ +a2λ 2−4a2µ +4
. (35)
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Then, the solutions of Eq.(32) corresponding to (35) are given by

q1(x, t) =
[

a0+ a1e−φ(ξ )
] 1

2
ei(−κ xα

α +w tα
α +θ) (36)

whereφ(ξ ) holds Eq.(2.2) andw is fixed in Eq.(35).

Result 2:

a0 =

(

1
2

λ − 1
2

√

λ 2−4µ
)

a1

β =
−3b

a2
1(4a2κ2−8aκ +a2λ 2−4a2µ +4)

,

γ =
−4b

a1(4a2κ2−8aκ +a2λ 2−4a2µ +4)
,

w =
b(−4κ2+λ 2−4µ +4κ3a+aκλ 2−4aκµ)

4a2κ2−8aκ +a2λ 2−4a2µ +4
. (37)

Again, the solutions of Eq.(32) corresponding to (37) are given by

q2(x, t) =
[

a0+ a1e−φ(ξ )
] 1

2
ei(−κ xα

α +w tα
α +θ)

whereφ(ξ ) holds Eq.(2.2) andw is fixed in Eq.(37).

(a) (b)

Fig. 2: The real and imaginary part of wave profile (multi-soliton shape) of Eq.(36) whena= b= c= a1 = 1,κ = 1
2,C1 =

0,w= 11
10,α = 1

2,θ = 1,λ = 2,µ = 0.

Dual Power-law Nonlinearity
Dual-power law nonlinearity is used to explain the saturation of the nonlinear refractive index. Moreover, this law serves

as a basic model to describe the solitons in photovoltaic-photorefractive materials such as LiNbO3 [27]. The form of

functionF(s) in this case isF(s) = γsn+βs2n whereγ andβ are constants. Therefore, Eq.(10) takes the form

iDα
t q+aDα

t Dα
x q+bDα

x Dα
x q+ c(γ |q|2n+β |q|4n)q= 0
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and Eq.(12) converts to

(b−av)U ′′− (w−awκ +bκ2)U + γU2n+1+βU4n+1 = 0. (38)

In order to use the balancing procedure, we need to make the ansatzU =V
1
2n so that Eq.(38) transforms to

(b−av)(2nVV′′+(1−2n)V
′2)−4n2V2(w−awκ +bκ2)U +4γn2V3+4βn2V4 = 0. (39)

BalancingVV′′ with V4 in Eq.(39) yieldsN = 1. Thus, we have the following series expansion

V(ξ ) = a0+a1exp(−φ(ξ )).

SubstitutingV and its necessary derivatives into (39) and equating all the coefficients of exp(−φ(ξ )) to zero, we obtain a

tedious the system of algebraic equations. Solving this system with the help of Maple, we reach to the following

coefficient results through Eq.(11):

Result 1:

a0 =
λ
2
+

√

λ 2−4µ
2

a1,

β =
−b(2n+1)

a2
1(4n2a2κ2−8n2aκ −4a2µ +a2λ 2+4n2)

,

γ =

2b

(

√

λ 2−4µ −nλ +2n

(

λ
2 +

√
λ 2−4µ

2

))

a1(4n2a2κ2−8n2aκ −4a2µ +a2λ 2+4n2)
,

w =
b
(

4n2aκ3−4n2κ2+λ 2−4aµκ −4µ +aλ 2κ
)

4n2a2κ2−8n2aκ −4a2µ +a2λ 2+4n2 .

Then, the solutions of Eq.(39) corresponding to (40) are given by

q1(x, t) =
[

a0+ a1e−φ(ξ )
] 1

2
ei(−κ xα

α +w tα
α +θ) (40)

whereφ(ξ ) holds Eq. (2.2) andw is fixed in Eq.(40).

Result 2:

a0 =
λ
2
−
√

λ 2−4µ
2

a1, (41)

β =
−b(2n+1)

a2
1(4n2a2κ2−8n2aκ −4a2µ +a2λ 2+4n2)

,

γ =

2b

(

−
√

λ 2−4µ −nλ +2n

(

λ
2 −

√
λ 2−4µ

2

))

a1 (4n2a2κ2−8n2aκ −4a2µ +a2λ 2+4n2)
,

w =
b
(

4n2aκ3−4n2κ2+λ 2−4aµκ −4µ +aλ 2κ
)

4n2a2κ2−8n2aκ −4a2µ +a2λ 2+4n2 .

Then, the solutions of Eq.(39) corresponding to (41) are given by

q2(x, t) =
[

a0+ a1e−φ(ξ )
] 1

2
ei(−κ xα

α +w tα
α +θ) (42)

whereφ(ξ ) holds Eq.(2.2) andw is fixed in Eq.(41).
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(a) (b)

Fig. 3: The real and imaginary part of wave profile (kink shape) of Eq.(40) whena= b= c= a1 = 1,n= 1,κ = 1
2,C1 =

0,w= 1
2,α = 1

2,θ = 0,λ = 3,µ = 2.

4 Concluding remarks

In this paper, we secured optical soliton solutions containing kink and multi-soliton shapes ( for instance, Eqs. (26), (36)

and (40)) of space-time fractional NLSE with spatio-temporal dispersion. The model is examined in Kerr, parabolic and

dual-power law cases separately. To best of our knowledge the physical model is examined for the first time in the form

of conformal fractional derivative. Theexp(−φ(ξ )) scheme was systematically used for revealing the solution sets of the

under considered model. We note that due to the the balancingpossibility we could use the series expansion. We shall

focus the model equation together with the perturbation terms in the forthcoming works. The presented approach enables

us to derive in a direct manner optical soliton solutions forthe conformable fractional differential equations.
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