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Abstract: In this paper we consider special ruled surfaces assodiateidnnheim curvex and Mannheim partner*, with ky # 0.
They are called as Frenet ruled surface (FRS) and MannheameFruled surfaces (MFRS), cause of their generators areettet
vector fields of Mannheim curve paia (a*). First we give the tangent vector fields of the strictionveisrof Mannheim Frenet ruled
surfaces in terms of the Frenet apparatus of Mannheim aunfeurther we give only one matrix in which we can examine srte
position of these tangent vector fields, such that we canteagdnditions of perpendicularity of these tangent vectdd$i.
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1 Introduction

A curve is called a Mannheim curve if and only- is a non-zero constark; is the curvature ankb is the torsion

k
(ki +13)
by A. Mannheim in 1878. Liu and Wang ii(] give a new definition as; if the principal normal vector o&ficurve and
binormal vector of second curve are linearly dependenh finst curve is called Mannheim curve, and the second curve
is called Mannheim partner curve. Also they called these oiawes as Mannheim pair curve. Leet | — E3 be theC?—

class differentiable unit speed curve with the quantifiés V-, V3, D, ki, ko} are collectively Frenet-Serret apparatus of

the curvea : | — E3. WhereD(s) = %(S)Vﬂs) +V3(s) under the condition that; # 0O is called the modified Darboux
1

vector field ofa [5]. Leta* : 1 — E2 be second curve an/; (s*),V5 (s*),V5 (s*) } be the Frenet frames of the curaé
If the principal normal vectoy, of the curvea is linearly dependent on the binormal vecii(s*) of the curvea*, then
the pair{a,a*} is a Mannheim pair, sa is called a Mannheim curve and' called Mannheim partner curve afwhere
m . :

£(V1,Vf)=0# 5 Mannheim partner curve af can be representatt(s) = a*(s") + A (s")V; (s*) for some function

. . . . —ki .
A, sinceV; andVy are linearly dependent, Equation can be rewrittea’ds) = a(s) — AVx(s) [11], whereA = WT(Z is

1T K2

a non-zero constant. Frenet-Serret apparatus of Mannteimgn curvex*, based in Frenet-Serret vectors of Mannheim
curveq are

L VKK
V[ =cosBV; —sinBVs, V5 = sinBVy + cosbVs, V3 =V, D* = +————(cosBV; — sinBV3) + Va.

9/
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. . . de o k
The curvature and the torsion have the following equalykps- —— = —— andk; = L we use dot to denote the
ds g cosf Ako
o . S 1 1
derivative with respect to the arc length parameter of theeca. Also — = [11]. Also we need the

ds  JVIf{Ak, cosB

following equalities;

k@

B 6"°A2k2cos 6 ki 2226’ cosB
1™ XkocosB’

2300 T P12 A2Ke07 1 Kcog 0’

n* _ k9£2+k§2:

2 Frenet ruled surface and Striction curves

A ruled surface is one which can be generated by the motionstrfagght line in Euclidean-3space, I]. Frenet ruled
surface is one which can be generated by the motion of a Fventdr of any curve in Euclidean-3pace: We bring here
the famous example of L. K. Graves, so called thesBroll, in [3]. Involute B—scroll is defined and based on normal
vector fields are examined i8]} The differential geometric elements of the involiiescroll are examined inif]. The
positions of normal vector fields of BFRS and their strictiomves are examined i, [ 8]. Also in [12] Mannheim offsets

of ruled surfaces are defined and characterized. In thisestiba tangent, normal, binormal, Darboux ruled surfades o
any curve are collectively named Frenet ruled surfaces JFBSThey have the following equations. In the Euclidean
3—space, letr(s) be the arclengthed curve. The equations

$1(s,u1) = a(s) + UrVA(S), P2(S Uz) = a(S) + UaVa(S), Pa(SUz) = a(S) + UgVa(s), Pa(s Us) = a(s)+usD(s),

are the parametrization of Frenet ruled surfaces which afecctangent ruled surface, normal ruled surface, binbrma
ruled surface, Darboux ruled surface, respectively2jnThe striction point on a ruled surfagg(s,v) = a(s) + ve(s) is

the foot of the common normal between two consecutive géoargor ruling). The set of striction points defines the
striction curve given by

<a& eS> e(s)
(6s,65)
[1], [4]. The striction curves of four Frenet ruled surfaces is gilsg the following matrix

c(s)=a(s) —

0 0 0
k
— 2 : 2 0
G—a ks + k5 vy
a-al | o o o ||,
cL—a ka 2

- -1
0 R
W)
k1 ki

[9]. Tangent vector field$;, T», T3 andT, of striction curves of Frenet ruled surfaces, respectiaetygiven by

Ty 100

Vi
T abc

=A== v

3 100 v

Ta dOe 3

ki ! ;1 ko
a— k% b— ﬁ) c— kiko :IJ*IJ*k—l o IJ/
nlic@®I" Nl nlicy(s)ll plicy)l 7 w2yl

(© 2018 BISKA Bilisim Technology



NTMSCI 6, No. 4, 196-202 (2018)ww.ntmsci.com BISKKA 19

k li
wheren = k2 +k3 andy = (k—i) [8].

3 Mannheim Frenet ruled surfaces and striction curves

Definition 1. Let{a*,a} be Mannheim curve pair withyk# 0 and k # 0. The equations of the ruled surfaces

¢1(S"vi) =a*(s) +aVi (s),
$3(S",v3) =a(s) +VaV3 (s),

$5(S"v2) = () + VoV (),

2
b (s",va) = a*(s) + D" (sY)

are the parametrization of Frenet ruled surface of Mannhpartnera*. Further we can give the new definitions of these
surfaces as in the following way; are called Mannheim tanigeled surface, Mannheim normal ruled surface, Mannheim
binormal ruled surface and Mannheim Darboux ruled surfaegpectively. They are collectively Mannheim Frenet ruled
surface (MFRS).

Theorem 1.The equatinos of the striction curves of four Mannheim Frenled sur f aces along the Mannheim partner
a* in terms of Frenet apparatus of Mannheim curve

0 —A 0
¢ -a A2k20’ cosOsin® . 2226’ cog 0 v
G—a| _ | A2k3672+Kcog O A2k36"2 + K2co2 0 V|, B= ky cos9
G-a 0 —A 0 " YN
Ci—d Mo (/\ P ) K 02 0sing ’
Aka0B Ak0B ) NGOB ]

Proof. It is trivial that four the striction curves of four Freneted surfaces along Mannheim partner cueveare

¢ —a(s)— AVa(s),

* *

Ch =0a(S) + —5—=—SiNOVy — AVo(S) + —5—+—— cosHVs,
2 ( ) (k*Z k*Z) 1= 2( ) (k*Z k*Z) 3
C3 =a(s) —AVa(s),
ke ke
cy=0a(s) — cosbVy— | A + sin6Vs.

1
+
K 5 5

The striction curves of four Frenet ruled surfaces alongMaanheim partnea* are given by the following matrix

0 -A 0
c—a ﬁ sin@ —A ﬁ cosf
i (G2 +1G2) 2+6d % |
GQ-al _ 0 —A 0 v
¢ a Iy ks "
c—a ki 1 KL >
4 - *,cose—)\+ = L sind
(). ©).)
L \kp ki) ki) |

.k
by usmgk—% = k}&gg? = and derivation(

k, cosf !
) ( )1“(29, )colse = cgse = U™ we have the proof.

Hx*h\) *

(© 2018 BISKA Bilisim Technology


www.ntmsci.com

199 BIS K A s Kilicoglu, S. Senyurt and H. Kocayigit: On the strictiaurees of Mannheim Frenet ruled surface€m

Proposition 1. Tangent vector fields;T, To*, T3*, T4* of striction curves along Frenet ruled surface in terms oéret
apparatus by themself are given by

" 100
Vi *
* TZ* a* b* ¢ ;
M=, = A
Ts 100 s
Ta* d* 0 e 3
ko)’ *2 w, okl KoF o«
a*:kzi*z * — (ki_*) P ka'ke" L _HTH H e
eI eI T ntle (9 el
. u L ket
€ =———, =k —|—|(2, = (=
wled@r T =),
and
100
abc Vi
T =[A][V V.
[T]=[A]V] 100 V2
doe 3

Theorem 2.The product of tangent vector fieldg T,, T3, T4 and tangent vector fieldg T, T,*, Ts*, T4* of striction curves
of FRS and MFRS are given in terms of Frenet apparatus by

cosf a*cosf +b*sinf cosb d*cosf
T = acosf — csiné sinB(b*a— a*c) + cosf(a*a+ b*c) +c*b acosf — csinf d*(acosb — csinf) + be*
N cosf a*cosb + b*sin@ cosf d*cos@

dcosf —esin®  sinf(b*d—a*e) +cosf(a*d+b*e) dcosf—esin@  d*(dcosf — esin0)
Proof.Let [T] = [A][V] and[T*] = [A*][V*] hence

[TITT = [AVI(ATNVDT = AV AT

100 100 cosf sin@ 0
1 f T i A la*1d*
abc a* b* ¢* acos — csinb asin@ +ccosb b
= " V3 = . 0Ob*0 0
100 100 cosf sin@ 0
3 & . . Oc*O¢
dOe d© 0 e dcosf — esinf dsinf + ecosf 0

hence we have the proof. The matrix product of Frenet veattitSiof the Mannheim partner cura& Mannheim curve
a has the following matrix form;

V1 \ T cosf sinB 0

Vo | |V 0 0 1

Va| [ Vg —sinf cosf 0

Proposition 2. The four pairs of Frenet ruled surface and Mannheim Fren&disurface have not striction curves with
perpendicular tangent vector fields, these are; Tangertdsurface and Mannheim tangent ruled surface, Tangend rule

surface and Mannheim binormal ruled surface, Binormal dueirface and Mannheim tangent ruled surface, Binormal
ruled surface and Mannheim binormal ruled surface.
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Proposition 3. Normal ruled surface and Mannheim tangent ruled surfacernio ruled surface and Mannheim
binormal ruled surface have striction curves with perpenthr tangent vector fields if
kg

tanf = k_z

Proposition 4. Darboux ruled surface and Mannheim tangent ruled surfaag Rarboux ruled surface and Mannheim
binormal ruled surface have striction curves with perpenthr tangent vector fields if

(u—p =)

— Ki \/
tanf = m Where(k—z) .

Proposition 5.Tangent ruled surface and Mannheim normal ruled surfacegbal ruled surface and Mannheim normal
ruled surface of have striction curves with perpendicuardent vector fields if

—ki2cos 0

21,2012 2 22k,26'% cos )/'
(A220"% 4 ky2cog 9)(—A2k229,2+k1200 —

tanf =

Theorem 3. Tangent ruled surface and Mannheim Darboux ruled surfacepBnal ruled surface and Mannheim
Darboux ruled surface have striction curves with perpentiictangent vector fields if

B’ B\ 1 ki cosf ko*
— — = U h = — = —
cos@ (cose) cosO B=0; co9#0, where p Akocos®’ kit

Proof. Since(Ty, (Ta)*) = (T3, (Ta)*) = d* cosO, and under the orthogonality conditidiicosf = 0, hence

ko*

IJ* _ IJ*/ _ kl* B
HHllea (9)]l

*/ kZ*i Bl Bl 1 - * Bl 11
0= mu — " kl*foécose (cose) B =0 where S*f(cose)

cosh cos8’

Theorem 4.Normal ruled surface and Mannheim normal ruled surface retvietion curves with perpendicular tangent
vector fields under the condition

—ky A2y kzzkz) . (12) kecose’

—cos@+( + AkpCOSO

k2w —
A —kicos8  Ak,2 Ake"yy =0.

Proof. Since (T, (T2)*) = a*(acosf — csind) + b*(acosd + csinB) + bc*, and under the orthogonality condition
a*(acosf — csinf) + b*(acosh + csinf) + bc* = 0, hence

I(Zi*z(acose —csinf) + L:)/acose +csinf + bﬂ =0
n*llc (s)l* n*llc (s)l* UNIEO] .
k2 ! /
—kg A2y koo () kicosd 2,
A COSQjL(—hcos@Jr /\kzz)smeJr ko cos6 —Ake"yy =0
k- * k * 2\ '/ k *
whereZ- = (kl*zikz* ) osp andn. ik = yLs.
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Theorem 5. Tangent vector fields of striction curves along normal rudedface and Mannheim Darboux ruled surface
are perpendicular under the condition

(( F )2—( F )' B BB,)(acos@—csin9)+b( i3 )’:o,

cosB cosf’ coZ 0 cosf cosfO

Proof. Since(T, (T4)*) = d*(acosf — csinB) + be* and under the orthogonality conditidii(acosf — csin) +be" = 0

ko*

| _ ' ke . /
acosf —csinf)+b—5——=0=p*(u* — p* acosf —csinf) +bu* =0

RECIR AT ( k) )

= (( F )2*( F )’ B BB,)(acostcsinG)qu( B ) =o0.

cosf cosf’ coZ 0 coso cosf

wheref3 = Ak L andu* = (ki )’ o

Proposition 6. Tangent vector fields of striction curves along Darbouxdwdarface and Mannheim normal ruled surface
are perpendicular under the condition

d( — (K 2 +ko?) )2 n ek229/2+c0529(k12+k22)2 ( ko2 cosd )' 1
ko ky2co20 ky26'?+coL6 (k12 +ky2)2/ cOSB
d ko202 1+ coL 0(Kq 2+kp2)2 ( Okp? cosh )/ 1 e( (ki%+ko?) ) 2’
ko2coL0 k202 +coR0 (k2 +ky2)2/ COSB ko

tanf = —

Theorem 6.Tangent vector fields of striction curves along Darboux dweirface andMannheim Darboux ruled surface
are perpendicular under the conditiog% — (cgse) —B=0 or tanf=7%
Proof. Since(Ty, (T4)*) = d*(dcos6 — esin6) = 0.Then

k*
I‘l**“*/*ki_* y B/ , 1
~ e ()|l H S*_(cose) cos@’

dcose—esinezo:tanezg oo d*=0
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