(_/
CMMA 3, No. 3, 37-43 (2018) BISKA 37

Communication in Mathematical Modeling and Applicatig

http://ntmsci.com/cmma

Stability analysis of infectious diseases model in a
dynamic population

Joseph A. Akinyemi®, Micheal O. Adeniyi® and Angela U. Chukwu?

1Department of Mathematics and Statistics, Lagos Statet@bigic, Ikorodu
2Depatment of Statistics, University of Ibadan, Ibadan

Received: 24 July 2018, Accepted: 25 December 2018
Published online: 31 December 2018.

Abstract: The stability analysis of infectious disease model in a dyisgopulation is studied. The recruitment rate into thesptble
population is introduced since the population is dynaméaeby allowing a varying pouplation as a result of migratmal birth.The
model exhibited two equilibria: the disease free and endeftie local stability of the model is asymptotically staeenRy < 1 and
unstable wheiRy > 1. The global stability analysis of the disease free shoasttte system is globally stable when the first derivative
of Lyapunov function is negative.
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1 Introduction

Infectious disease cause a rapid change in the populatianyofommunity. They cause morbidity and mortality in the
population. Mathematical models play a significant rolgirdging the dynamical evolution and transmission of infacs
diseases. Hongbin Guo [5] studied the global stability & 8pidemic model with varying sub population. Zhang [8] did
a study on the global stability of an SEI model with generaitaot rate. Guihua Li [4] studied global stability of a SEIR
epidemic model in which the latent and incidence state wefieciive. Yu Zhang [8] examined the global stability of
endemic equilibrium point of basic virus infection modetiapplication to HBV infection. Xia Ma [6] studied the basic
reproductive numbeR, of a discrete SIR epidemic model and its global stabilityA Momoh [1] did a study on stability
analysis of an infectious disease free equilibrium of HigigaB using MSEIR model to understand the transmission
dynamics and control of HBV. Chunging Wu [2] studied the glbéisymptotic stability for the disease - free equilibrium
of a mathematical model for malaria transmission with twiage

2 Model formulation

The population is divided into four (4) compartmental greuhe Susceptible population (S), the Exposed population
(E), the Infected population (I) and the Recovered popattediR). We introduced a recruitment rateinto the population
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which is dynamic i.e migration and birth are possible. Thalelds

950 _ A~ aswi) - ust) + R 1)
di—?) = aS(t)l (t) — uE(t) —bE(t) — 5E(t) @)
d'd_(tt) = OE(t) — bl (t) — el (t) — pl (t) 3
di—gt) = bl (t) +bE(t) — cR(t) — uR(t), @

where/A = the recruitment rate at which the susceptible class isjygipulated,
a= the rate of infection,

b= the rate of recovery,

c=the rate at which recovered humans progress back to theilse class,
e= disease induced death rate,

u= Natural death rate,

d=rate at which the exposed class move into the infected cdmpat.
Equations 1-4 will be referred to as system 5-8

3 Methodology

The equilibrium points were first considered to evaluatedisease free equilibrium point and the endemic point of the

disease. At equilibrium, we set

dSs dE d dR

dt  dt  dt  dt
If the rate of change is Zero, that means the system is atiequih. Our work is to find out, at what points are the system
2 at equilibrium

(;—tS:A—aSI—uS+cR:0, (5)
‘jj_'f:as_(u+b+5)5=o, ()
%zéE—(baLeaLu)I:O, ()
Z—?:blanE—(caLu)R:O, (8)
solving these equations we have,
E=0

the disease free equilibrium and the endemic point,

_ (p+b+o)(btetp)
[S= 2 )

Substituting these stationary points into the system ofguns 5-8 to get values of S E | and R respectively. When
E=0,
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etP” = (S E" IV, =(%,0,0,0) an = (S E* I, e the values for S,E,I,R when
LetP? = (S,E,1° R?) (1‘1000) dP* = (S, E*,1*,R*) be the values for S,E,I,R wh

S (U+b+9d)(b+e+pu)
N ao
substituting S in equation (1), we have,
E_ (bL;“)', (10)
[0+ (bt+etpu)
Ren( St -
| (c+u)(Uu(u+b+9d)(b+e+pu)—and (12)
abc((0+b+e+pu)—(c+u)(u+b+9d)(b+e+pu)’

and the basic reproduction number of the model using thegeneration matrixc = FV ~1 whereF is the matrix of the
newly created infectior/ is the matrix of transferred infection is given\ds? is the inverse of matri¥, so,

as
I:I: 0 7i:172737
0
(M+b+0O)E
vie | (PTETIZOE 03

(c+ u)R—bl —bE

af af af
T |po A1 |po 3R |po 0 0
af af af
e | Bl | | _[000
ofs|  dfs|  dfs 0oo0o0|’
JE |po Il |po IR |po
flzaSI,fZ: 1::_),:07
(L+b+9) 0 0
V— -6 (b+e+pu) O
-b -b  (c+u)
aAd(c+p) aA 0
u(pbro)(bterp) p(bretp)
G 0 0
0 0 0

The dominant eigenvalue of G is the basic reproduction nurdéeoted byRy, i.e |G— Al| = 0 where | is the identity
matrix. So,

and

RO:u(u+b+6)(b+e+u) (13)
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3.1 Local stability analysis of the Disease free equilibrium

Theorem 1. The disease-free equilibrium of system (5-8) is locally asymptotic stable if Ry < 1 otherwise unstable.

Proof. The Jacobian matrix of system (5-8)Ré

al—u 0 —as c
a —(u+b+9) as 0
J= 0 o —(b+e+u) O ,
0 b b —(c+u)

at
p’ = (S°,E% 10 RY) = (%,0,0,0).

Therefore, the characteristic equation is given by
|3(P%) — Al =0(10)

and solving this gives,
(M+H)=0, (Az+(c+p)=0

and
A2+ (2b+e+2u+8)A + (U+b+8)(b+e+ u)(1—Ry) =0. (14)

If Ry < 1, then by Descarte’s rule of signs, there is no sign changeceh¢ere are no positive roots of equatias)(

Furthermore, ifA is replaced by-A in equation {4).
A2 —(2b+e+2u+8)A + (U+b+3)(b+etp)(1—Ry) =0 (15)

If Ry < 1, then equation (15) has two signs change, hence there ardyexacnegative roots of equatioi4) Therefore,
PO is locally asymptotically stable Ry < 1. The result follows immediately th&° is unstable iRy > 1.

3.2 Global stability of disease-free equilibrium

In testing for the global stability of the disease free dfuiilm of the model, We make use of Lyapunov function which
says
L(E,l) = (u+b+ )l + OE. (16)

If the first derivative of Lyapunov function is negative thtee system (5-8) is globally stable thus, Differentiatiaggation
(16) along the solutions of equations (2) and (3) at the disé&ze point

L' = (u+b+3)l' +oE
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we have,

(L+b+3)(SE— (b+e+u))+ (@S — (U+b+S)E) = (U+b+8)0E — (u+b+3)(b+e+ p)l + das
—(u+b+0)0E
=dasS — (U+b+9d)(b+e+p)l
= (3aS— (U +b+3)(b+e+p))l

daS
=(u+b+0)(b+e+pu) <(u+b+6)(b+e+u)1) l.

At the disease free,

dan

== u(u+b+6>(b+e+u>_l)'

=>

=(u+b+9)(b+e+p) (

solving this at the disease free point, we have,

daA 1)|
H(p+b+d)(b+e+pu) ’

S§%(u+b+6)(b+e+u)<

Thereforel’ = (u+b+9)(b+e+u)(Ro— 1)l , L' < 0wheneveRy < 1 andl > 0, furthermorel’ = 0 wheneveR, = 1
and orl >0, L’ <0if Ry < 1andl >0, which shows the system (5-8) is globally stable.

4 Analysisand conclusion

Using the data of 1995 Ebola outbreak in Kikwit Zaire citedZach Yarus [9] we have , the results of numerical
simulations of the dynamical behaviour of system 2 as ptesdy using Maple 18 and with the parameter values from
Zach Yarus (2012).

The Variation of total population when Ry > 1

To know how the total population will look like if the reprodiion numberR, > 1, in the figure 1 below, the infected
population increased as the susceptible individuals dsekand the exposed decreased. It implies that, effortshaus
intensified to control the most sensitive parameters whiehitee transmission rate of the disease and the recruitrant r
into the susceptible population since it is a dynamic padrnisso that the reproduction number can be brought below 1,
so that the disease can die out. Figure 2 is when the repioduaimberRy < 1 which means the effect of the disease
has greatly reduced in the long run because the reproduatiomer has been brought below 1 which means the disease
will die out in the long run and the total population will beé of the disease.
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Fig. 1: Variation of the total population against time f&s greater then 1.
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Fig. 2: Variation of the total population against tireevhenR(0) < 1.
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