
NTMSCI 6, No. 3, 147-153 (2018) 147

New Trends in Mathematical Sciences
http://dx.doi.org/10.20852/ntmsci.2018.303

Some properties of semi-tensor bundle
Murat Polat∗ and Nejmi Cengiz

Department of Mathematics, Faculty of Science, Atatürk University, Erzurum, Turkey

Received: 19 January 2018, Accepted: 10 June 2018
Published online: 10 August 2018.

Abstract: Using the fiber bundle M over a manifold B, we define a semi-tensor (pull-back) bundle tB of type (p,q). The present paper
is devoted to some results concerning with the vertical and complete lifts of some tensor fields from manifold B to its semi-tensor
bundle tB of type (p,q).
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1 Introduction

Let Mn be ann-dimensional differentiable manifold of classC
∞

andπ1 : Mn →Bm the differentiable bundle determined by

a submersionπ1. Suppose that(xi) = (xa
,xα ), a,b, ...= 1, ...,n−m;α,β , ...= n−m+1, ...,n;i, j, ...= 1,2, ...,n is a system

of local coordinates adapted to the bundleπ1 : Mn → Bm, wherexα are coordinates inBm, andxa are fiber coordinates of

the bundleπ1 : Mn → Bm. If (xi′) = (xa′
,xα ′

) is another system of local adapted coordinates in the bundle, then we have

[14] {
xa′ = xa′

(
xb
,xβ )

,

xα ′
= xα ′ (

xβ )
.

(1)

The Jacobian of (1) has components
(

Ai′
j

)
=

(
∂xi′

∂x j

)
=

(
Aa′

b Aa′
β

0 Aα ′

β

)
,

where

Aα ′

β =
∂xα ′

∂xβ .

Let
(
T p

q
)

x (Bm)(x= π1(x̃), x̃= (xa
,xα) ∈ Mn) be the tensor space at a pointx∈ Bm with local coordinates(x1

, ...,xm), we

have the holonomous frame field

∂xi1 ⊗ ∂xi2 ⊗ ...⊗ ∂xi p ⊗dxj1 ⊗dxj2 ⊗ ...⊗dxjq
,

for i ∈ {1, ...,m}p, j ∈ {1, ...,m}q, overU ⊂Bm of this tensor bundle, and for any(p,q)-tensor fieldt we have [[4], p.163]:

t|U = t
i1...ip
j1... jq

∂xi1 ⊗ ∂xi2 ⊗ ...⊗ ∂xi p ⊗dxj1 ⊗dxj2 ⊗ ...⊗dxjq
,

then by definition the set of all points(xI ) = (xa
,xα

,xα), xα = t
i1...ip
j1... jq

,α=α +mp+q,I ,J, ...=1, ...,n+mp+q is a semi-tensor

bundlet p
q (Bm) over the manifoldMn [14]. The semi-tensor bundlet p

q (Bm) has the natural bundle structure overBm, its
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bundle projectionπ : t p
q (Bm)→ Bm being defined byπ : (xa

,xα
,xα )→ (xα). If we introduce a mappingπ2 : t p

q (Bm)→ Mn

by π2 : (xa
,xα

,xα)→ (xa
,xα ), thent p

q (Bm) has a bundle structure overMn. It is easily verified thatπ = π1◦π2 [14].

On the other hand, letε = π : E → B denote a fiber bundle with fiberF . Given a manifoldB′ and a mapf : B′ → B, one

can construct in a natural way a bundle overB′ with the same fiber: Consider the subset

f ∗E =
{(

b′,e
)
∈ B′×E

∣∣ f
(
b′
)
= π (e)

}

together with the subspace topology fromB′×E, and denote byπ1 : f ∗E → B′, π2 : f ∗E → E the projections.f ∗ε = π1 :

f ∗E → B′ is a fiber bundle with fiberF, called the pull-back bundle ofε via f [[3], [5], [8], [10], [14]].

From the above definition it follows that the semi-tensor bundle (t p
q (Bm),π2) is a pull-back bundle of the tensor bundle

overBm by π1 (see, for example [12], [14]).

In other words, the semi-tensor bundle (induced or pull-back bundle) of the tensor bundle
(
T p

q (Bm), π̃,Bm
)

is the bundle(
t p
q (Bm),π2,Mn

)
over Mn with a total space

t p
q (Bm) =

{
((xa

,xα) ,xα) ∈ Mn×
(
T p

q
)

x (Bm) : π1(xa
,xα) = π̃

(
xα

,xα
)
= (xα)

}
⊂ Mn ×

(
T p

q
)

x (Bm).To a transformation

(1) of local coordinates ofMn, there corresponds ont p
q (Bm) the coordinate transformation






xa′ = xa′
(
xb
,xβ)

,

xα ′
= xα ′ (

xβ)
,

xα ′
= t

β ′
1...β

′
p

α ′
1...α ′

q
= A

β ′
1...β

′
p

α1...αpA
β1...βq

α ′
1...α ′

q
t
α1...αp

β1...βq
= A(β ′)

(α)
A(β )
(α ′)

xβ
.

(2)

The Jacobian of (2) is given by [14]:

Ā=
(

AI ′
J

)
=




Aa′
b 0 0

0 Aα ′

β 0

0 t(α)
(σ)∂β A(β ′)

(α) A(σ)
(α ′) A(β ′)

(α) A(β )
(α ′)


 , (3)

whereI = (a,α,α), J = (b,β ,β ), I ,J...=1, ...,n+mp+q, t(α)
(σ)

= t
α1...αp
σ1...σq , Aα ′

β = ∂xα′

∂xβ .

It is easily verified that the conditionDetĀ 6= 0 is equivalent to the condition:

Det(Aa′
b ) 6= 0,Det(Aα ′

β ) 6= 0,Det(A(β ′)
(α)

A(β )
(α ′)

) 6= 0.

Also, dimt p
q (Bm)=n+mp+q. In the special casen=m, t p

q (Bm) is a tensor bundleT p
q (Bm) [[6], p.118]. In the special case,

the semi-tensor bundlest1
0(Bm) (p= 1, q= 0) andt0

1(Bm) (p= 0, q= 1) are semi-tangent and semi-cotangent bundles,

respectively. We note that semi-tangent and semi-cotangent bundle were examined in [[1], [7], [9]] and [[11], [13], [15],

[16]], respectively. Also, Fattaev studied the special class of semi-tensor bundle [2]. We denote byℑp
q(t

p
q (Bm)) andℑp

q(Bm)

the modules overF
(
t p
q (Bm)

)
andF (Bm) of all tensor fields of type(p,q) ont p

q (Bm) andBm respectively, whereF
(
t p
q (Bm)

)

andF (Bm) denote the rings of real-valuedC
∞
−functions ont p

q (Bm) andBm, respectively.

2 Some lifts of tensor fields andγ−operator

Let X̃ ∈ ℑ1
0(Mn) be a projectable vector field [9] with projectionX = Xα(xα)∂α i.e. X̃ = X̃a(xa

,xα)∂a+Xα(xα )∂α . On

putting

ccX̃ =




ccX̃b

ccX̃β

ccX̃β


=




X̃b

X̃β

∑p
λ=1t

α1...ε...αp

β1...βq
∂εXβλ −∑q

µ=1 t
α1...αp

β1...ε...βq
∂βµ Xε


 , (4)
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we easily see thatccX̃′ = Ā
(

ccX̃
)

. The vector fieldccX̃ is called the complete lift of̃X to the semi-tensor bundlet p
q (Bm)

[14].

Now, consider A ∈ ℑp
q(Bm) and ϕ ∈ ℑ1

1(Bm), then vvA ∈ ℑ1
0(t

p
q (Bm)) (vertical lift), γϕ ∈ ℑ1

0(t
p
q (Bm)) and

γ̃ϕ ∈ ℑ1
0(t

p
q (Bm)) have respectively, components on the semi-tensor bundlet p

q (Bm) [14]

vvA=




0

0

A
α1...αp

β1...βq


 ,γϕ =




0

0

∑p
λ=1t

α1...ε...αp

β1...βq
ϕαλ

ε


 , γ̃ϕ =




0

0

∑q
µ=1 t

α1...αp

β1...ε...βq
ϕε

βµ


 (5)

with respect to the coordinates(xa
,xα

,xα) on t p
q (Bm), whereA

α1...αp

β1...βq
, ϕαλ

ε andϕε
βµ

are local components ofA andϕ .

On the other hand,vv f the vertical lift of functionf ∈ ℑ0
0(Bm) on t p

q (Bm) is defined by [14]:

vv f =v f ◦π2 = f ◦π1◦π2 = f ◦π . (6)

Theorem 1.For any vector fields̃X, Ỹ on Mn and f ∈ ℑ0
0(Bm), we have

(i) cc(X̃+ Ỹ) =cc X̃+ccỸ ,

(ii) ccX̃vv f =vv (X f).

Proof. (i) This immediately follows from (4).

(ii) Let X̃ ∈ ℑ1
0(Mn). Then we get by (4) and (6):

ccX̃vv f =cc X̃I ∂I (
vv f ) =cc X̃a ∂a(

vv f )︸ ︷︷ ︸
0

+ccX̃α∂α(
vv f )+cc X̃α ∂α(

vv f )︸ ︷︷ ︸
0

= Xα ∂α (vv f ) =vv (X f),

which gives(ii) of Theorem1.

Theorem 2. If ϕ ∈ ℑ1
1(Bm), f ∈ ℑ0

0(Bm) and A∈ ℑp
q(Bm), then

(i) (vvA)vv f = 0,

(ii) (γϕ) (vv f ) = 0,

(iii) (γ̃ϕ) (vv f ) = 0.

Proof. (i) If A∈ ℑp
q(Bm), then, by (5) and (6), we find

(vvA)vv f = (vvA)I ∂I (
vv f ) = (vvA)a ∂a(

vv f )︸ ︷︷ ︸
0

+(vvA)α
︸ ︷︷ ︸

0

∂α(
vv f )+ (vvA)α ∂α(

vv f )︸ ︷︷ ︸
0

= 0.

Thus, we have(i) of Theorem2.

(ii) If ϕ ∈ ℑ1
1(Bm), then we have by (5) and (6):

(γϕ) (vv f ) = (γϕ)I ∂I (
vv f ) = (γϕ)a ∂a(

vv f )︸ ︷︷ ︸
0

+(γϕ)α
︸ ︷︷ ︸

0

∂α(
vv f )+ (γϕ)α ∂α(

vv f )︸ ︷︷ ︸
0

= 0.

Thus, we have(ii) of Theorem2.

(iii) If ϕ ∈ ℑ1
1(Bm), then we have by (5) and (6):

(γ̃ϕ) (vv f ) = (γ̃ϕ)I ∂I (
vv f ) = (γ̃ϕ)a ∂a(

vv f )︸ ︷︷ ︸
0

+(γ̃ϕ)α
︸ ︷︷ ︸

0

∂α(
vv f )+ (γ̃ϕ)α ∂α(

vv f )︸ ︷︷ ︸
0

= 0.
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Thus, we have(iii) of Theorem2.

Theorem 3. Let A,B∈ ℑp
q(Bm). For the Lie product, we have

[vvA,vvB] = 0.

Proof. If A,B∈ ℑp
q(Bm) and




[vvA,vvB]b

[vvA,vvB]β

[vvA,vvB]β


 are components of[vvA,vvB]J with respect to the coordinates(xb

,xβ
,xβ ) on

t p
q (Bm), then we have

[vvA,vvB]J = (vvA)I ∂I (
vvB)J− (vvB)I ∂I (

vvA)J

= (vvA)a

︸ ︷︷ ︸
0

∂a(
vvB)J +(vvA)α

︸ ︷︷ ︸
0

∂α(
vvB)J +(vvA)α ∂α(

vvB)J − (vvB)a

︸ ︷︷ ︸
0

∂a(
vvA)J − (vvB)α

︸ ︷︷ ︸
0

∂α(
vvA)J − (vvB)α ∂α(

vvA)J

= A
α1...αp

β1...βq
∂α (vvB)J −B

α1...αp

β1...βq
∂α (vvA)J

.

Firstly, if J = b, we have

[vvA,vvB]b = A
α1...αp

β1...βq
∂α (vvB)b

︸ ︷︷ ︸
0

−B
α1...αp

β1...βq
∂α (vvA)b

︸ ︷︷ ︸
0

= 0,

by virtue of (5). Secondly, ifJ = β , we have

[vvA,vvB]β = A
α1...αp

β1...βq
∂α (vvB)β
︸ ︷︷ ︸

0

−B
α1...αp

β1...βq
∂α (vvA)β
︸ ︷︷ ︸

0

= 0,

by virtue of (5). Thirdly, if J = β , then we have

[vvA,vvB]β = A
α1...αp

β1...βq
∂α (vvB)β −B

α1...αp

β1...βq
∂α (vvA)β = A

α1...αp

β1...βq
∂αB

β1...βp
θ1...θq︸ ︷︷ ︸
0

−B
α1...αp

β1...βq
∂αA

β1...βp
θ1...θq︸ ︷︷ ︸
0

= 0

by virtue of (5). Thus, we have Theorem3.

Theorem 4. Let X̃ andỸ be projectable vector fields on Mn with projections X and Y on Bm, respectively. For the Lie

product, we have

[ccX̃,

ccỸ] =cc [X̃,Ỹ](i.e.Lcc
ccX̃

Ỹ =cc
(

LX̃Ỹ
)
).

Proof. If X̃ andỸ are projectable vector fields onMn with projectionX,Y ∈ ℑ1
0(Bm) and




[ccX̃,

ccỸ]b

[ccX̃,

ccỸ]β

[ccX̃,

ccỸ]β


 are components

of [ccX̃,

ccỸ]J with respect to the coordinates(xb
,xβ

,xβ ) on t(Bm), then we have

[ccX̃,

ccỸ]J = (ccX̃)I ∂I (
ccỸ)J − (ccỸ)I ∂I (

ccX̃)J
.
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Firstly, if J = b, we have

[ccX̃,

ccỸ]b = (ccX̃)I ∂I (
ccỸ)b− (ccỸ)I ∂I (

ccX̃)b

= (ccX̃)a ∂a(
ccỸ)b

︸ ︷︷ ︸
0

+(ccX̃)α ∂α(
ccỸ)b+(ccX̃)α ∂α(

ccỸ)b

︸ ︷︷ ︸
0

−(ccỸ)a ∂a(
ccX̃)b

︸ ︷︷ ︸
0

−(ccỸ)α ∂α(
ccX̃)b− (ccỸ)α ∂α(

ccX̃)b

︸ ︷︷ ︸
0

= (ccX)α ∂α(
ccY)b− (ccY)α ∂α(

ccX)b

= Xα ∂αỸb−Yα ∂α X̃b

= [̃X,Y]
b

by virtue of (4). Secondly, ifJ = β , we have

[ccX̃,

ccỸ]β = (ccX̃)I ∂I (
ccỸ)β − (ccỸ)I ∂I (

ccX̃)β

= (ccX̃)a ∂a(
ccỸ)β

︸ ︷︷ ︸
0

+(ccX̃)α ∂α(
ccỸ)β +(ccX̃)α ∂α(

ccỸ)β
︸ ︷︷ ︸

0

−(ccỸ)a ∂a(
ccX̃)β

︸ ︷︷ ︸
0

−(ccỸ)α ∂α(
ccX̃)β − (ccỸ)α ∂α(

ccX̃)β
︸ ︷︷ ︸

0

= (ccX̃)α ∂α(
ccỸ)β − (ccỸ)α ∂α(

ccX̃)β

= Xα∂αYβ −Yα ∂αXβ

= [X,Y]β

by virtue of (4). Thirdly, if J = β , then we have

[ccX̃,

ccỸ]β = (ccX̃)I ∂I (
ccỸ)β − (ccỸ)I ∂I (

ccX̃)β

= (ccX̃)a ∂a(
ccỸ)β

︸ ︷︷ ︸
0

+(ccX̃)α ∂α(
ccỸ)β +(ccX̃)α ∂α(

ccỸ)β − (ccỸ)a ∂a(
ccX̃)β

︸ ︷︷ ︸
0

−(ccỸ)α ∂α(
ccX̃)β − (ccỸ)α ∂α(

ccX̃)β

= Xα ∂α(
p

∑
λ=1

t
α1...ε...αp

β1...βq
∂εY

βλ −
q

∑
µ=1

t
α1...αp

β1...ε...βq
∂βµYε)

+(
p

∑
λ=1

t
α1...ε...αp

β1...βq
∂ε Xαλ −

q

∑
µ=1

t
α1...αp

β1...γ...βq
∂αµ Xγ)∂α (

p

∑
λ=1

t
α1...σ ...αp

β1...βq
∂σYβλ −

q

∑
µ=1

t
α1...αp

β1...γ...βq
∂βµYγ)

−Yα ∂α(
p

∑
λ=1

t
α1...ε...αp

β1...βq
∂εXβλ −

q

∑
µ=1

t
α1...αp

β1...ε...βq
∂βµ Xε)

−(
p

∑
λ=1

t
α1...ε...αp

β1...βq
∂εYαλ −

q

∑
µ=1

t
α1...αp

β1...ε...βq
∂βµYε)∂α(

p

∑
λ=1

t
α1...σ ...αp

β1...βq
∂σ Xβλ −

q

∑
µ=1

t
α1...αp

β1...γ...βq
∂βµ Xγ)

= Xα ∂α(
p

∑
λ=1

t
α1...ε...αp

β1...βq
∂εY

βλ )−Xα∂α

q

∑
µ=1

t
α1...αp

β1...ε...βq
(∂βµYε)

+
p

∑
λ=1

t
α1...ε...αp

β1...βq
∂ε Xαλ ∂α

p

∑
λ=1

t
α1...σ ...αp

β1...βq

︸ ︷︷ ︸
δ σ

αλ

∂σYβλ −Yα ∂α(
p

∑
λ=1

t
α1...ε...αp

β1...βq
∂εXβλ )+Yα ∂α

q

∑
µ=1

t
α1...αp

β1...ε...βq
(∂βµ Xε)

−
p

∑
λ=1

t
α1...ε...αp

β1...βq
∂εYαλ ∂α

p

∑
λ=1

t
α1...σ ...αp

β1...βq

︸ ︷︷ ︸
δ σ

αλ

∂σ Xβλ +
q

∑
µ=1

t
α1...αp

β1...ε...βq
∂αµ Xε ∂α

q

∑
µ=1

t
α1...αp

β1...γ...βq

︸ ︷︷ ︸
δ α

γ

∂βµYγ

︸ ︷︷ ︸
∑q

µ=1 t
α1...αp
β1...ε...βq

∂αµ Xε (∂βµ Yα )
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−
q

∑
µ=1

t
α1...αp

β1...ε...βq
∂αµYε ∂α

q

∑
µ=1

t
α1...αp

β1...γ...βq

︸ ︷︷ ︸
δ α

γ

∂βµ Xγ

︸ ︷︷ ︸
∑q

µ=1 t
α1...αp
β1...ε...βq

∂αµ Yε (∂βµ Xα )

=
p

∑
λ=1

t
α1...ε...αp

β1...βq
(∂εXσ )

(
∂σYβλ

)
+

p

∑
λ=1

t
α1...ε...αp

β1...βq
Xα∂α ∂εY

βλ −
p

∑
λ=1

t
α1...ε...αp

β1...βq
(∂εY

σ )
(

∂σ Xβλ
)

−
p

∑
λ=1

t
α1...ε...αp

β1...βq
Yα ∂α ∂εXβλ +

q

∑
µ=1

t
α1...αp

β1...ε...βq
(−Xα∂αµ ∂βµYε + ∂βµYα ∂αµ Xε +Yα ∂αµ ∂βµ Xε − ∂βµ Xα ∂αµYε)

︸ ︷︷ ︸
−∑q

µ=1 t
α1...αp
β1...ε...βq

(∂βµ (X
α∂αµ Yε −Yα ∂αµ Xε)

︸ ︷︷ ︸
[X,Y]ε

)

=
p

∑
λ=1

t
α1...ε...αp

β1...βq
∂ε [X,Y]βλ −

q

∑
µ=1

t
α1...αp

β1...ε...βq
(∂βµ [X,Y]ε )

by virtue of (4). On the other hand, we know thatcc[̃X,Y] have components

cc[̃X,Y] =




[̃X,Y]
b

[X,Y]β

∑p
λ=1t

α1...ε...αp

β1...βq
∂ε [X,Y]βλ −∑q

µ=1t
α1...αp

β1...ε...βq
∂βµ [X,Y]ε




with respect to the coordinates(xb
,xβ

,xβ ) on t p
q (Bm). Thus Theorem4 is proved.
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