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Abstract: In this study, we introduce the class of generalized Stolgpimys by generalized approximation numbers . Also we prove
that the class o —type mappings are included in the class of generalized Stafzpings by generalized approximation numbers and

we define a new quasinorm equivalent mﬂth”%p) . Further we give a new class of operator ideals by using génedsapproximation

numbers and symmetric norming function and we show thatthis is an operator ideal.

Keywords: Operator ideals-numbers, symmetric norming function.

1 Introduction

The operator ideal theory has a special importance in fonati analysis. One of the most important methods to
construct operator ideals is via humbers. Pietsch defined the approximation numbers of adsalimear operator in
Banach spaces, in 19683. Later on, the other examples sf numbers, namely Kolmogorov numbers, Weyl numbers,
etc. are introduced to the Banach space setting.

In this paper, byN andR™ we denote the set of all natural numbers and non-negatiVauezbers, respectively.

A bounded linear operator whose dimension of the range dpditste is called a finite rank operatd][

Let E andF be real or complex Banach spaces éidE, F) denotes the space of all bounded linear operators Edm
F and.Z denotes the space of all bounded linear operators betwgewararbitrary Banach spaces.

A maps= () : £ — R" assigning to every operatdr € . a non-negative scalar sequerieg(T)), oy is called an
s—number sequence if the following conditions are satisfiedlidBanach spacds, F, Ey andFy:

() T =s1(T) >s(T) >...>0for everyT € Z (E,F),
(R2) snen-1(S+T) <sn(S)+ s (T) foreveryST € £ (E,F) andmne N,

(S3) sn(RST) < |IR||sn (§)||T|| for someR e Z (F,Fy), Se Z(E,F) and T € £ (Eo,E), whereEg, Fg are arbitrary
Banach spaces,

(© 2018 BISKA Bilisim Technology * Corresponding author e-malaraeevren@gmail.com


 http://dx.doi.org/10.20852/ntmsci.2018.310

9 BISKA P. Zengin Alp and E. E. Kara: A new class of operator idealsappfoximation numbers

(HA) If rank(T) < n, thens, (T) =0,

(S5) sn(1:13 —19) =1, wherel denotes the identity operator on the-dimensional Hilbert spacg, wheres, (T)
denotes the — th s—number of the operatdr [12].

An example ofs-number sequence is the approximation number, which iselbfiy Pietsch. Tha—th approximation
number, denoted bg, (T), is defined as

an(T)=inf{ |[T—-A|:Ac Z(E,F), rank(A) <n},
whereT € Z (E,F) andn € N [13].
Let the space of all real valued sequencesbé sequence space is any vector subspaae. of

The Cesaro sequence spaes, is defined as ([, [4], [5])

P
0 1n
ces = xX=(X) € w: =Y X | <oy, l<p<oo
oo g (5] <o}

Let E’ be the dual of, which is composed of continuous linear functionalstariet X' € E’ andy € F, then the map
X ®y:E — F is defined by
(X ®@y) (x) =X (X)y, X€ E.

Pietsch 13] defined an operatol € 2 (E,F) to bel, type operator if Z (an(T))P < 00 for 0 < p < . Then,

Constantin §], generalized the class &f type operators to the class oés— p type operators by using the Cesaro
p

sequence spaces, where an operaiter.Z (E,F) is calledces— p type if z ( z &(TM)) <o, I<p<ow Asa

generalization of, type operatorsh — p type operators and Stolz mapplngs were exammea]lr[$] Also in [9], [10],

[11] Maji and Srivastava studied the clas&’ — p of s—type ceg, operators using—number sequence and Cesaro

sequence spaces and they introduced a new A@esf s—typeceqp,q) operators by using weighted Cesaro sequence

space for I< p < . In [23], the class os—typeZ(u,v;|,) operators is defined and worked on some properties of this

class.

Now let give the definitions of operator ideal and quasi-norm

A subcollectiond of .# is called an operator ideal if each componEHE,F) = 0N .Z (E,F) satisfies the following
conditions:

(Ol-1)if X e E',ye F, thenX ®ye O(E,F),

(O1—2)if ST e O(E,F), thenS+T e O(E,F),

(O1-3)if Se J(E,F), T € Z(Ey,E) andRe .Z (F, ), thenRSTe O(Ey, Fp)[14].

A functiona : 0 — R is said to be a quasi-norm on the operator ide#lthe following conditions hold:

(QN—-1) If X € E/,y € F, thena (X @) = ||X| |lyll;
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(QN—2) there exists a constaBt> 1 such thatr (S+T) <Cla (S)+a(T)];
(QN-3)if Se O(E,F),T € Z (Eo,E) andR e .Z (F,Fy), thena (RST) < ||R|a (S) ||T||[14].
In particular ifC = 1 thena becomes a norm on the operator idéal

An ideal O with a quasi-norma, denoted by[[], a] is said to be a quasi-Banach operator ideal if each component
O(E,F) is complete under the quasi-nomm

Amaps® = (s) : O(E,F) — R assigning to every operatdre [J(E,F) a non-negative scalar sequersg (T)} .y
is called a generalizes-number sequence if the following conditions are satisfiedficBanach spaces, F [2],[3]:

(") a(T)=s{(T)>s5(T)>...>0forall T € O(E,F),

(872) 1 (S+T) <sh (S +57 (T) foreveryS T € O(E,F) andmn e N,

(S§"3) 57 (RST) < ||R||s7 (S)||T|| ,forsomeRe £ (F,F),Se O(E,F)and T € £ (E,E),

(§74) If dim (T) < n, thens? (T) = 0.

Consequently, generalized approximation numbefsT)} are the examples of generalizedumbers, where
ay (T)=inf{a (T —K):K e 0,dimK < n} [3].

By using the generalized approximation numbers we defineléss ofl  — typeoperators as

[

z<aﬁ<T>>p<oo}

L% (E,F) = {T e O(E,F):
n=1

forO< p < oo,

Let /., be the space of all bounded real sequences Knd /. be the set of all sequences such that
card{i e N, x; #0} <nandx; > x> ... > 0.

A function @ : K — R is called symmetric norming function, if the following catidns satisfied
(¢1) (x) >0, Vx#0,

(02) p(ax) =a@(x), xe K,a >0

(93) p(x+Yy) < 0(x) + @(y)

(p4) 9(1,0,0,...)=1

k k
(@5) if %xi < %yi, k=12,...thenp(x) < @(y).
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Itis given that (1L9], [16]) for all symmetric norming functiong, the functiong,,, defined as

U\H

@p (%) K= (@({X}))P,1<p<w

is also a symmetric norming function. For more details onmyatnic norming functions we refer t@], [15], [17], [18],
[19, [20.

By using the properties of symmetric norming function arelsequencéa, (T)), the classZ, (E,F) is defined in [L8]
and R1] as follows
Zp(E,F)={T e Z(E;F): o({an(T)}) <oo}.

By using the relationsd , (T1 +T) <af (T1) +a] (T2), n=1,2,... anda] (BT) = |B|a] (T), (B is a scalar) and the
properties of the functiomp, HTH(p =p{af(T)}) and||T||;p) = @p ({af (T)}) are quasinorms.

In this study, we introduce the class of generalized Stolppivgs by generalized approximation numbers. Also we
prove that the class od‘gftype mappings are included in the class of generalized Stalppings by generalized
approximation numbers and we define a new quasinorm equoivaith ||T||;p) . Further we introduce a new class of
operator ideals by using approximation numbers and synicrregrming function. We prove that this class is an operator
ideal.

2 Main results

Throughout this pap€diu,) and(wy,) sequences satisfies the following conditions:

Let (uy) and (wn) be sequences of nvfl)n—negative real numbers such that u, > ... > u, > ... and
wi <wo < ..<wy<..andw, <n< u—n Let T € Z(E,F) then the class of generalized Stolz mappings

n
LesToLp (E,F), in [22] defined as

o0 n p
LestoLp (E,F) = {T: > [Winz‘uiai(T)] <oo}, 0< p< o,

=1

Now we define the class of generalized Stolz mappings by géred approximation numbet%STOLp (X) as:

LetT € O(E,F) anda be an ideal norm:

p
= 1 n
a _ . 4 a

Then we introduce a new class of operator ideals with the dfedgmmetric norming function as follows:

s {reser o (L guen)) <o)

In the following theorem, we prove thégf type mappings are included in the class of generalized &talzpings by
generalized approximation numbers.

(© 2018 BISKA Bilisim Technology
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Theorem 1. If rIlin up = u# 0, the class ofgf type mappings are included in the class of generalized &tafzpings by
generalized approximation numbeis< p < ).

Proof.Let T € O(E,F) and(un) and(w,) be sequences of non-negative real numbers suchuithatu, > ... > u, > ...
andw; <wo < ... <wh < ...andw, < n< ‘(JV—: and limup # 0. Then we can write
n—oco

© n p o n P . ) )
nzl<Winileaia(T>> Snzl<nu_ljnizkaia(-|-)> S(%)pnzl<%izla?(T)> |

Since § (ag (T))P < =, we obtain from Hardy’s inequality that
n=1
(55 (385 m) = (2 (2) Lmmree
Zl T\ p— 1 n=1

It follows that

© /1 n p
nzl<WniZIUiai (T)) < o0,

Hence the class off—type mappings are included in the class of generalized Stappings by generalized
approximation numberd < p < ).

Theorem 2. LetAiﬂw up # O then the quasinorrThTH;p) is equivalent with

(7157 o ({ S m}) a<peo

Proof. Since the sequencés,) and (a3 (T)) are decreasing we can write

1, 10
ﬁnunan (M) < Wni;u.a )< —ul ZAa,

Summing fromn = 1 tok, we get

k k n p n p
> (waf (T)° < zl<win_zu@“m> < zl<;‘—;_zla"m> .

If Lim Up = u # 0 then we obtain
—»00
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for everyk € N. From the properties of the functigmwe have that

u p
i, < P57 < () (555 ) 1T, -

To prove the next theorem we need the following lemma:

Lemma 1. [2] Generalized approximation numbers verify the inequality:

k k
Y an(S+T)<2 z (M), k=12,... . (1)
n=1 n=
Proof.
k 2k k k
ay(S+T)< Yy an(S+T)= Z a1 (S+T)+ Z ag (S+T)
n=1 n=1
k k
<2V ag, 1(S+T)<2 z (T)).

n=1 —

1
Theorem 3. If @) ({W }) < oo, then the clasﬁap) (E,F) is a quasi-normed operator ideal by
n

G )
T (i)

Proof.We prove the properties of an operator ideal and the ideaiquam. LetE andF be any two Banach spaces. Let
X' € E',y € F thenxX @y is a rank one operator. So

(1<p<m).

aj (X®@y)=0 foralln>2.

By using the properties of symmetric norming function areldgleneralized approximation number we can get;

ap ({ st ¢ ow |
50 ({3n)

wa g ({a})
s ({a )

=X Iyl -
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Hence,X ®y € Dam (E,F) and |\x’®y||;’; =X |lvll- Let ST € Dam (E,F). By using @) and the properties of
symmetric norming function we can calculate;

jserier - 22 (b sm}) P ({&auesramf)
Ap) U1 @p) ({Win}) - U@ p) ({Win})

Jonllaoa)) on((dguem)
U1 p) ({W%}) W p) <{Win})

_ a.y a.y
=2[SlgY +IITllgY | <.
a Oy < a.y ay 7
HenceS+T e g (E.F) and|S+T|g” <2 {|\S||%) + ||T||%J .Now letSe 0% (E,F), T € 0(Eo,E) andRe
O(F,Fo). Then

1 n
an({i Suerrs})
IRSTIZY - E

s ({3
av ({5 uirlaf @171} )
50 (1))
R ()

oor (1)

— ay
= IRIITHISIGY < e

<

a ay ay a i i L11O5Y i
Henc_eRSTe D%) (Eo,Fo) and ||RS'I1\%) < |IRIITI HSH%). D%) (E,F) is an operator ideal anf ||¢(p) is an ideal
quasi-norm.

n
For the particular case, if we choog®,) = (Zln—gr?) (Wh) = (n) and@(x) = ¥ X, we can get a quasi-normed operator
i=1

p) <{%i§l(21”—§f’)aﬁ“ (T)})

e e (1)

ideal by
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