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Abstract: Using the fiber bundle M over a manifold B, we define a semide(sull-back) bundle tB of type (p,q). The present paper
is devoted to some results concerning with the vertical amdpdete lifts of some tensor fields from manifold B to its sdenisor
bundle tB of type (p,q).
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1 Introduction

Let M,, be ann-dimensional differentiable manifold of cla€s andrs : M, — B the differentiable bundle determined by
a submersiom. Suppose thatx') = (33,x%),a,b,...=1,...,n—ma,B,...=n—m+1,...nji,j,... = 1,2,...,nis a system
of local coordinates adapted to the bundie Mn — Bmn, wherex? are coordinates iBr,, andx? are fiber coordinates of
the bundlern : My — B, If (X') = (@ ,x?") is another system of local adapted coordinates in the byttt we have

(14

xd" = xo (xB).

The Jacobian ofl) has components
(W) =(2)= (%%
! oxl 0 Ag ’

o _ 0Xa/

B oxB-
Let (qu)x(Bm) (x=m(X),X = (x®x9) € My) be the tensor space at a pairg By, with local coordinate$x?, ..., x™), we
have the holonomous frame field

where

0y @04, @...® 0 @AXT @ dX2 ® ... @ dX9,
forie{1,...m}P, je{1,....m9 overU C By, of this tensor bundle, and for aiip, q)-tensor field we have [§], p.163]:

tjU = t}i"'_"ij‘;dxil @04, ®...0 0, @AXI @ dAX2® ... @ dX1,

then by definition the set of all pointg') = (x3,x%,x%), x¥= t}i"'_'.ij‘; O=a+mPta ] J,..=1, ... n+mPtdis a semi-tensor

bundletf (Bm) over the manifoldVl, [14]. The semi-tensor bundig (By) has the natural bundle structure 0B, its
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bundle projectior: t§ (Bm) — Bm being defined byt: (x&,x%,x7) — (x). If we introduce a mapping : t§ (Bm) — M
by & : (@, x%,x7) — (X x%), thent§ (Bm) has a bundle structure ovie,. It is easily verified thait = 71 0 75 [14].

On the other hand, let = 11: E — B denote a fiber bundle with fibér. Given a manifold8’ and a magf : B’ — B, one
can construct in a natural way a bundle oBewith the same fiber: Consider the subset

f*E={(b',e) € B xE|f (b) =m(e)}

together with the subspace topology fr@&nx E, and denote byg : f*E — B/, o : f*E — E the projectionsf*e = m :
f*E — B’ is a fiber bundle with fibeF, called the pull-back bundle afvia f [[3], [5], [8], [10Q], [14].
From the above definition it follows that the semi-tensordiarity(Bm), &) is a pull-back bundle of the tensor bundle
overBp, by . (see, for examplel?], [14]).
In other words, the semi-tensor bundle (induced or pulkiamdle) of the tensor bund(e'l'qp(Bm), m, Bm) is the bundle
(t§(Bm), 75, Mp) over Mn with a total space
t§(Bm) = {((6@,x%),xT) € Mn x (T¢), (Bm) : 78 (3@ x%) = 7T(x4,x7) = (x¥) } C Mn x (1), (Bm).To a transformation
(1) of local coordinates o, there corresponds dﬁ(Bm) the coordinate transformation
X =x¥ (x0,xP),
X0 =x" (xF), @)
@ — 51 Bp _ A 1-Bp AP1-Pa01-Gp _ A(B) A(B) B

ay...ap aj...oy BrBq " (a)" (a')

The Jacobian of)) is given by [L4]:

/

o A J 0
A:(AIJ): ° (a) A?B) (0) (B)O(B) ’ ®
o N a(o !
0 1) 9 ) Alar) Aty o)

—_ - o a/
wherel = (a,a,7),J = (b,3,8),1,J..=1,...,n+ mP*A, t(( )) _to'l quyAg = f;)‘(ﬁ .

Itis easily verified that the conditidDetA_;é 0 is equivalent to the condition:

Det(Af) # 0,Det(Ag') 0, Det(AL )AL} ) £ 0.

Also, dimt§(Bm)=n-+mP*9. In the special case=m, t§(Br,) is a tensor bundi&;’(Bm) [[6], p.118]. In the special case,
the semi-tensor bundlé§(Bm) (p=1, q=0) andt?(By) (p= 0, g= 1) are semi-tangent and semi-cotangent bundles,
respectively. We note that semi-tangent and semi-cotarmele were examined inq[, [7], [9]] and [[11], [13], [15],
[16]], respectively. Also, Fattaev studied the special cldsemi-tensor bundle?]. We denote byl (t§ (Bm)) and§ (Bm)

the modules ovef (t§(Bm)) andF (Bm) of all tensor fields of typép, q) ontd(Bm) andBr, respectively, wherE (t§(Bm))
andF (Bm) denote the rings of real-valu@l —functions ort§(Bm) andBm, respectively.

2 Some lifts of tensor fields and/—operator

Let X € 03(Mn) be a projectable vector fiel@[with projectionX = X% (x%)dy i.e. X = X3(x2,x%)d3 + X (x¥)dg. On
putting

ceyb Xb
cog — | cexB | — XB , 4)
- ay.€.a
cex B il Ba POeXPr — i Bl...s---ﬁqaﬁﬂ
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we easily see th&fX' = A_(CC)?). The vector field°X is called the complete lift oK to the semi-tensor bundt§(Bm)
[14.

Now, considerA € 0§(Bm) and ¢ € 0i(By), then WA ¢ O3(t{(Bm)) (vertical lift), y¢ € O3(t§(Bm)) and
y9 € O3(t§(Bm)) have respectively, components on the semi-tensor bui@a,) [14]

0 0 0
WA= Oa . v9=10 o v =|0 . (5)
1..0p | | «p 401.-E.. p 2 1.-.0p
As, B Sho1 31 By e She1 t, e 5

with respect to the coordinatég®, x?,x%) ont{(Bm), whereAB1 g" o and¢§y are local components éfand¢.

On the other handY'f the vertical lift of functionf € 0O9(Bm) ont (Bm) is defined by 14:
Wi=Yfomm=fomom="form (6)

Theorem 1.For any vector fieldX,Y on M, and f € 03(Bm), we have
(i) CC(X+7) :cciJrcc?’
(i) CXWE =W (Xf).

Proof. (i) Thisimmediately follows from4).
(i) Let X € O§(Mn). Then we get by4) and 6):

ccxwf ccx 0 (wf) _cc )?aaa(wf)Jrccf(aaa(wf) +cc)zﬁaa(wf) _ Xaﬁg (vvf) _w (X f)7
N—— ——
0 0

which gives(ii) of Theoreml.
Theorem 2. If ¢ € 0}(B), f € 09(Bm) and Ac 0§ (Bm), then
OGN 0

(i) (v¢) (Wf)
(i) (v9) ("f) =
Proof. (i) If Ae Dg(Bm), then, by B) and @), we find
(VAT = (VA A (V) = (YA Ga(E) + (VA da (ME) + (VAT 9 (VF) = 0.

—— N — ——
0 0 0

Thus, we havéi) of Theoren?.
(i) If @ € O}(Bm), then we have by5) and 6):

(v9) (V) = (v9)' a1 (V) = (v9)* a(™F) + () 3a (V) + (v§)7 95("'f) =O.
0 0 0
Thus, we havéii) of Theoren?.
(i) If ¢ € O}(Bm), then we have by5) and 6):

(V9) (V1) = (V9)' 8 (") = (v#)? 0a("F) + (v9)“ 0a ("F) + (v$)" 0a(™'F) =O.

0 0 0
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Thus, we havéiii) of Theorem2.

Theorem 3. LetAB € Dg(Bm). For the Lie product, we have

WA WE] = 0.
[va WB]b
Proof. If A,B € O8(By) and | [YAWBJ# | are components dfYA,"BJ” with respect to the coordinatés, x8, xF) on
[VA\VB]P

t8(Bm), then we have

[WA7VV B]J _ (WA)I al (VVB)J . (VVB)I al (VVA>J

— (va)aaa(wB)J + (WA)OI O (WB)J + (WA)ﬁdE(WB)J _ (WB)aaa(WA)J _ (WB)G O (WA)J _ (WB)Uﬂﬁ(WA)J
0 0 0 0
_ gl gp&(va) gl gpl%(va)

Firstly, if J = b, we have

[AMBJ” = Ay g0 ("B)° By 50w ("A)° =0,
0 0

by virtue of 6). Secondly, ifJ = 3, we have

Wp WR1B _ a01--0p w8 pd1--0p wa\B _
[ATB]” = Ag g 0 (MB)” =By g e (MA)” =0,

0 0
by virtue of ). Thirdly, if J = S, then we have
ABIT = A e (B — B o (AP = AL doB B aan =0
0 0

by virtue of 6). Thus, we have Theoref

Theorem 4. LetX andY be projectable vector fields on,With projections X and Y on R respectively. For the Lie
product, we have

[, %°¥] =*° [X, Y] (i.e L&Y =° (LXV)).

[CC)~( ccq]b
Proof.If X andY are projectable vector fields v, with projectionX,Y € [3(Bm) and | [°°X,¢°Y]P
[ccf(’ccq]ﬁ

are components

of [°¢X Y] with respect to the coordinat(ax,b,xﬁ,xﬁ) ont(Bn), then we have

[ccx ch] (ch) ) (CC?)‘] _ (cc?)l ) (cc)z)‘].
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Firstly, if J = b, we have

[CCX,CCV]D _ (CC)’(V)I ) (CCYN)b . (C(,YN)I ) (CC)’Z)D

_ (ch)aaa(CCY'v)b +(Cci)aaa (C(,YN)b

+ (CC)'Z)E aa(C(,YN) (CCY) (CCX) (CCYN)aaa (Cci)b . (C(,Y'V)ﬁ aa_(cci)b
0 0 0 0
— (CCX)G(?O, (ch)b _ (ccy)aaa (ccx)b
= X9 YP — YT, XP
S
by virtue of @). Secondly, ifJ = 3, we have
[cc)~(7cc?]ﬁ — (cc)?)l dl (cc?)ﬁ _ (CCV)I al (CC)A(')B
= (%K) 0a(*V)P +(R)% 0 (V)P + ()T 3 (V)P — ()2 9a(“K)P — (V)% 05 ()P — (°N)7 3 (*X)P
0 0 0 0
_ (Cc)'(v)aaa (CW’V)B - (C(.y'v)aaa (CC)’Z)ﬁ
= X9 YP — YT, XP
=[X,Y]P

by virtue of @). Thirdly, if J = B, then we have
RV = ()91 (V)P — (9)' 3 (“R)P
I

+(%X)a (V)P + (CR) T (V)P — (V)2 3a(“X)P
N——

P p
1--€...0p a, ai...0p y 1.-.0...0p B _ ay..0p
+<}\th31 -Bq 0e X Z tB ...y...BqdauX )%(Azltﬁ g YA Z t

y
B1 ...y...BqaﬁuY )

p
_vya al...s...ap B _ ap...ap £
Y aa( Z Bi1---Bg 0 XP Zt ...s...BquuX )

p
. 1.-€...0p ay ay...0p ...0...ap By _ ay...0p y
(Athﬁl Bq YA zt B1.--£...Bq dBu Z O X Z tg ...y...pqdﬁux )

— X da Z tal...S..-apasYBA) X da Z talgpﬁq(aﬁuYg)

©

p
+ Zt P 0eX M O Z t"l“gq“"’pd YA Y93, Z tor g P 0eXP) +Y90q Z tor e g, (95, X7)

_,_/

60’

B 1.--€...0p Gl...U...Gp B Gl g
Z tor g "OeY O Zt O X + Zt ...... " pa0au X" O Z to g, 98, Y"
%/—’ _,_/
60‘,7/\

&

zu 1 ﬁ qu XS(aBuYG)
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q 401-0p
Sate e 0 YE(dB”X“)

p
. Z tal...e...ap dax"' (0UYB’\) Z tal...a...apxaaaaaYgA _ Z tgll'...'g..ap (05Y0) (ngB’\)
A=1

HA T 000, Y730,

X.Y]E

...E...G
- z tos POc X, Y]Pr — Z tﬁl...a...B (9, [X, Y[)
by virtue of @). On the other hand, we know tH%&t;(\Y] have components

XV
“X,Y] =] [X,Y]P

Gl...E...

Z)\ -1 g B apae[X,Y]B/‘ zu 1 B '_'E_'_Bqdﬁy[x Y]¢

with respect to the coordinatée, X, x#) ontf(By). Thus Theorend is proved.
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