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Abstract: Fractals are fascinating shapes that have many examples in the nature and have the self-similarity property. In recent years,
many studies have been made to obtain different fractal sets. There are several methods to generate these sets such as the iterated
function systems (IFSs), L-systems and the escape-time algorithms. In this paper, we use the escape-time algorithm to get the classical
fractals by some specific folding and expanding mappings. Finally, we clearly give the maple codes that these fractals are obtained.
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1 Introduction

In recent years, there have been many studies on fractals since there is a close relationship between many shapes in the
nature and models of fractals ([1,2,3,4,5,6,7]). So, we encounter various techniques to generate fractals in the literature.
One of the most important techniques is the iterated function systems (IFS). The IFS theory was first created by Hutchinson
and then supported by Barnsley’s works. Simultaneously, many scientists contributed to the construction of the fractal
theory and to generate various fractal models. For example, the classical fractals such as Cantor set, Sierpinski Gasket,
Koch curve, Sierpinski carpet, Vicsek fractal (or box fractal) can be generated by IFSs. Thus they have exact self-similarity
property. That is, the whole shape can be seen in every smaller pieces of these fractals. The Newton fractal, the Mandelbrot
set and the Julia sets can be generated by the escape time algorithm. From these sets, the Julia sets of f, (c € C) are defined
as the boundary of the filled-in set
{z e C|{f¥(2)} is bounded}

where f.: C — C, f.(z) = z* + ¢ (for details see [6]). Furthermore, the branching patterns such as in plants, biological
cells, blood vessels, pulmonary structure or turtle graphics patterns such as space-filling curves and tilings are generated
by L-systems (for details see [8]).

In this paper, by using the escape time algorithm, we construct classical fractals such as the Cantor set, the Cantor dust,
the classical Sierpinski gasket, the right-angled Sierpinski gasket, the Koch curve, the Sierpinski carpet and the Vicsek
fractal. To this end, for every fractals we use special folding, expanding, affine, translation and rotation mappings. Note
that, to generate these fractals we apply the escape-time algorithm for continuous functions different from Barnsley’s

method below:
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To obtain the right Sierpinski triangle (S) via the escape time algorithm, Barnsley uses the IFS {R?, w1, w2, w3} where
wi i R2 5 R2(i=1,2,3)

xy 1
W](X,y): <§a§+§>)

x 1
WZ(X,y) = <§+§7§> 5

Xy
W3(xay) = (5’5) .

There is a relationship between the function

(2x,2y—1), ify>0.5
flxy) =< (2x—1,2y), ifx>0.5,y<0.5 (1)
(2x,2y), otherwise.

and the IFS {wy,w,, w3} since f restricted to S satisfies

wil(x,y), if (x,y) € S—{(0,0.5),(0.5,0.5)}

Flxy) =< wyl(x,y), if (x,y) € S—{(0.5,0)}
wy ! (x,y), if (x,y) €S

and f|s is surjective (for details see [2]). Moreover, if (x,y) ¢ S, then {f"(x,y)} diverges to infinity. So, this fractal can be
generated by the escape time algorithm and consequently, Figure 1 is obtained. Note that f is not continuous. Similarly,

Fig. 1: The construction of the right Sierpinski triangle by using the function defined in (1) via the escape time algorithm

this method can be applied any fractals which can be expressed by the attractor of an IFS. In the following, in order to
obtain the image of the classical fractals we define different functions compatible with the structure of each set. Although
we again use the escape time algorithm, the functions which we defined in Examples 1, 2, 3,4 5, 6, and 7 do not depend

on their IFSs and are continuous.
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2 The construction of the classical fractals by using different mappings via the escape time

algorithm

In this section, we will show that each classical fractal can be obtained by the compositions of some functions such as
expanding, folding, translations, rotations and affine mappings. Figures 3, 5,7, 9, 11, 13, 15, and 16 are generated by the
mathematical program Maple 18. Finally, we merely give the codes of the right Sierpinski triangle. To get another figures

substitute with the corresponding functions.

The Cantor set: It is well-known that the Cantor set (C) is the attractor of the IFS {R,w;, w2} where w; : R =R (i=1,2)

Example 1.By the escape time algorithm, the set which is obtained by using the composition function F : R — R

F=fiofi

where f; :R— R (i=1,2)

fi(x) = 3x,
=23

is the Cantor set.

We first define the composition function F' = f, o f; where f] is an expanding and f> is a folding mapping that takes
the points from the right hand side of the line x = % to the the left hand side of the line (see Figure 2).

A

Fig. 2: An expanding and a folding mapping on the Cantor set

Note that F restricted to Cantor set is surjective. Since {F"(x)} diverges to infinity for x ¢ C, the Cantor set can be

generated by the escape time algorithm (for the images see Figure 3).

(© 2018 BISKA Bilisim Technology
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Fig. 3: The construction of the Cantor set via the escape time algorithm

The Cantor dust: The attractor of the IFS {R?, w1, wy, w3, ws} where w; : R? — R? (i = 1,2,3,4)

e = (32),

e = (3+22).
e = (3.242),
et = (3+2.342)

is called the Cantor dust (D).

Example 2.By the escape time algorithm, the set which is obtained by using the composition function F : R — R?
F=fiofiofi
where f; : R? — R? (i=1,2,3)

fl(x7y) = (3)6,3)7)7

3 3
f2(-x,y):(§_ 'x_i ay)>
Al = (5= p-3)

is the Cantor dust.

Firstly, define the composition function F = f3 o f> o f; such that the function f; is an expanding mapping, f> is a
folding mapping that takes the points from the right hand side of the line x = 3 to the the left hand side and f3 is a folding
mapping that takes the points from the upper hand side of the line y = % to the the lower hand side (see Figure 4). Figure

Fig. 4: An expanding and two folding mappings on the Cantor dust
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4 shows that F restricted to Cantor dust is surjective. The Cantor dust can be generated by the escape time algorithm due
to the fact that {F"(x,y)} diverges to infinity for (x,y) ¢ D (for the images see Figure 5).

Fig. 5: The construction of the Cantor dust via the escape time algorithm

The Sierpinski triangle: The classical Sierpinski triangle (S) is the attractor of the IFS {R? w1, w2, w3} where w; : R? —
RZ(i=1,2,3)

Xy
Wl(xvy) = (§v§>a

x 1y 3
WZ(X,)’) — (5"’175"’_)7
ws(x,y) = x+1 y
3(XY) = ) 2a2 .

Example 3.By the escape time algorithm, the set which is obtained by using the composition function F : R — R?

F=fiofr0fi
where f; : R? — R? (i=1,2,3)

filxy) = (2x,2y),

Falr,y) = (—% %(x—2+y\/§)’ _*/; (#) +2,y—f34ﬂ_%§

fly) = (1=[x—1],y)

x—2-|—y\ﬁ
2

)

is the Sierpinski triangle.
Consider the composition function F' = f3 o f> o f] such that the function f; is an expanding mapping, f> is a folding
mapping that takes the points from the upper hand side of the line

V3x  2V3

3 3

to the the lower hand side and f3 is a folding mapping that takes the points from the right hand side of the line x = 1 to
the the left hand side. F|g: S — S is a surjective function (see Figure 6). In particular, {F"(x,y)} diverges to infinity for

(© 2018 BISKA Bilisim Technology
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Fig. 6: An expanding and two folding mappings on the Sierpinski triangle

(x,y) ¢ S. So, the Sierpinski gasket can be generated by the escape time algorithm (for the images see Figure 7).

Fig. 7: The construction of the Sierpinski triangle by the escape time algorithm

The Koch curve: The Koch curve (K) is the attractor of the IFS {R? wy,wy, w3, ws} where w; : R? — R? (i = 1,2,3,4)

i) = (5.3)
( ££)
(2+? B e)
0=(5+33)
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Example 4.By the escape time algorithm, the set which is obtained by using the composition function F : R? — R?

F=fiofs0fr0fi
where f;: R? - R? (i=1,2,3,4)
filx,y) = (ﬁx, \f3y),

f2(x7y) = (?_ x_§

f3(x7y) = <—ﬂx—y,—ﬁy+x> )

27 2 2772
fa(x,y) = (x+1,y)

is the Koch curve.

Let us consider the composition function F = f3 o f3 o f» o f| where f] is an expanding mapping and f, is a folding
mapping that takes the points from the right hand side of the line x = @ to the the left hand side. The function f3 is
a rotation mapping which rotates the curve 150° as counter clockwise and the function f; is a translation mapping (see
Figure 8).

2%

Wl
w

o=
\

S
\

i

Fig. 8: An expanding, a folding, a rotation and a translation mappings on the Koch curve

Note that F restricted to the the Koch curve is surjective. Since {F"(x,y)} diverges to infinity for (x,y) ¢ K, the Koch
curve can be generated by the escape time algorithm (for the images see Figure 9).

(© 2018 BISKA Bilisim Technology
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Fig. 9: The construction of the Koch curve via the escape time algorithm

The Vicsek fractal: The attractor of the TFS {R?, w1, wa, w3, ws,ws} where w; : R? = R? (i = 1,2,3,4,5)

e = (53)

- (1123)
) = (5+3.3+3 )
wa(x,y) = <;,§+§>

o= (3359

is the Vicsek fractal (V).

Example 5.By the escape time algorithm, the set which is obtained by using the composition function F : R — R?
F=fsofzofrofi

where f;: R? - R? (i=1,2,3,4)

filxy) = (3x,3y),

falx,y) = ()G % - ‘y— ;D :

A6 = (3-k-3]).

f) = (~5hety=2= 3 6-x-2), 5 0-x+2) - s lr+y-2)

is the Vicsek fractal.

The function f; is an expanding mapping. The function f> is a folding mapping that takes the points from the upper
hand side of the line y = % to the the lower hand side, f3 is a folding mapping takes the points from the right hand side of
the line x = % to the the left hand side and f; is a folding mapping that takes the points from the upper hand side of the
line y = 2 — x to the the lower hand side. We now define the composition function F' = f4 o f3 o f» o f] (see Figure 10).

(© 2018 BISKA Bilisim Technology


www.ntmsci.com/jacm

o
7

KA N. Aslan, M. Saltan, B. Demir: A different construction of the classical fractals

Fig. 10: An expanding mapping and three folding mappings on the Vicsek fractal

Due to the fact that F restricted to the Vicsek fractal is surjective and {F"(x,y)} diverges to infinity for (x,y) ¢ V, the
Vicsek fractal can be generated by the escape time algorithm (for the images see Figure 11).

Fig. 11: The construction of the Vicsek fractal via the escape time algorithm

(© 2018 BISKA Bilisim Technology
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The Sierpinski Carpet: The Sierpinski carpet (SC) is the attractor of the IFS {Rz,wl,W2,W3,W4,W5,W6,W7,W8} where
wi i R2 5 R2(i=1,2,3,4,5,6,7,8)

e = (53)

) = (5433
wi(x,y) = <§+§7§> )
wa(x,y) = (§§+;>
wst) = (5543,
we(x,y) = <§+§§+;)
wi(x,y) = <§+;;+§)
wg(x,y) = (;—l—i,z—ki)

Example 6.By the escape time algorithm, the set which is obtained by using the composition function F : R? — R?

F=fsofsofs0fr0fi
where f; : R? — R? (i=1,2,3,4,5)
Jilx,y) = (3x,3y),

1 1 1 1
frxy) = (2 lx —y| + FHy), S0ety) =5 x—yl) ,

Al = (—3le+r=3= 30-x-3) 30543 - Thry-31).
faey) = (11 -20.3),

fie) = @~ le-21.9),

fo(x,y) = (x—1,)

is the Sierpinski carpet.

The function f; be an expanding mapping, the function f> is a folding mapping that takes the points from the upper
hand side of the line y = x to the the lower hand side, f3 is a folding mapping that takes the points from the upper hand
side of the line y = 3 —x to the the lower hand side, f; is a folding mapping that takes the points from the left hand side of
the line x = 1 to the the right hand side, f5 is a folding mapping that takes the points from the right hand side of the line
x = 2 to the the left hand side and fg is a translation. Let us consider the composition function F = fgo fso fao fzo fr o fi
(see Figure 12).

Note that F restricted to the Sierpinski carpet is surjective. Since {F"(x,y)} diverges to infinity for (x,y) ¢ SC, the

Sierpinski carpet can be generated by the escape time algorithm (for the images see Figure 13).

(© 2018 BISKA Bilisim Technology
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Fig. 13: The construction of the Sierpinski carpet via the escape time algorithm

The right Sierpinski triangle:

Example 7.In the escape time algorithm, the set which is obtained by using the composition function F : R — R?

F=fsofsofs0frofi 2

(© 2018 BISKA Bilisim Technology
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where f;: R> — R? (i=1,2,3,4,5)

fl(xay) = (2X,2y),
frlxy) = <x+y y\/§>

27 2

f3(xy) = (—;‘;(x—2+y\/§)‘ _§ <y—\@(x—2)> +2’y—\@(x—2) —? x—243/3

2

2 4

faxy) = (1= |x—1],y),

fS(xay) = (x \/?’gyaz\ggy>

is the right Sierpinski triangle.

Consider the composition function F = f5 o fio f3 0 f> o f] such that the function f; is an affine mapping from the
equilateral Sierpinski triangle to the right Sierpinski triangle, the function f; is an expanding mapping, f3 is a folding
mapping that takes the points from the right hand side of the line

V3x  2V3
y=—-——Ft—7
3 3
to the the left hand side, f4 is a folding mapping that takes the points from the right hand side of the line x = 1 to the
the left hand side and the function f5 is an affine mapping from the right Sierpinski triangle to the equilateral Sierpinski

triangle (see Figure 14).

-

=3
=3

M

Fig. 14: An expanding, two folding and two affine mappings on the right Sierpinski triangle

Note that F restricted to the right Sierpinski triangle is surjective and {F"(x,y)} diverges to infinity if (x,y) is not an
element of the right Sierpinski triangle. Hence, the right Sierpinski triangle can be generated by the escape time algorithm
(for the images see Figures 15 and 16).

(© 2018 BISKA Bilisim Technology
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> with(plots):
f[1l] :=(x,y) ->(evalf (2*x) ,evalf (2*y)):
fl2] :=(x,y) ->(evalf (x+y/2) ,evalf (y*sqrt(3)/2)):
£[3]:=(x,y)->(-1/2*%abs ((x-2) /2+y*evalf (sqrt(3) /2)) +evalf (sqrt(3)
/2) * (evalf (sqrt(3) /2) * (x-2) -y/2) +2,
-evalf (sqrt(3)/2) *abs ((x-2) /2+y*evalf (sqrt(3)/2))+1/2* (y/2-evalf
(sgrt(3)/2)*(x-2))):
fl4]:=(x,y) ->(evalf (l-abs(x-1)),evalf(y)):
£[5]:=(x,y) ->(evalf (x-y/sqrt(3)) ,evalf (2*y/sqrt(3))):
> F:=(x,y)->£[5] (£[4] (£[3]1 (£[2] (£[1](x,¥))))):
> rightsierpinski := proc(a, b)
local A,Al,A2, m;
A[l] :=a:
A[2] :=b:
Al:=A[1]:
A2:=A[2]:
for m to 50 while A1"2+A2"2 < 2 do
A := F(A[1]l, A[2]):
Al:=A[1]:
A2:=A[2]:
end do;
m;
end proc:
densityplot(rightsierpinski, 0..1, 0..1, colorstyle=HUE,
grid=[1000, 1000], style=patchnogrid, axes=none) ;

Fig. 15: The construction of the right Sierpinski triangle via the escape time algorithm

(© 2018 BISKA Bilisim Technology
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> restart;
> with(plots):
> £[1]:=(x,y) ->(evalf (2*x) ,evalf (2*y)):
£[2] :=(x,y) ->(evalf (x+y/2) ,evalf (y*sqrt(3)/2)):
f[3]l:=(x,y)->(-1/2*abs ((x-2) /2+y*evalf (sqrt(3) /2)) +evalf (sqrt(3)
/2) * (evalf (sqrt(3) /2) * (x-2) -y/2)+2,-evalf (sqrt(3) /2) *abs ((x-2) /2
+y*evalf (sqrt(3) /2))+1/2* (y/2-evalf (sqrt(3)/2) *(x-2))):
£[4] :=(x,y) ->(evalf (l-abs(x-1)),evalf(y)):
f[5]:=(x,y)->(evalf (x-y/sqrt(3)) ,evalf (2*y/sqrt(3))):
F:=(x,y)->£[5] (£[4] (£[3] (£[2] (£[1] (x,¥))))):
> step:=0.001:
> say:=0:
for i from 0 to 1 by step do
for j from 0 to 1 by step do
a:=evalf (F(i,3)):
for k from 1 to 8 do
a:=evalf(F(alll,al2])):
od:
if evalf(all]l”2)+evalf(al2]”2)<=1 then
say:=say+1l:
depolsayl :=(i,J);
fi:
od:
od:
> pointplot ({seq([depolt] [1],depolt] [2]],t=1..say) }, axes=none, symb
ol=point) ;
say;

Fig. 16: The construction of the right Sierpinski triangle without coloring

(© 2018 BISKA Bilisim Technology
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3 Conclusions

Fractals can be generated by different ways. This paper presents a different perspective to construct the classical fractals

via the escape time algorithm. This method can be also applied to generate different fractal sets.
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