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Abstract: In this study, we present a new definition of convexity. Trafimition is the class of multiplicatively P-functions. Semew
Hermite-Hadamard type inequalities are derived for thasfunctions. After that some applications to special meéneal numbers
are given. Ideas of this paper may stimulate further rebedhte should especially mention that the definition of milittatively
P-function is given for the first time in the literature by us.
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1 Preliminaries and fundamentals

Definition 1. A function f: 1 CR — R is said to be convex if the inequality
f(tx+ (1—-t)y) <tf(x)+(1-t)f(y)
is valid for all x,y € | and t € [0, 1]. If this inequality reverses, then the function f is said ¢éccbncave on interval# 0.

This definition is well known in the literature. Convexityeibry has appeared as a powerful technique to study a wide
class of unrelated problems in pure and applied sciences.

One of the most important integral inequalities for convemdtions is the Hermite-Hadamard inequality. The classica
Hermite—Hadamard inequality provides estimates of themvabue of a continuous convex functidn [a,b] — R. The
following double inequality is well known as the Hadamaredduoality in the literature.

Definition 2. Let f : [a,b] — R be a convex function, then the inequality

b
f (a—;b) < b%a/a F(xdx < M

is known as the Hermite-Hadamard inequality.

Some refinements of the Hermite-Hadamard inequality on eoffiunctions have been extensively investigated by a
number of authors (e.g.3/4,6,7]) and the Authors obtained a new refinement of the Hermitdarzard inequality for
convex functions.

Definition 3. A nonnegative function fl CRR — R is said to be P-function if the inequality

ftx+(1-t)y) <)+ f(y)
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holds for all xy € | and t € (0,1). We will denote byP(l) the set ofP-functions on the interval. Note thatP(l) contain
all nonnegative convex and quasi-convex functions.

In [1], Dragomir et al. proved the following inequality of Hadamaype for class oP-functions.

Theorem 1.Let fe P(l),abelwitha<band fe L[a,b]. Then

b
f <a—;b) < bTZa/a f () dx< 2[f () + f (b)].

Dragomir and Agarwal ing] used the following lemma to prove Theorems.

Lemma 1. The following equation holds true:

f(a)+ f(b)
nLE

! /'bf(x)dx—b;a (1 20)F (tat (1—D)b)dt
b—ala 2 Jo '
In [5], U. S. Kirmaci used the following lemma to prove Theorems.

Lemma 2.Let f: 1* C R — R be a differentiable mapping ori,la,b € I * (I* is the interior of I) with a< b. If f' € L[a,b],
then we haveThe following equation holds true:

b—fa/ab f(x)dx— f <a—;b> =(b—a) [/O%tf’(taJr (1t)b)dt+/;(t 1) ' (ta+ (1—t)b)dt| .

The main purpose of this paper is to establish new estimaton refinements of the Hermite—Hadamard inequality for
functions whose derivatives in absolute value are muttively P-function.

2 Definition of multiplicatively P-functions and their some properties

In this section, we begin by setting some algebraic propeftr multiplicativelyP-functions.

Definition 4. Let | # 0 be an interval inR. The function f. 1 — [0, ) is said to be multiplicatively P-function (dog-P-
function), if the inequality

ftx+(1-t)y) < F(0 (y)
holds forall xy e l andt € [0,1].

We will denote byMP(1) the class of all multiplicativelyP-functions on intervall. Clearly, f : | — [0,) is
multiplicatively P-function if and only if logf is P-function.

RemarkThe range of the multiplicativellp-functions is greater than or equal to 1.

Proof. Using the definition of the multiplicativellp-function, fort = 1;

FO) < f()f(y) = f(x)[1-F(y)] <0
Here, f (X) > 0, so we obtairf (y) > 1. Similarly, fort =0,

F(y) < FOF(y) = F(y)[1- F(x)] <O.

Sincef(y) > 0, we getf (x) > 1.

Example 1.The functionf : [0,00) — [1,00), f(X) = xis a multiplicativelyP-function. Really, forx <y, sincetx+ (1 —
t)y <y <xy, we say thaf (x) = x is a multiplicativelyP-function.
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Example 2.The functionf : R — [1,), f(x) = |x|+ 1 is a multiplicativelyP-function.

f(tx+(1-t)y)=tx+(1-t)y|+1
<tix+(@-t)y[+1
=t|x|+ (2 —-t)|y|+t+1—t
=t(L+x|)+ (@1 —-t)(1+1yl)
St XD (14 yD) + (X =t) A+ [y]) (1+ [x])
=1+ x) (1+1yl)
=f(x)f(y)

Example 3. The functionf : [0,00) — [1,00), f(x) = € is a multiplicativelyP-function. Really, forvx,y € [0,) since
tx+ (1-t)y < x+ywe have

f (tx+ (1—t)y) = X0y < @4 — &l = f(x)f(y).

RemarkLet f : | — [1,0). Sincef (tx+ (1 —-t)y) <tf(x)+ (1—t)f(y) < f(x)f(y), every convex function whose range
is [1, ) is also multiplicativelyP-function.

Theorem 2.Let f,g: | — [1,0). If f and g are multiplicatively P-function, then fg are mplicatively P-function.

Proof.Forx,y € | andt € [0,1], we have

(fg) (tx+(1-t)y) =

This completes the proof of theorem.

Theorem 3.Let f,g: 1 — [1,0). If f is multiplicatively P-function and decreasing and gcsnvex function, then fog is
multiplicatively P-function.

Proof.Forx,y € [1,) andt € [0,1], we obtain
(fog) (tx+ (1—-t)y) = f (g(tx+ (1 -t)y)) < f (tg(x) + (1 -t)g(y)) < f (9(x)) f (9(y)) = (fog) (x) (fog) (y)

This completes the proof of theorem.

3 Hermite-Hadamard type inequalities for multiplicativel y P-functions

The goal of this paper is to develop concept of the multipiedy P-functions and to establish some inequalities of
Hermite-Hadamard type for these classes of functions.

Theorem 4.Let the function f. | — [1,0),be a multiplicatively P-function and,b € | with a< b. If f € L[a,b], then
the following inequalities hold:

() f(22) < gls [P F(x)f (a+b—x)dx< [f(a)f(b)]%.

(i) f(22) < f(a)f(b)pls fp f(x)dx < [f(a)f(b)]°.
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Proof. (i) Since the functiorf is a multiplicativelyP-function, we write the following inequality:

i (a—*zrb> — <[ta+(1t>b]; [tb“lt)a]) < f(tat+ (1—t)b)f (th+ (1—t)a)

By integrating this inequality ofD, 1] and changing the variable as-ta+ (1 —t)b, then

f (izb) < é/:f(x)f(aer—x)dx

Moreover, a simple calculation give us that
! 2
/ f(ta+ (1—-t)b) f (tb+ (1—-t)a)dt < [f(a)f(b)]".
0
So, we get
b
f (ib) < i/ F(x)f (a+b—x)dx< [f(a)f(b)]>.
2 b—al/a
(i) Similarly, asf is a multiplicativelyP-function, we write the following:

¢ (izb) < f(ta+(1—t)b) f (tb+ (1—t)a) < f(a)f(b)f (tb+ (1—1)a)

Here, by integrating this inequality df, 1] and changing the variable &s-tb+ (1—t)a, then, we have

f <a—;b> < f(a)f(b)bfla/abf(x)dx

Since,
! bf dx< f(a)f(b
o= L O0dx< F@)T (),
we obtain

2 b—a.

This completes the proof of theorem.

a+b 1 /P
f(—) < f(a)f(b)—/a f(x)dx < [f(a)f (b)]2

Remark Above Theorem (i) and (ii) can be written together as follows
(atby L /bf(x)f (a+b—x)dx < f(a)f(b) —— /bf(x)dx< [f(a)f (b)]2
2 ~“b-— a.Ja - b— aJa - ’
Proof. By integrating the following inequality oD, 1], the desired result can be obtained:

f(25) =1 (A <t t ) <T@ )T A0,

whereA; =ta+ (1—t)b.

Theorem 5.Let f: 1 — R be a differentiable function orf Isuch that the functionf’| is multiplicatively P-function.
Suppose that,d € | with a< b and f € L[a,b]. Then the following inequality holds:

f(a)+ f(b) 1 /bf(x)dx

— <
2 b—a -

(b—a)[f'(a)|[f'(b)]
4
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Proof.Using Lemmal, since| f'| is multiplicatively P-function, we obtain

b _ 1
f(a);f(b)fbia/a f(X)dx‘ bTa/o (1—20)f (ta+ (1— )b)dt‘
_a/l|1_2t|‘f’(ta+(1—t)b)|dt

b—

<t @] [t \/|1 2t dt

(b—a)[f"(@)]|f'(b)|
4

wherefol |1—2t|dt= 3. This completes the proof of theorem.
The corresponding version for powers of the absolute vaftlesoderivative is incorporated in the following result.

Theorem 6. Let f: 1 — R be a differentiable function orfl Assume ¢ R, g > 1, is such that the functionf’| is
multiplicatively P-function. Suppose thatee | with a < b and f € L[a, b]. Then the following inequality holds:

f f(b 1 b b— 1 \o, '
@02 [rwad <222 () @l o).

1,1_

Where5 +5= 1

Proof.Leta,b € |. By assumption, Holder's integral inequality, Lemihand the inequality
[t/ (ta+ (1—t)b)|? < |F'(a)|?| ' (D)|",

we have

f(a)+
2 b-— a/f X)dx

<—/|1 2t | (ta+ (1—t)b)| dt

ng (/ = 2t|F’dt)p</1\f'(ta+(1t)b)yth)é
b

:T""(%J (/ |/ (ta+(1—t)b |th)
22 (s
o2 (L) a1

where [ |1— 2t|Pdt = L S
A more general inequality using Lemmnias as follows.

Theorem 7. Let f: 1 — R be a differentiable function orfl Assume ¢ R, q > 1, is such that the functionf’|9 is
multiplicatively P-function. Suppose thatec | with a < b and f € L[a, b]. Then the following inequality holds:

f(a)+ f(b) 1 b
2 _bfa/a f(xjx

b—a
<—\f \|f’(b)|.
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Proof.Leta, b € I°. Since the functionf’|Y is a multiplicativelyP-function, from Lemmal. and the power-mean integral
inequality, we have

f(a); f(b) _ bla/abf(x)dx’ gb;;‘./()‘l|1_2t|’f/(ta+ (1_t)b)‘dt
bTa</01|12t|dt>1% </01|12t||f’(ta+(1t)b)‘th>%
b—;a(/olu—ﬂldt)l (./(;1|1—2t|]f’(a)]q]f’(b)]th)q

:b%a </01|12t|dt>1% </01|12t|dt>% | '(a)] |1 (b)]

b—a / /
= [7@|[f'®)].

IN IN
Ql=

This completes the proof.

Theorem 8. Let f: 1 — R be a differentiable function orfl Assume ¢ R, g > 1, is such that the functioff’|% is
multiplicatively P-function. Suppose thates | with a< b and f € L[a,b]. Then the following inequality holds:

Fla/abf(x)dx— f <a;b)’ < (b;a> <p11)% @[}

1, 1_
Where5+a =1.

Proof. Since the functionf’|? is a multiplicativelyP-function, from Lemma2 and the Holder’s integral inequality, we
have

o) o1 (22)] s(b—a)/ft!f’(ta+<1—t>b>!dt+./_;|t—1|!f’(ta+<1—t>b>\dt
<(b-a) [(/O%tpdtf (/O |f’(ta+(1t>b>}“dt>
VALY (./_jf’aam—t)b)\“dt)ﬂ
<(b-a) K/ftpdtf (/O !f’(a)!“!f’(lo)!“dt)é
n (/;|t1|pdt)%’ (/;|f’(a)|q|f’(b)|th)%

B |t/(@) 11 (b)] B |/(@) 17 (b))
((p+1>zp+l) 2174 +((p+1>zp+1) 2174 ]

1

q

ol

=(b—a)

b—a) (1 \P . i
_-3 <pT1) |¥(@)| (b)),

1
3 1
where/g* tPdt = [t - 1Pdt= (p+lj)_2p+1'
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Theorem 9. Let f: 1 — R be a differentiable function orfl Assume ¢ R, q > 1, is such that the functionf’|9 is
multiplicatively P-function. Suppose thatec | with a < b and f € L[a, b]. Then the following inequality holds:

1 P a+b b—a
Ta/a f(x)dxf<7>‘<—|f )| ()]

wherel +— 1.

Proof. Since the functionf’|9 is a multiplicativelyP-function, from Lemma and the power-mean integral inequality, we
obtain

%/abf(xwxf f <a—;b>‘ S(b—a)/oét\f’(ta+(1—t)b)|dt+/ll|tfl|\f’(ta+(17t)b)|dt

<(b—a) K/jtdt)lé </ t|f (ta+ (1 \th)é
+ </11|t1|dt>1% (/11|1t||f’(ta+(1t)b)|th)%]
a2

:Ef

1@l o).

4 Applications to special means

In this section, we shall consider the means for arbitraad/mambersx, 3, a # (3. For shortness, we will use the following
means:

A(a,B) = aJZFB, a,BeR (arithmetic mean)
L(a,B) = In|[ﬁilcr¥1|a|’ a,B € R\ {0} (logarithmic mean)

Now, using the results of Section 3 we will give some appiarat to special means of real numbers.

Proposition 1.Letabe R, 0 <a< b. Then we have
A(@2)-[(ee) <52 (s1) e

Proof. The assertion follows from Theoreémapplied forf (x) = €,x > 0.

)

Proposition 2.Letab e R, 0 <a< b. Then, we have
A(en.e) - L(ee)| < 2 2,

Proof. The assertion follows from Theorerfmapplied forf (x) = €*,x > 0.

Proposition 3.Letab e R, 0 <a< b. Then, we have, for all ¢+ 1

’E(ea,eb) _ eA<a~,b>’ <(b-a) ((pTl)ZNl) v ey
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Proof. The assertion follows from Theore8applied forf (x) = €,x > 0.

Proposition 4.Letabe R, 0<a< b,0¢ [a,b]. Then, we have
— b—a
—_ @b 2 “ath
’L (ea,eb) e ‘ <= b,

Proof. The assertion follows from Theore@applied forf (x) = €,x > 0.
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