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Abstract: Some new results on Kronecker and Hadamard products ofosgntmetric matrices and their equivalence forms are
discussed, respectively. In addition, we derive an uppentdor the spectral radius of Hadamard product of two cegtronetric
matricesA andB with respect tgp-norm of blocks ofAo B, for p > 2.
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1 Introduction and Preliminaries

A centrosymmetric matrix being symmetric about its ceni&s wide range of applications in antenna array, qguantum
physics, mechanical and electrical systems, pattern réog, communication theory, speech analysis, digitaérfd
and linear prediction. The structure of centrosymmetri¢rives provides computationally efficient results in coexpl
algorithms. Many applications such as pattern recognféature selection, a uniform linear antenna array, vibrain
structures and quantum mechanical oscillator benefit flosnimherent structure of centrosymmetric matricg84].

Letn be a positive integer. TheRR"*" denote the set of all real matrices throughout the papeikefa;;| andB = [by;]
be two reah x n matrices. Then, we have> B (> B) if a; > bjj (> bjj) forall1<i<n,1<j<n.IfA>0(>0),we
sayA is nonnegative (positive) matrix, respectively. The sgatadius ofA is denoted byp(A). If Ais a nonnegative
matrix, the Perron-Frobenius theorem guarantees giiA) € o(A), where o(A) denotes the spectrum . The
Hadamard product oA, B € R™" is denoted byAo B = [ajbjj] € R™". The Kronecker product of two matrices
A= [agj] € R™" andB = [by] € RP*9 is the matrixA® B = [a;;B] of ordermpx nqg. The identity matrix inR" is
denoted byl,. As usualA* = (A)T denotes the conjugate transpose of maii Hermitian matrixA is called positive
semidefinite ifx*Ax > 0 for all x € C", and is called positive definite X*Ax > 0 for all nonzerox € C"[1,2,5,6,10]. The
p-norm of anm x n matrix A is defined as

. i/p
Al = (tr (aa)P2) "

Definition 1. A = [ajj]nxn is @ centrosymmetric matrix, ifijg= an_j;1n—j+1 Wherel <i<n,1<j<n,or JAL =A
where § is the flip matrix with ones on the secondary diagonal anderisewheres,8,9,11].
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Lemma 1Let A= [ajj]nxn be a centrosymmetric matrix in one of the following forms

Al JmaZ JmAZJm
A=|al a ali |. (1)
Ay ay ImArdm

Al JmAZJm
A2 JmAj_Jm

Then, for BC € R™™ a;,a, ¢ R™?! q is a scalar, we have either

A1 — InA2 0
TpO, — |1 2
QAQ 0 Ai+InAr @
or
A1 — InAo 0 0
QAR = 0 a V2 |, ®3)
0 V2Imag Ar+ JnAo
whereQ:%zlS‘mJ:] and Q:% 0 V20
—Jm 0 Jn

We have the following facts on the spectral radius of a mainiat the properties of Hadamard and Kronecker produgts [
2,5,6,7,8,10].

Lemma 2.Let AB < R™". Then we have

(1) p(A) <||A|| for any norm.

(2) If |A| < B, thenp(A) < p (|A]) < p(B) where|A| = [|aij|] .., andp(A) is the spectral radius of A,

nxn

We use some properties of Hadamard and Kronecker producisghout. One we use is the following property of
Kronecker product:
(A®B)(C®D)=AC®BD (4)

for Apxq, Bsxt, Cqxu andDixy. The other one is the relation between Kronecker and Hadhpraducts given in the
following lemma.

Lemma 3.Let A and B be rx n matrices. Then there exists afinn selection matrix such thatJ™J = I and
AoB=J]"(A®B)J (5)

whereJT is an nx n? matrix [E11,Epa, ..., Enn| @and E; is the nx n matrix of zeros except for a one in tfiei)th position.

2 Main results

In this section, we mainly discuss some results on Hadanrat&eonecker products of two centrosymmetric matrices.
In [3], Chen, Wang, and Zhong mentioned the following result artresymmetric matrices. Here, we give a proof of the
result.

Proposition 1. Let A= [ajj]nxn and B= [bij]nxn be two centrosymmetric matrices. ThemB is a centrosymmetric
matrix.
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Proof. Using the definition of Kronecker product férandB , we have

A1®B (InAodm) © B

A®B=
Ar®B (InArdm) © B

for n=2m

and

A1 ®B Jnap @ B (InAzdm) ® B
A®B= |al®B a®B alJy®B |forn=2m+1
A®B 2B (JnAdm) ®B

It is enough to show that
Jnn(A1 © B)JImn = (ImA1dm) @ B anddn(a] ® B)Imn= (a] In) @ B.
Indeed sincd is centrosymmetric andhy, = Jn ® J, we have
Jnn(A1® B)Imn= (In® ) (A1 @ B)(Im® In) = (InA1Im) ® B
and
Jn(a] ®@B)Inn= (1@ ) (a] @B)(In®JIn) = a] In®B.

Therefore A® B is a centrosymmetric matrix.

It was given by Zhao, Li and Gong il ]] that Hadamard product of two centrosymmetric matriceegrosymmetric.
We give an alternative proof for this statement. For the firoe need the following relation between flip and selection
matrices.

Proposition 2. Let J, andJ 2, ,, be the flip and the selection matrices, respectively. Then
T _ T

1) JmeZsz - Jmexmz

(2) ‘]m? Jmme = Jmme‘]m'

Proof. If Jy, is anm x mflip matrix andJ;sz is anm x m? selection matrix,

JT 2edne = [E11,E22, ..., EmmlJ2
[EmmIm, Em—1,m-1Jm, - - - , E22Jm, E11Jm]
[JmEll, JmE2o, ... ,JmEm,1’m717‘]mEmm]
JIm[E11,E22, ..., Emm

T
ijmxmz'

Thus, the proof of partl) is completed. The second part clearly follows frathginceJ!, = Jm.

We define a centrosymmetric matiin one of the following two forms

B=|bl B bln (6)

5 [Bl ImBadm
Bz b2 JmB1Jm

Bl mez \]mBsz
B, Jmlem]

for n=2morn=2m+ 1, respectively.

Theorem 1. Let A= [ajj]nxn @and B= [bjj]nxn be two centrosymmetric matrices as i) @nd @), then AoB is a
centrosymmetric matrix.
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ProofUsing the definition of Hadamard productAfindB for n= 2mandn = 2m+ 1, we have

A0 By (JnAzdm) o (InBadm)
A2 0By (InArdm) © (InB1dm)

AoB =

and

A]_ o} Bj_ Jmaz e} mez (JmAZJm) (e} (JmBsz)
AoB= [aJob] ap aJ Jmob] I
AroBy apo bz (JmAj_Jm) ¢} (JmBlJm)

To proveAo Bis a centrosymmetric matrix, we need to show that
(ImA1Jm) © (ImB1Im) = Im (A1 0 B1) Im anddy(a] o bl )Im = al Ino bl In.
Note that the second equation clearly follows. For the fing, dy Propositio? and Lemma3, we have

(ImA1Im) © (ImB1dm) = J-Ir‘;'lxmz [(ImA1Im) © (ImB1Im)] T2 m
=JT o[(Im® Im) (A1 @ B1) (In® Im) Tz
= I7 v O (AL®B1) J2) T
= I medne (P ®B1) e T m
= ‘]m“HIﬁxmz (Al ® Bl) szxm‘]m
= 3 (I, e (A1 @ B) T ) I
= Jn(A10B1)Im.

We note that by Lemma, Ao B has one of the following two forms

pP—
Ql (AoB)Q1 = [ OJmS P+0JmS forn=2m or (7)
Q! (AoB)Q, = [ POJ"“SH forn=2m+1, (8)

af  V2(ajobf)
whereP = A;0B1, S= Ay0Byp, andK =
Lo 2o [\/Z]m(azobz) P+ JmS

Li, Zhao, Dai and Su ing] had proved that for a nonnegative centrosymmetric matrix possible to find the spectral
radius of a matrix in terms of its blocks. In fact AfandB are centrosymmetric matrices, then we have

p(AoB)=p{A10B1+JIn(A20Bz)} forn=2m and 9)
p(AoB)=max{p(K), p(A1oB;—Im(A20Bp))} forn=2m+1.

Now we give an upper bound for the spectral radius of Hadamarduct of two nonnegative centrosymmetric matrices.

© 2018 BISKA Bilisim Technology
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Proposition 3Let A= [ajj]nxn and B= [bij]nxn be two nonnegative centrosymmetric matrices, then

p(AoB) < p(A]By)+mY/Pp(A]By) forn=2m and
p (AoB) < max{||K||p,||AroB1— Im(A20B2)||p} forn=2m+ 1.

Proof. Forn = 2m, by equation9) and part {) in Lemma2, we have
P(AoB) = p((AroB1) + Im(A20By))
< ||Alo B; +Jm(A20 Bz)” p
< [|AzoBaf[p+ [[Im(Az20 B2) | p
< [|A10Ba[p+ [[Iml|pl|A2 0 B2 [ p-
For any nonnegative matrices, we haveo B|| < p(ATB) by [6], then
P(AcB) < p(A[B1) + [|3mllpp (A7 B2).

Since||Jm||p = m/P, we get the result. The second inequality follows directly.

Lemmad4.Let X,Y,Z, W e C"™". Then, for2 < p < »,

XY yp(P-1 2y, 2—P 2\
< [ L P
| lW 2 <2 ( > Tr(a%)+ 7 (Tr(a)) ,
where y
_ Xlip — GAYIE+IWIE) "]
(3 (IYI5+Iw(p)) 121l
asin[7].

Now we give an upper bound for the spectral radius of Hadamparduct of two centrosymmetric matrices in terms of
p-norms.

Theorem 2. Let A and B be two centrosymmetric matrices asindr(8), and let2 < p < o. Then for n=2m and
n=2m+ 1, respectively, we have

p(AoB) < 2P(p— 1) (1+m?) (I[P|2+ SI2) "

-1
p(AcB) < ||P—Jm5|p+21”’(p7 (a2B?+2M%+ [P+ ImSIf3)

1/2
2 —
+= P (ap+ ||P+Jmsnp>2>

where P=A; 0B1, S= A,0B5, and

= {2 (|vamizzora|+ [vaarosp|) )"
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Proof. If n=2m, we define a symmetric matrix such that

1
1AL 0Bl (3 (13n(A20BInl B+ 1220 B 7)) /P
(3 (11 9m(A2 0 B) || B+ [ A0 Bo|B)) /" 19m(A 0 B1) ]l

1
Plo — ((1mSkiB+ISI9)*]
(3 (13mSlIB+1ISIB)° 9P | p

Note that sincélJm||p = (Tr(\]r’;]\]m)p/z)l/p = (Tr(lm))¥P = m'/P, we have

1 2/p B 2
<§(|JmSJnIB+|SIIB)) < 272/P (|30 BIISIBI B + 1SB)*'°

=272° (P4 1)||519)*°
=272/P(m? + 1)%/P|| 5|2, (10)

Then we get

(IPllp+[19mP ] p)
2
< (IIPllp+ [ mll ol [Pl pl[Iml| p)

2
(IPp+mP/PIPllp) " = (2+m2/)2 P

(Tr(a))?

IN

and by equationl(0), we obtain

2/p
Tr(a) —||P|2+||Jmmn|2+2( (I 9mShl1 B+ 1] ))

< P34 /P[P 3+ 242/ P(r2 + 1)2/7) 83
= (P + [P + 2227 (nP + D72

Thus, sincd|AoB||p = ||Q1(AcB)Q1||p andQq (Ao B)Qq is as in {7), by Lemma4, for p > 2 we have

P(AB) < [[AcB;
1 1/2
<20 (Bt I3+ (p- 2 2R(nE+ 123+ 2P0 o el )
1/2
= 2P (B(at/P 1) Pl /e (1 B PR + (p - 2 2P+ 2777 si)

o2 ) 1/2
(4/p >mz/p+1)||p|2 (p—1)2 2“’(mz+1>2”’|SII%)

INE o 4>|

1/2
mz/erl) ||P|%+<p1)22/p<mz+1>2/p||8|%)

(&
-2
<2102
(0-

mz+1 P2+ (p 1)2*2/p(mz+1)2|\S||f,)l/2

2.

< 2l/p

<2YP(p—1) (m?+ 1) (JIP2+ [IS|3)
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Inequalities follow from the fact that/*/P — 2(p7p2>n]2/p+ 1< (mz/p+ 1) and 2%/P < 1forp>2.
If n=2m+ 1, note that
P(AoB) < [|AoBl|p = [|Q] (Ao B)Qzllp = [|A10B1 — Jm(A20B2)[|p+ [IK | p (11)
I T . hl
whereK = ap v2(a] ob]) . Then define a symmetric matri& such that
_\/é m(aZ o bZ) (Al o Bl) + Jm(AZ © BZ)
| 1 P AN
~ ap (3(|Vmota) |+ |vaatouD ) )
K= 1/p
p p
(% <H\/§Jm(azob2)Hp+ |vaal obI)Hp)) 1(A10By) + Im(Az0 B)
B _aB M
M P+ duSl)

ThenTr(K) = aB + [P+ InS|p andTr(K?) = a?B2 + 2M2+ [P+ JyS||3. By Lemmad, we have

1/2

2 P (@Bt 1P+l (12

1
Kl <273 (0202 202+ [P+ )+

Thus, combining equation4 () and (L2), we obtain the result.

3 Conclusion

The algebraic relationships between the Kronecker and tdach product of centrosymmetric matrices have been
examined in this work. Specifically, the upper bound for thmectral radius of Hadamard product of two
centrosymmetric matrices have been obtained analytically

Furthermore, the alternative proof of the statement whithtwo different dimensions of the Hadamard product of two
centrosymmetric matrices have been pointed out. Finalyupper bound for the spectral radius of Hadamard product of
two centrosymmetric matrices in terms of p-norms of subitegrwere given.

Competing interests

The authors declare that they have no competing interests.

Authors’ contributions

All authors have contributed to all parts of the article. &lithors read and approved the final manuscript.

References

[1] Koenraad MR Audenaert. Spectral radius of hadamardymiodersus conventional product for non-negative matridgsear
Algebra and its Applicationt32(1):366—368, 2010.

© 2018 BISKA Bilisim Technology


www.ntmsci.com

(_/
126 BISKA M. Ozel and D. Kayaalp: Inequalities involving Hadamarddarats of centrosymmetric matrices

[2] John W Brewer. Kronecker products and matrix calculusygstem theoryCircuits and Systems, IEEE Transactions 25(9):772—
781, 1978.
[3] Wen Chen, W Wang, and Tingxiu Zhong. The structure of &gy coefficient matrices of harmonic differential quadra and
its applicationsNumerical Methods in Engineerin@2:455-459, 1996.
[4] Lokesh Datta and Salvatore D Morgera. On the reducjbdit centrosymmetric matrices applications in engineeprmaplems.
Circuits, Systems and Signal Processi8(l):71-96, 1989.
[5] Roger A Horn and Charles R Johnsdvlatrix analysis Cambridge University Press, New York, 1985.
[6] Zejun Huang. On the spectral radius and the spectral méimadamard products of nonnegative matridésear Algebra and its
Applications 434(2):457-462, 2011.
[7] Christopher King. Inequalities for trace norms of 2 block matricesCommunications in mathematical physi242(3):531-545,
2003.
[8] Hongyi Li, Di Zhao, Fei Dai, and Donglin Su. On the spettradius of a nonnegative centrosymmetric matricéspplied
Mathematics and Computatipf18(9):4962—4966, 2012.
[9] Zhong-Yun Liu. Some properties of centrosymmetric ricats. Applied mathematics and computatjd#1(2):297-306, 2003.
[10] Bertram Mond and Josip Pecaric. On inequalities vy the hadamard product of matriceELA. The Electronic Journal of
Linear Algebra 6:56—61, 2000.
[11] Di Zhao, Hongyi Li, and Zhiguo Gong. Trace inequalities positive semidefinite matrices with centrosymmetriauisture.
Journal of Inequalities and Application2012(1):1-6, 2012.

© 2018 BISKA Bilisim Technology



	Introduction and Preliminaries
	Main results
	Conclusion

