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1 Introduction

Finding fixed point through implicit functions is an intetieg concept. In 1997, Popdl,12] introduced implicit
functions without contraction conditions to prove fixed mtoiheorems in metric spaces. Implicit function useful to
several contraction conditions simultaneously to find kncaae well as unknown contraction conditions. Latter, S.
Sharma and B. Deshpanddd], established an implicit relation for compatible mapgngn Banach spaces.
Subsequently, Javid Ali and Imdad][define implicit function of contraction conditions in mietrspace to prove a
general common fixed point theorem of weakly compatible nraggosatisfying the common property (E.A.). In 2006, I.
Altun, H.A. Hancer and D. Turkoglul], proved a fixed point theorem for multivalued mapping $gitigy an implicit
relation on metrically convex metric spaces. Many auth@gehproved common fixed point theorems under implicit
relation conditions for this we refer [2, 3, 6, 15].

2 Implicit relations

Let @ be the set of all real continuous functiorpsRi — R satisfying the following conditions;

@ : is non—increasing on each variable
@ : there exists ke (0,1) suchthat for every w > 0 with

1
o(u,v,v,u,u) <0, or¢(u,\4v,u,§(u+v)) <0, forallu<kw
@s: forevery uv> 0and ae (0,2]with
@sa: @(u,u,au,0,u) > 0,
Oap - (P(Ua U,O, au, U) > 07
@sc: ©(0,u,u,0,au) > 0,
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1 1
W (p(u,O,O,u,Eu) >0 or ¢(0,u,u,0, Eu

¢ : o(u,u,0,0,u) >0, forallu>0.

) >0

Example 1.DefineF (ty,tp,...t5) : R — R, as
F(t1,to,...t5) = t1 — kmaxty,t3,ta, 5},
wherek € [0,1), clearlyF € @.
Example 2.DefineF (ty,tp,...ts) : RS — R, as
F(tto,...ts) = t; — kmaXto.ts, ta.ta, tats},
wherek € [0,1), clearlyF € .
Example 3.DefineF (ty,tp,...ts) : R2 — R, as
Fty,t,...ts) =t1 — o (ta, 1),
wherea € [0,3), clearlyF € ®.
Example 4.DefineF (ty,tp,...t5) : R — R, as
Fty,t,...ts) =t1 — o (ta, 1),
wherea € [0,3), clearlyF € ®.
Example 5.DefineF (ty,tp,...ts) : RS — R, as
F(ty,to,...t5) = t2 — aty.ty — Btats— yiats,
wherea, 3,y > 0anda + 3+ y < 1, clearlyF € .
Example 6.DefineF (ty,tp,...ts) : R2 — R, as
F(t1,tp,...15) =t1 — amaxXty,t3} — fmaXty +t3,t4+ t5},

wherea, 3 > 0 anda + 203 < 1, clearlyF € &.
In 1995, G.Jungck and H.K. Patha#] [introduced the definitions of biased maps and weakly kiasaps.

Definition 1. [8] Let A and S be self-maps of a metric spd&ed). The pair(A,S) is S-biased iff wheneveix,} is a
sequence in X and AYSx —t € X, then

a d(SA%,S%) < ad(ASx,Ax) if a=Iliminfandif a =lim sup
Definition 2. [8] Let A and S be self-maps of a metric sp&¥ed). The pair(A,S) is weakly S-biased iff Ag Sp implies
d(SApSp <d(ASpAp).

Definition 3. [10] Let A and T be selfmaps of a set X. If AXT x=w (say), we X, for some x in X, then x is called a
coincidence point of Aand T and w is called point of coincieaf Aand T.

Definition 4. Let A and T be selfmaps of a set X, then the p&iiT) is said to
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(i) be compatible 7] if limn,d(ATx,TA%) = 0, whenever {x,} is a sequence in Xsuch that
lIMp_o A% = liMp_e T X, =t, for some tc X.
(i) be weakly compatibled] if TAx = ATx whenever Ax Tx x € X.
(iii) be occasionally weakly compatible (owd)f] if TAx = ATx for some x C(A,T), where GA T) is the set of
coincidence points of Aand T.

The relations between the above definitions are as follows.

(i) Every compatible pair is weakly compatible but its corseeneed not be trug]|
(i) Every weakly compatible pair is occasionally weaklyngpatible but its converse need not be tfaG[

In this paper we established a common fixed point theorem ing isased map through a new type implicit function.

3 Main result

Our main result is following. Le#, B, SandT be a selfmaps of metric spa¥esatisfying the following conditions:

@(d(Ax By),d(Sx Ty),d(SxAx),d(Ty, By), %[d(sx By) +d(AxTy)]) <0 1

for all x,y € X, wherep € @ andA(X) C T(X) andB(X) C §(X).

for an arbitrary poinkg € X there exists a poing € X such thaA\xg = T x;. SinceB(X) C S(X) for this pointx; € X, we
can choose a poink € X such thaBx; = Sx and so on, we can define a sequefsg in X such that

Yon = A¥on = TXony1 @and Vony 1 = BXony1 = Sxno foreveryn=0,1,2...... (2

Lemma 1.Let(X,d) be a metric space and A, B, S and T be a selfmaps of X satisherfgltowing conditions (1) and
(2). Then the sequendgy } is Cauchy sequence in X.

Proof. On takingx = Xz, andy = xgn1 in (1), then we obtain

1
(P(d(AXZn, BXon11),d(S%n, TXent1),d(Sxn, A%en), d(T Xens 1, BXen 1), 5 [d(S¥n, BXens 1) + d(AXZn,TXZnJrl)]) <.

'2

By using (2), we have

1
(P(d(YZmYZnJrl); d(Y2n-1,¥2n),d(Y2n-1,¥2n),d(Y2n, Yon+1), E[d(YZn—l,y2n+l) + d(y2n,y2n)]) <0. (3)

Let us considenz, = d(Yon,Yont1) @anddon—1 = d(yan—1,Y¥2n). Then, by using triangular inequality, the propegiyand
@ and (3), we get

1
@(azn, Q2n-1, 02n_1, O2n, 5lazn+ 0zn-1]) < 0.

Oon < Koon_1 < Oon—1.

Similarly, we can show thatz,. 1 < a2, therefore
On < Opg1 VN 4)
Therefore{an} = {d(yn,Yn+1)} is decreasing sequence and hence

lim d(yn, ¥n+1) = 0. (5)
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Now, we have to show that the sequerdgg} is a Cauchy inX, for this it is sufficient to show thafy,,} is a Cauchy
sequence. If possiblgy,} is not a Cauchy sequence, théa > 0 s.t. for each even integkr3 an even integeri®k) and
2m(k) with 2m(k) > 2n(k) > k s.t.

d(Yan(k)s Yomk)) > &, (6)

for each even integek, let 2m(k) be the least positive integer exceeding(k) satisfying (6) then we have
d(Yan(k)> Yom—2) < € and triangle inequality

€ < d(Yan(k)» Yami)) < d(Yan(k)» Yom(k)—2) + A (Yam(k)—2: Yamk)—1) + d(Yamk)—1, Yamik))
< €+ d(Yam(g—2: Yom(k)—1) + A (Yam()—15 Yom(k))-

On taking lim_,.,, we have
lim d(yzn(k): Yamiky) = € )

By using triangular inequality, we have
d(Yan(k)» Yamik+1)) — A(Yan(k) Yomi)| < A(Yan(k)> Yon()+1)-

On taking limits ak — o, we get
lim d(Yan), Yamik+1)) = €. (8)

Again using triangular inequality, we have
|d(Y2n(k)— 1, Yamk)) — d(Yan(k) Yamik))| < d(Yan(k)> Yank)—1)-

Applying limits ask — o, we get
lim d(Yanaq -1, Yamiy) = €. 9)

And Again using triangular inequality, we have
A (Yan(k)—15 Yom(g+1) — d(Yan(o -1, Yam(i )| < A(Yamiie) Yom(io+1)5

Applying limits ask — o, we get
lim d(Yan( -1, Yom +2) = €. (10)

On takingX = Xon(k) andy = Xomy 11 in (1), we obtain

@(d(A%n(i), BXomi-+1),d(S¥en(is T Xemii-+1)> A (Sen(i» A%en(ig)) (T Xk + 1, BXomii 1)

1
E[d(S)@n(k)a BXom(i)+1) + d(A%n(is TXom+1)]) <0,

by using (2), we get

@(d(Yan(k)» Yom(g+1)d(Van(g -1, Yom)» A (Yan(io 15 Yan(i)» A (Yamik)» Yoo 1)

1
51d0Van(9 -1 Yami) 1) + d(Yan(k): Yami)]) <O,

On taking lim_,. and using and (7)-(10), we have

¢(£,£,0,0,¢) <0,
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a contradiction, by the propertgs. Therefore{y,n} is a Cauchy sequence. Consequefithy 1} is a Cauchy sequence.
Hence{yn} is a Cauchy sequenceXa

Proposition 1. Let (X,d) be a metric space and A, B, S and T be a selfmaps of X satisheagality (1) and suppose
that R= {x€ X: Ax=Sx and P= {xe X:Bx=Tx}. Then, either

(@) AX) c T(X) and R# ¢ = P # ¢ holds or
(b) B(X) C S(X) and P#£ @ = R+ ¢ holds.

Furthermore, A, B, S and T have a common coincidence pointin X

Proof. Assume thata) holds. LetR is non empty i.éAt = St, t € R. SinceA(X) C T(X), there is a pointv € X such that
At = Tw. Therefore
At=St=Tw (11)

Now, we show thaBw = Tw, assume thaBw# Tw, on takingx =t andy = w in (1), we get
@(d(At,Bw),d(St Tw),d(St At),d(Tw Bw), %[d(SL Bw) +d(At, Tw)]) <O0.
From (11), we get
@(d(Tw,Bw),d(Tw Tw),d(St At),d(Tw Bw), %[d(Tw, Bw) +d(Tw, Tw)]) <0,

implies that
o(d(TwBW) 0.0, d(TwBW). 3 [d(TwBw)]) <0,

a contradiction, by the property gk. Thus

Bw= Twimplies thatP is non empty

HenceA, B, SandT have a common coincidence pointin Similarly, the procedure of proof is same lines if (b) holds

Proposition 2.Let A, B, Sand T self maps on metric space X. If the §&irS) and(B, T ) are have a common coincidence
point. Then A, B, S and T have unique common fixed point in Xidad the pairgA,S) is S-weakly biased map and
(B, T) is B-weakly biased map.

Proof.Let A, B, SandT have a common coincidence pointini.e

At =St=Tw=Bw=r. (say) for sometw e X (12)

First, we show that is fixed point ofA. Supposé\r # r, choosex =r andy = win (1), we have
@(d(Ar,Bw),d(Sr, Tw),d(St Ar),d(Tw,Bw), %[d(Sr, Bw) +d(Ar, Tw)]) <0.

From (12), we obtain that

@(d(Ar,r),d(Srr),d(Str) +d(Arr),d(r,r), %[d(Sr, r)+d(Arr)]) <O0. (13)
Since the paifA, S) is S'weakly biased then from (12), we have
At = St=- d(SAt St) < d(ASt At)d(Srr) < d(Ar,r). (14)
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Therefore, by using (13)-(14), we get
@(d(Ar,r),d(Ar,r),2d(Ar,r),0,d(Ar,r)) <0,

a contradiction, by the property gk,. Hence
Ar=r. (15)

Thus, from (14) and (15), we get
Ar=Sr=r. (16)

Now, finally we show that is a common fixed point d andT. Since the paifB, T) is B-weakly biased map then from
(12), we have

Bw=Tw=-d(BTwBwW) < d(TBwTw) = d(Br,r) <d(Tr,r). 17)
Now, we show thal'r = r, suppose thalr # r, choosex=r andy =r in (1), we get
@(d(Ar,Br),d(St Tr),d(SrAr),d(Tr,Br), %[d(Sr, Br) +d(Ar,Tr)]) <O0.

By using (16), we have
@(d(r,Br),d(r,Tr),0,d(Tr,Br), %[d(r,Br) +d(r,Tr)]) <O.

By using triangle inequality and (17) and propertygmf we get
@(d(r,Tr),d(r,Tr),0,2d(r, Tr),d(r,Tr)) <0,
a contradiction, by the property gky,. Thus
Tr=r = Br=r. (by(17)) (18)

HenceA, B, SandT have common fixed point iX. Unigueness is easily verify that by traditional method.

Theorem 1.Let(X,d) be a metric space and A, B, Sand T be a selfmaps of X satishgrigequality (1); AX) C T (X)
and BX) c S(X), one of the ranges(X), B(X), S(X) and T(X) are a complete subspace of X, the pdisS) is S-weakly
biased andB, T) is B-weakly biased mapping. Then A, B, S and T have a uniqueoarfixed pointin X.

Proof.From Lemma 1. the sequen¢g, } is Cauchy inX. Assume thaf(X) is a complete therefore,
AimoyZn = ALQ}OAin = rI]iLrllmTXZnJrl =z (eX) (29)
Since{yn} is a Cauchy, it follows that lifL,. Yn = z. ThusAXen, BXoni1, S¥nt2, TXent1 are converges to a poinin X.

lim Axon = lim Bxoni1 = lim Sxoni.2 = lim Txeny1 = 2 (= Au). (20)

Since, A(X) C T(X),3Ive X s.t.
Au=Tv (=2 (21)

Now, we show thaf\u = Su choosex= u andy = xgn+1 in (1), we obtain

@(d(Au,BXons+1),d(SUTXent1),d(SuAU), d(TXons 1, BXons 1),

1
> [d(SuBxeni1) + d(AU7TX2n+1)]) <0.
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On taking limy_,» and using (21), we get
¢(d(Au,2),d(Suz),d(SuAu),d(z 2), %[d(SU, 2) +d(Au,2)]) <0,
By, property@ and (21), we get
®(0,d(Suz),d(Suz),0, %d(Suz)) <0,
a contradiction, by the property gi. Hence
Su=z = Au=Su=z

Then from Proposition 1. and Proposition 2, we gita common fixed point of, B, SandT in X. Uniqueness follows
from inequality (1) easily.

Corollary 1. Let (X,d) be a complete metric space and A, B, S and T be a selfmaps ofisfyisat the following
conditions;

0(d(Ax By), d(SXTy), d(Sx A d(Ty BY), 2 [d(SXBy) + d(AX Ty)]) <O

forall x,y € X, wherep € @. A(X) C T(X) and B X) C S(X), one of A, B, S, T is continuous, the paifs S) and (B, T)
are compatible maps. Then A, B, S and T have a unique commdpbikd.

Corollary 2. Let (X,d) be a complete metric space and A, B, S and T be a selfmaps ofisfyisat the following
conditions;

@(d(Ax,By),d(Sx Ty),d(SxAx),d(Ty,By), %[d(sx By) +d(Ax Ty)]) <0

forall x,y € X, wherep € @. A(X) C T(X) and B X) C §(X), one of A, B, S, T is continuou#, S) and (B, T) are weakly
compatible maps. Then A, B, S and T have a unique common fixed po

Corollary 3. Let(X,d) be a complete metric space and A, B, S and T be a selfmaps a$i¥isatthe following conditions;

0(d(AX BY),d(SXTy).d(SxAX),d(Ty BY). 3 d(SXBY) + d(AX Ty)]) <0

for all x,y € X, whereg € ®. A(X) C T(X) and B(X) C §(X), one of A, B, S, T is continuoud,S) and (B, T) are
occasionally weakly compatible maps. Then A, B, S and T hamgqae common fixed point.

The following example is support of our main theorem and a@gplicable to Corollary 1 and Corollary 2.

Example 7.Let X = [0,1] be endowed with the Euclidean metdx,y) = |[x—y|, andA,B,SandT be self maps iiX,

_Joiftxe(0,1) B
A(X)_{%M1 B(X)—{Oforallx
0ifx=0 0 ifx=0
S(X){l ifx;«éOT(X){l—xif X0
A(X) ={0,3} C T(X) =[0,1) andB(X) = {0} C S(X) = {0,1}, clearlyA(X) is a complete subspace of X. Finally, we

have to verify that condition (1) holds, odris the set of all real continuous functigts, tz, .. .ts) : Ri — R, satisfying
the conditions given in above. Define Byt;,t5, .. .t5) : Ri — R, as

F(tl,tz,...ts) =1 — kma>{t2,t3,t4,t5}, (22)
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wherek € [0,1), we verifyF € @. (@) : is trivial. (¢) : Letu > 0, ¢(u,v,v,u,u) = u—kmax{v,v,u,u} <0.Ifu>v
then u < ku < u, a contradiction. Thusu < v and u < kv, where k € (0,1). (¢sa)
¢(u,u,au,0,u) = u—kmax{u,au,0,u} = (1 —Kkj)u > 0, for all u> 0. (¢) : Similarly ¢(u,u,0,au,u) > 0. (¢sc) :
¢(0,u,u,0,au) > 0. (@) : ¢(u,0,0,u, %u) = u—kmax{u, %u} =(1- 'Q‘)u >0, forallu>0.(¢) : ¢(u,u,0,0,u) > 0O for
all u > 0, satisfying all the conditions of implicit relation.

Finally, we have to show that is satisfying our inequality (1). Only two cases are arises i

Case l.If x=1andy=0

1 3.5
< = —1.
4_kmax{1,4,0,8}
Casell.If x=1andy# 0
1 3 1+4dy
< - 1l-y—}
4_kmax{y,4,1 Y, 8

Rest of all possible cases vanishes. It is easy to observé¢htnarem 1 required conditions are holds and also O is the
unique common fixed point of A, B, S and T. At the fixed point tlaérp(A, S) and(B, T) satisfying S-weakly biased and
B-weakly biased.

Remark. The interesting note is that the above example the (f&if) is not compatible, there exist a sequerzg}
in X such thatx, = 1— %, n>1,thenlim_wBx =0and lim_oTX = Iimnﬁm% =0, now, lim e |BTX — TBX| =
|0— 1| # 0. Therefore corollary (3.1) is not applicable.
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