
NTMSCI 7, No. 1, 39-47 (2019) 39

New Trends in Mathematical Sciences
http://dx.doi.org/10.20852/ntmsci.2019.339

A fixed point theorem for biased maps satisfying an
implicit relation
Awnish Singh and Koti Prasad

Department of Pure & Applied Mathematics, Guru Ghasidas Vishwavidyalaya, Bilaspur, India

Received: 18 April 2018, Accepted: 31 December 2018
Published online: 17 March 2019.
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1 Introduction

Finding fixed point through implicit functions is an interesting concept. In 1997, Popa [11,12] introduced implicit
functions without contraction conditions to prove fixed point theorems in metric spaces. Implicit function useful to
several contraction conditions simultaneously to find known as well as unknown contraction conditions. Latter, S.
Sharma and B. Deshpande [14], established an implicit relation for compatible mappings in Banach spaces.
Subsequently, Javid Ali and Imdad [4] define implicit function of contraction conditions in metric space to prove a
general common fixed point theorem of weakly compatible mappings satisfying the common property (E.A.). In 2006, I.
Altun, H.A. Hancer and D. Turkoglu [1], proved a fixed point theorem for multivalued mapping satisfying an implicit
relation on metrically convex metric spaces. Many authors have proved common fixed point theorems under implicit
relation conditions for this we refer [2, 3, 6, 15].

2 Implicit relations

Let Φ be the set of all real continuous functionsφ : R5
+ →R+ satisfying the following conditions;

φ1 : is non− increasing on each variable

φ2 : there exists k∈ (0,1) such that f or every u,v≥ 0 with

φ (u,v,v,u,u)≤ 0, orφ (u,v,v,u,
1
2
(u+ v))≤ 0, f or all u ≤ kv.

φ3 : f or every u,v≥ 0 and a∈ (0,2]with

φ3a : φ(u,u,au,0,u)> 0,

φ3b : φ(u,u,0,au,u)> 0,

φ3c : φ(0,u,u,0,au)> 0,
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φ4 : φ(u,0,0,u,
1
2

u)> 0 or φ(0,u,u,0,
1
2

u)> 0

φ5 : φ(u,u,0,0,u)> 0, f or all u > 0.

Example 1.DefineF(t1, t2, . . . t5) : R5
+ →R+ as

F(t1, t2, . . . t5) = t1− kmax{t2, t3, t4, t5},

wherek∈ [0,1), clearlyF ∈ Φ.

Example 2.DefineF(t1, t2, . . . t5) : R5
+ →R+ as

F(t1, t2, . . . t5) = t1− kmax{t2.t3, t3.t4, t4.t5},

wherek∈ [0,1), clearlyF ∈ Φ.

Example 3.DefineF(t1, t2, . . . t5) : R5
+ →R+ as

F(t1, t2, . . . t5) = t1− α (t3, t4),

whereα ∈ [0, 1
2), clearlyF ∈ Φ.

Example 4.DefineF(t1, t2, . . . t5) : R5
+ →R+ as

F(t1, t2, . . . t5) = t1− α (t4, t5),

whereα ∈ [0, 1
2), clearlyF ∈ Φ.

Example 5.DefineF(t1, t2, . . . t5) : R5
+ →R+ as

F(t1, t2, . . . t5) = t2
1 −αt1.t2−β t3.t4− γ t4.t5,

whereα,β ,γ ≥ 0 andα +β + γ < 1, clearlyF ∈ Φ.

Example 6.DefineF(t1, t2, . . . t5) : R5
+ →R+ as

F(t1, t2, . . . t5) = t1− α max{t2, t3}− β max{t2+ t3, t4+ t5},

whereα,β ≥ 0 andα +2β < 1, clearlyF ∈ Φ.

In 1995, G.Jungck and H.K. Pathak [8], introduced the definitions of biased maps and weakly biased maps.

Definition 1. [8] Let A and S be self-maps of a metric space(X,d). The pair(A,S) is S-biased iff whenever{xn} is a
sequence in X and Axn,Sxn → t ∈ X, then

α d(SAxn,Sxn)≤ α d(ASxn,Axn) i f α = lim in f and i f α = lim sup.

Definition 2. [8] Let A and S be self-maps of a metric space(X,d). The pair(A,S) is weakly S-biased iff Ap= Sp implies

d(SAp,Sp)≤ d(ASp,Ap).

Definition 3. [10] Let A and T be selfmaps of a set X. If Ax= Tx= w (say), w∈ X, for some x in X, then x is called a
coincidence point of A and T and w is called point of coincidence of A and T.

Definition 4. Let A and T be selfmaps of a set X, then the pair(A,T) is said to
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(i) be compatible [7] if limn→∞ d(ATxn,TAxn) = 0, whenever {xn} is a sequence in Xsuch that
limn→∞ Axn = limn→∞ Txn = t, for some t∈ X.

(ii) be weakly compatible [9] if TAx = ATx whenever Ax= Tx,x∈ X.
(iii) be occasionally weakly compatible (owc) [16] if TAx = ATx for some x∈ C(A,T), where C(A,T) is the set of

coincidence points of A and T .

The relations between the above definitions are as follows.

(i) Every compatible pair is weakly compatible but its converse need not be true[9].
(ii) Every weakly compatible pair is occasionally weakly compatible but its converse need not be true[16].

In this paper we established a common fixed point theorem by using biased map through a new type implicit function.

3 Main result

Our main result is following. LetA, B, SandT be a selfmaps of metric spaceX satisfying the following conditions:

φ
(

d(Ax,By),d(Sx,Ty),d(Sx,Ax),d(Ty,By),
1
2
[d(Sx,By)+d(Ax,Ty)]

)

≤ 0 (1)

for all x,y∈ X, whereφ ∈ Φ andA(X)⊂ T(X) andB(X)⊂ S(X).

for an arbitrary pointx0 ∈ X there exists a pointx1 ∈ X such thatAx0 = Tx1. SinceB(X)⊂ S(X) for this pointx1 ∈ X, we
can choose a pointx2 ∈ X such thatBx1 = Sx2 and so on, we can define a sequence{yn} in X such that

y2n = Ax2n = Tx2n+1 and y2n+1 = Bx2n+1 = Sx2n+2 f or every n= 0,1,2...... (2)

Lemma 1.Let (X,d) be a metric space and A, B, S and T be a selfmaps of X satisfying the following conditions (1) and
(2). Then the sequence{yn} is Cauchy sequence in X.

Proof.On takingx= x2n andy= x2n+1 in (1), then we obtain

φ
(

d(Ax2n,Bx2n+1),d(Sx2n,Tx2n+1),d(Sx2n,Ax2n),d(Tx2n+1,Bx2n+1),
1
2
[d(Sx2n,Bx2n+1)+d(Ax2n,Tx2n+1)]

)

≤ 0.

By using (2), we have

φ
(

d(y2n,y2n+1),d(y2n−1,y2n),d(y2n−1,y2n),d(y2n,y2n+1),
1
2
[d(y2n−1,y2n+1)+d(y2n,y2n)]

)

≤ 0. (3)

Let us considerα2n = d(y2n,y2n+1) andα2n−1 = d(y2n−1,y2n). Then, by using triangular inequality, the propertyφ1 and
φ2 and (3), we get

φ
(

α2n,α2n−1,α2n−1,α2n,
1
2
[α2n+α2n−1]

)

≤ 0.

α2n ≤ kα2n−1 < α2n−1.

Similarly, we can show thatα2n+1 < α2n, therefore

αn < αn+1 ∀ n. (4)

Therefore{αn}= {d(yn,yn+1)} is decreasing sequence and hence

lim
n→∞

d(yn,yn+1) = 0. (5)
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Now, we have to show that the sequence{yn} is a Cauchy inX, for this it is sufficient to show that{y2n} is a Cauchy
sequence. If possible{y2n} is not a Cauchy sequence, then∃ε > 0 s.t. for each even integerk, ∃ an even integer 2n(k) and
2m(k) with 2m(k)> 2n(k)> k s.t.

d(y2n(k),y2m(k))≥ ε, (6)

for each even integerk, let 2m(k) be the least positive integer exceeding 2n(k) satisfying (6) then we have
d(y2n(k),y2m(k)−2)< ε and triangle inequality

ε ≤ d(y2n(k),y2m(k))≤ d(y2n(k),y2m(k)−2)+d(y2m(k)−2,y2m(k)−1)+d(y2m(k)−1,y2m(k))

< ε +d(y2m(k)−2,y2m(k)−1)+d(y2m(k)−1,y2m(k)).

On taking limk→∞, we have
lim
k→∞

d(y2n(k),y2m(k)) = ε. (7)

By using triangular inequality, we have

|d(y2n(k),y2m(k+1))−d(y2n(k),y2m(k))| ≤ d(y2n(k),y2n(k)+1).

On taking limits ask→ ∞, we get
lim
k→∞

d(y2n(k),y2m(k+1)) = ε. (8)

Again using triangular inequality, we have

|d(y2n(k)−1,y2m(k))−d(y2n(k),y2m(k))| ≤ d(y2n(k),y2n(k)−1).

Applying limits ask→ ∞, we get
lim
k→∞

d(y2n(k)−1,y2m(k)) = ε. (9)

And Again using triangular inequality, we have

|d(y2n(k)−1,y2m(k)+1)−d(y2n(k)−1,y2m(k))| ≤ d(y2m(k),y2m(k)+1),

Applying limits ask→ ∞, we get
lim
k→∞

d(y2n(k)−1,y2m(k)+1) = ε. (10)

On takingx= x2n(k) andy= x2m(k)+1 in (1), we obtain

φ
(

d(Ax2n(k),Bx2m(k)+1),d(Sx2n(k),Tx2m(k)+1),d(Sx2n(k),Ax2n(k)),d(Tx2m(k)+1,Bx2m(k)+1),

1
2
[d(Sx2n(k),Bx2m(k)+1)+d(Ax2n(k),Tx2m(k)+1)]

)

≤ 0,

by using (2), we get

φ
(

d(y2n(k),y2m(k)+1),d(y2n(k)−1,y2m(k)),d(y2n(k)−1,y2n(k)),d(y2m(k),y2m(k)+1),

1
2
[d(y2n(k)−1,y2m(k)+1)+d(y2n(k),y2m(k))]

)

≤ 0,

On taking limk→∞ and using and (7)-(10), we have

φ
(

ε,ε,0,0,ε
)

≤ 0,
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a contradiction, by the propertyφ5. Therefore{y2n} is a Cauchy sequence. Consequently{y2n+1} is a Cauchy sequence.
Hence{yn} is a Cauchy sequence inX.

Proposition 1.Let (X,d) be a metric space and A, B, S and T be a selfmaps of X satisfying inequality (1) and suppose
that R= {x∈ X : Ax= Sx} and P= {x∈ X : Bx= Tx}. Then, either

(a) A(X)⊂ T(X) and R6= φ ⇒ P 6= φ holds or
(b) B(X)⊂ S(X) and P6= φ ⇒ R 6= φ holds.

Furthermore, A, B, S and T have a common coincidence point in X.

Proof.Assume that(a) holds. LetR is non empty i.eAt = St, t ∈ R. SinceA(X)⊂ T(X), there is a pointw∈ X such that
At = Tw. Therefore

At = St= Tw. (11)

Now, we show thatBw= Tw, assume thatBw 6= Tw, on takingx= t andy= w in (1), we get

φ
(

d(At,Bw),d(St,Tw),d(St,At),d(Tw,Bw),
1
2
[d(St,Bw)+d(At,Tw)]

)

≤ 0.

From (11), we get

φ
(

d(Tw,Bw),d(Tw,Tw),d(St,At),d(Tw,Bw),
1
2
[d(Tw,Bw)+d(Tw,Tw)]

)

≤ 0,

implies that

φ
(

d(Tw,Bw),0,0,d(Tw,Bw),
1
2
[d(Tw,Bw)]

)

≤ 0,

a contradiction, by the property ofφ4. Thus

Bw= Tw implies thatP is non empty

HenceA, B, SandT have a common coincidence point inX. Similarly, the procedure of proof is same lines if (b) holds.

Proposition 2.Let A, B, S and T self maps on metric space X. If the pairs(A,S) and(B,T) are have a common coincidence
point. Then A, B, S and T have unique common fixed point in X, provided the pairs(A,S) is S-weakly biased map and
(B,T) is B-weakly biased map.

Proof.Let A, B, SandT have a common coincidence point inX. i.e

At = St= Tw= Bw= r. (say) f or some t,w∈ X (12)

First, we show thatr is fixed point ofA. SupposeAr 6= r, choosex= r andy= w in (1), we have

φ
(

d(Ar,Bw),d(Sr,Tw),d(Sr,Ar),d(Tw,Bw),
1
2
[d(Sr,Bw)+d(Ar,Tw)]

)

≤ 0.

From (12), we obtain that

φ
(

d(Ar, r),d(Sr, r),d(Sr, r)+d(Ar, r),d(r, r),
1
2
[d(Sr, r)+d(Ar, r)]

)

≤ 0. (13)

Since the pair(A,S) is S-weakly biased then from (12), we have

At = St⇒ d(SAt,St)≤ d(ASt,At)d(Sr, r)≤ d(Ar, r). (14)
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Therefore, by using (13)-(14), we get

φ
(

d(Ar, r),d(Ar, r),2d(Ar, r),0,d(Ar, r)
)

≤ 0,

a contradiction, by the property ofφ3a. Hence
Ar = r. (15)

Thus, from (14) and (15), we get
Ar = Sr= r. (16)

Now, finally we show thatr is a common fixed point ofB andT. Since the pair(B,T) is B-weakly biased map then from
(12), we have

Bw= Tw⇒ d(BTw,Bw)≤ d(TBw,Tw)⇒ d(Br, r)≤ d(Tr, r). (17)

Now, we show thatTr = r, suppose thatTr 6= r, choosex= r andy= r in (1), we get

φ
(

d(Ar,Br),d(Sr,Tr),d(Sr,Ar),d(Tr,Br),
1
2
[d(Sr,Br)+d(Ar,Tr)]

)

≤ 0.

By using (16), we have

φ
(

d(r,Br),d(r,Tr),0,d(Tr,Br),
1
2
[d(r,Br)+d(r,Tr)]

)

≤ 0.

By using triangle inequality and (17) and property ofφ1, we get

φ
(

d(r,Tr),d(r,Tr),0,2d(r,Tr),d(r,Tr)
)

≤ 0,

a contradiction, by the property ofφ3b. Thus

Tr = r =⇒ Br = r. (by(17)) (18)

HenceA, B, SandT have common fixed point inX. Uniqueness is easily verify that by traditional method.

Theorem 1.Let(X,d) be a metric space and A, B, S and T be a selfmaps of X satisfying the inequality (1); A(X)⊂ T(X)

and B(X)⊂S(X), one of the ranges A(X), B(X), S(X) and T(X) are a complete subspace of X, the pairs(A,S) is S-weakly
biased and(B,T) is B-weakly biased mapping. Then A, B, S and T have a unique common fixed point in X.

Proof.From Lemma 1. the sequence{yn} is Cauchy inX. Assume thatA(X) is a complete therefore,

lim
n→∞

y2n = lim
n→∞

Ax2n = lim
n→∞

Tx2n+1 = z. (∈ X) (19)

Since{yn} is a Cauchy, it follows that limn→∞ yn = z. ThusAx2n, Bx2n+1, Sx2n+2, Tx2n+1 are converges to a pointz in X.

lim
n→∞

Ax2n = lim
n→∞

Bx2n+1 = lim
n→∞

Sx2n+2 = lim
n→∞

Tx2n+1 = z (= Au). (20)

Since,A(X)⊂ T(X), ∃ v∈ X s.t.
Au= Tv. (= z) (21)

Now, we show thatAu 6= Su, choosex= u andy= x2n+1 in (1), we obtain

φ
(

d(Au,Bx2n+1),d(Su,Tx2n+1),d(Su,Au),d(Tx2n+1,Bx2n+1),

1
2
[d(Su,Bx2n+1)+d(Au,Tx2n+1)]

)

≤ 0.
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On taking limn→∞ and using (21), we get

φ
(

d(Au,z),d(Su,z),d(Su,Au),d(z,z),
1
2
[d(Su,z)+d(Au,z)]

)

≤ 0,

By, propertyφ1 and (21), we get

φ
(

0,d(Su,z),d(Su,z),0,
1
2

d(Su,z)
)

≤ 0,

a contradiction, by the property ofφ4. Hence

Su= z, ⇒ Au= Su= z.

Then from Proposition 1. and Proposition 2, we getz is a common fixed point ofA, B, SandT in X. Uniqueness follows
from inequality (1) easily.

Corollary 1. Let (X,d) be a complete metric space and A, B, S and T be a selfmaps of X satisfying the following
conditions;

φ
(

d(Ax,By),d(Sx,Ty),d(Sx,Ax),d(Ty,By),
1
2
[d(Sx,By)+d(Ax,Ty)]

)

≤ 0

for all x,y∈ X, whereφ ∈ Φ. A(X)⊂ T(X) and B(X)⊂ S(X), one of A, B, S, T is continuous, the pairs(A,S) and(B,T)
are compatible maps. Then A, B, S and T have a unique common fixed point.

Corollary 2. Let (X,d) be a complete metric space and A, B, S and T be a selfmaps of X satisfying the following
conditions;

φ
(

d(Ax,By),d(Sx,Ty),d(Sx,Ax),d(Ty,By),
1
2
[d(Sx,By)+d(Ax,Ty)]

)

≤ 0

for all x,y∈ X, whereφ ∈ Φ. A(X)⊂ T(X) and B(X)⊂ S(X), one of A, B, S, T is continuous,(A,S) and(B,T) are weakly
compatible maps. Then A, B, S and T have a unique common fixed point.

Corollary 3. Let(X,d) be a complete metric space and A, B, S and T be a selfmaps of X satisfying the following conditions;

φ
(

d(Ax,By),d(Sx,Ty),d(Sx,Ax),d(Ty,By),
1
2
[d(Sx,By)+d(Ax,Ty)]

)

≤ 0

for all x,y ∈ X, whereφ ∈ Φ. A(X) ⊂ T(X) and B(X) ⊂ S(X), one of A, B, S, T is continuous,(A,S) and (B,T) are
occasionally weakly compatible maps. Then A, B, S and T have aunique common fixed point.

The following example is support of our main theorem and not to applicable to Corollary 1 and Corollary 2.

Example 7.Let X = [0,1] be endowed with the Euclidean metricd(x,y) = |x− y|, andA,B,SandT be self maps inX,

A(X) =

{

0 if x∈ (0,1)
1
4 if x= 1

B(X) =
{

0 for all x

S(X) =

{

0 if x= 0
1 if x 6= 0

T(X) =

{

0 if x= 0
1− x if x 6= 0

A(X) = {0, 1
4} ⊂ T(X) = [0,1) andB(X) = {0} ⊂ S(X) = {0,1}, clearlyA(X) is a complete subspace of X. Finally, we

have to verify that condition (1) holds, ourΦ is the set of all real continuous functionφ(t1, t2, . . . t5) : R5
+ →R+ satisfying

the conditions given in above. Define byF(t1, t2, . . . t5) : R5
+ → R+ as

F(t1, t2, . . . t5) = t1− kmax{t2, t3, t4, t5}, (22)

© 2019 BISKA Bilisim Technology

www.ntmsci.com


46 A. Singh and K. Prasad: A fixed point theorem for biased maps satisfying an implicit relation

wherek ∈ [0,1), we verify F ∈ Φ. (φ1) : is trivial. (φ2) : Let u > 0, φ(u,v,v,u,u) = u− kmax{v,v,u,u} ≤ 0. If u ≥ v
then u ≤ ku < u, a contradiction. Thus u < v and u ≤ kv, where k ∈ (0,1). (φ3a) :
φ(u,u,au,0,u) = u− kmax{u,au,0,u} = (1− k)u > 0, for all u > 0. (φ3b) : Similarly φ(u,u,0,au,u) > 0. (φ3c) :
φ(0,u,u,0,au)> 0. (φ4) : φ(u,0,0,u, 1

2u) = u−kmax{u, 1
2u}= (1− k

2)u> 0, for all u> 0. (φ5) : φ(u,u,0,0,u)> 0 for
all u> 0, satisfying all the conditions of implicit relation.

Finally, we have to show thatφ is satisfying our inequality (1). Only two cases are arises i.e

Case I.If x= 1 andy= 0
1
4
≤ kmax{1,

3
4
,0,

5
8
}.

Case II. If x= 1 andy 6= 0
1
4
≤ kmax{y,

3
4
,1− y,

1+4y
8

}.

Rest of all possible cases vanishes. It is easy to observe that theorem 1 required conditions are holds and also 0 is the
unique common fixed point of A, B, S and T. At the fixed point the pairs(A,S) and(B,T) satisfying S-weakly biased and
B-weakly biased.

Remark. The interesting note is that the above example the pair(B,T) is not compatible, there exist a sequence{xn}

in X such thatxn = 1− 1
n, n> 1 , then limn→∞ Bxn = 0 and limn→∞ Txn = limn→∞

1
n = 0, now, limn→∞ |BTxn−TBxn| =

|0−1| 6= 0. Therefore corollary (3.1) is not applicable.
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