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Abstract: This paper deals with value distribution of higher ordefedéntial-difference operators of an entire function ahthmed
results improve some classical results on differentiaypoinials and deduce results of K. Liu, T.B. Cao and X.L. Lid][as particular
case of our results.
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1 Introduction and main results

We adopt fundamental results and the standard notatiohs dféavanlinna theory of meromorphic functions as expthine
in ([7], [11] and [20]). A meromorphic functionf means meromorphic in the whole complex plane. If no polesipcc
then f reduces to an entire function. Given a meromorphic functig@), recall thata (z) # 0, « is a small function with
respect tof (z) if T(r,a) = S(r, f), whereS(r, f) is used to denote any quantity satisfyi®g, f) = o(T(r, f)) andr — o
outside of a possible exceptional set of finite logarithmeasure. The ordegx(f) is defined by

+
p(f):limsupw.

r—00 logr
A polynomialp(z) is called a Borel exceptional polynomial 6§z) whenever
logt N
og (r, ;

1
A(f(2)—p(2) = "ijp Iog(f) - P(Z)>

<p(f),

whereA (f(z) — p(2)) is the exponent of convergence of zerod () — p(z). In this paper, we assume thais a nonzero
complex constanty is a positive integer and k is a nonnegative integer, unlderwise specified.

Recently the topic of distribution of values of differettiolynomials of different types in the complex plafiehas
attracted many mathematicians, a number of papers haveddan the zeros df(z) and its derivatives can be found in
([10,[11] and [21)).

In 2017, K. Liu, T.B. Cao and X.L. Liu17] investigated some classical results on the distributfarecos for differential
polynomials and differential-difference polynomials atitained the following results.
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Theorem 1. Let f(z) be a transcendental entire function of finite order. Ifrl, k> 0 and

N (r,%) =9(r,f),

then[f(2)"f(z+¢)]®¥ — a(2) has infinitely many zeros, wheeez) is a nonzero small function with respect t¢zf.

Theorem 2. Let f(z) be a transcendental entire function of finite order, whichds a periodic function with period c. If
n>1,k>0and N( ) S(r, ), then[f(2)"Acf]®) — a(2) has infinitely many zeros.

Theorem 3. Let f(z) be a transcendental entire function of finite orden > > +1, k>0and f has infinitely many

multiorder zeros, theff (2)"f (z+ ¢)]®¥ — p(z), has infinitely many zeros, wheré¢zpis a nonzero polynomial.

Theorem 4. Let f(z) be a transcendental entire function of finite order, whichds a periodic function with period c. If

n> IE(+ 1, k> 0and f has infinitely many multiorder zeros, thigiiz)"(f(z+c) — f(2))]®¥) — p(2), has infinitely many
zeros.

Theorem 5. Let f(z) be a transcendental entire function of finite order, I€z)pbe a nonzero polynomial, and letn1,
k> 0. If f has a Borel exceptional polynomialz), then[f(2)"f (z+¢)] — p(z) has infinitely many zeros exceizf =
a(2) +Aq(2)e?, n=1, and {2) = [q(2)q(z+ )], where €° = —1 and A is a nonzero constant.

Theorem 6. Let f(z) be a transcendental entire function of finite order, whiciméd a periodic function with period ¢
and let n> 1, k> 0. If f has a Borel exceptional polynomia(z), then[f(2)"(f(z+c) — f(2))]¥ — p(2) has infinitely
many zeros, except the casés)f= q(z) + he? n= 1, and pz) = [q(2)(q(z+¢) — q(2))]¥, where 8¢ = 1

In this paper, above theorems are generalized for higher dlifferential-difference operators as follows.

Theorem 7. Let f(z) be a transcendental entire function of finite order, whichas a periodic function with period c. If n
and m are positive integers with>n1, k> 0and N <r ) =9(r, ), then[f(2"AM ] — a(z) has infinitely many zeros,

wherea (z) is a nonzero small function with respect t(ef.
Remarklf m=1in Theorenv, then Theoren? reduces to Theoret

Theorem 8. Let () be a transcendental entire function of finite order, whichas a periodic function with period c. If
n and m are positive integers Withﬂ‘]g +1, k> 0and f has infinitely many multiorder zeros, theiiz)"AM ] — p(2),
has infinitely many zeros, wherézpis a nonzero polynomial.

Remarklf m= 1 in Theorens, then Theorend reduces to Theoreth

Theorem 9. Let f(z) be a transcendental entire function of finite order, whichas a periodic function with period ¢ and
If n and m are positive integers withxn 1, k> 0. If f has a Borel exceptional polynomia(z), then[f (2)"AMf]¥) — p(2)
has infinitely many zeros, except the casén £ q(2) + h(2e"% n= 1, and g2) = [q(2)(q(z+¢) — q(2))]¥, where
€9¢ =1, a is a nonzero constant andz?) is a nonzero entire function with(h) < p(f).

Remarklf m= 1 in Theoren®, then Theorend, reduces to Theore
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2 Some lemmas

We need the following Lemmas to prove our results.

Lemma 1. Let f be a transcendental meromorphic function of finite ortleen

m(r, f(fz(;c)) =9, f).

Lemma 2. [6] Let f(z) be a transcendental meromorphic function of finite ordeeh

T(r,f(z4c¢))=T(r,f)+ 9, f).
Lemma 3. [20] Let f(2) be a transcendental meromorphic function and let n be a ppesitteger. Then
T(r, £y <T(r, f)+nN(r, f) +S(r, ).
Lemma 4. Let f(z) be a transcendental meromorphic function of finite ordehwitr, f) + N <r, %) =8, f)and F(z) =
f(2)"Alf, where n and m are positive integer. Then
(n+1)T(r, f)+S(r, f) <T(r,F).
Proof. From the first fundamental theorem, Lemfnhand the assumption, we obtain

(n+1)T(r,f(2)= TI(r, f(z)”“) =T (r, f(Z)nlff(Z)) <T(,F(2)+T (r, Lgnzl)c) +9(r,f) <T(r,F(z)) + S(r, f).

Lemmab. [2] Let gz) be a transcendental meromorphic function of ord€rf) < 1,h > 0. Then there exists astset E
such that

g(zte)
g(z+c)

and
g(z+c)

9(2
as z— o in C\E, uniformly in c for |c| < h. Further, E can be chosen so that, for large £, the function g has no zeros
or polesin|{ —Z < h.

—1

Lemma6. [21], Lemmal Let f be a nonconstant meromorphic function anddét) be a small function of f such that
a(z) # 0,0. Then

T(r,f) <N(r,f)+N r,E +N r,; —N|r, ! - | +S(r, f).
f fk—a K

Lemma?7. [20], Theoreml.62 Let fj(z) be a meromorphic functions and let(%), k= 1,2,...,n— 1, be not constant
satisfying the relation

n
fi=1
N
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with n> 3. If f5(2) £ 0and

i N(rg )+ 1% < (A+0(W)T(r fo),

whereA <1, k=1,2,....n—1,then f(z) =

Lemma8. [20), Theoreml.51 Let fj(2), j=1,2,...,n, n> 2, be meromorphic functions and lef(g) j=1,2,...,n, be entire
functions satisfying:

(1) Zf ) =0

(2) 9j(22 —ok(2) is not constant foll < j <k <n,

(B) fori<j<n,1<h<k<n,T(rfj)=o0o(T(r,e%=%))(r — oo,r ¢ E), where EC (1,) is of finite linear measure
or finite logarithmic measure.

Then §(2 =0,j=1,2,...,n.

Lemma9. [6], Theoremd.2 Let Ay(2),...,An(2) be entire functions for which there exists an integed K | < n, such
that

P(A) > max p(A;(2)).

If f(2) is a meromorphic solution of

An(2)y(z+¢cn) + ... + A1(2)y(z+C1) +Ao(2)y(2) =0,

then
p(f) > p(AD)+1

Lemma 10. [5], Theoreml.2 Let Ry(2),...,Pn(2) be polynomials such that )Py (z) # 0 satisfying the relation
degPn(z) +... + Po(z)) = max{degR(z) : j =0,...,n} > 1.
Then every finite order meromorphic solutiofe)f( 0) of
P2 f(z+cn)+...+Pi(Z)f(z+ 1) + Po(2)f(2) =0
satisfies the inequalitg(f) > 1.

Proof. (Proof of theorem 7) LetF(z) = f(2)"AMf, thatisF (z) = f(2)"AM1(Acf). Since by hypothesis

N(r, f)—i—N( ) S(r, ).
We conclude that

N(r,F)+N(r,é)§N(ﬂW1Amf) ( )

N
m(r, AN ) + N, ADf) +S(r, f) <m <

( )<T(rA f)+S(r, f)

) m(r, f)+S(r, f) <T(r, f)+ S, f). (1)
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We have

T(LF)=T(r, f(2"A0F) <T(r, f(2™) + T(r,Af) +S(r, f) < nT(r, f) + m(r,ATf) + N(r, A" ) + S(r, f)

< nT(r,f)+m(r, Acf f) +m(r, )+ S(r, f) <nT(r, f)+m(r, f)+ Sr, f)

<nT(r )+ T(r )+ S, f) < (n+ DT(r, )+ S(r, 1),
From the above inequality and Lemmawve get

(n+)T(r,f)+S(r,f)=T(r,F).

Using, this with Lemmd and (1)

Sincen > 1 we conclude thaf (2)"AMf]%) — a(z) has infinitely many zeros.

Proof. (Proof of theorem 8) Let
F(z) = f(2"Alf.

Assume thaF % (z) — p(z) has finitely many zeros. From Hadamard factorization theouvee have
FY(2) - p(2) = h(2e", )
whereh(z) is a nonzero polynomial argiz) is a nonconstant polynomial, otherwiseik) = A, whereAis a constant, then

F®(2) - p(2) = h(z)€". This implies thaF (z) = f(2)"ATf is also a polynomial, which contradict$z) is transcendental
entire function. Differentiating?), we get

FD(2) - p(2) = [N (2 +h(2)q (2)]e%?. ®)

Combining @) with (3) and eliminatinggd®, we obtain

FiY@2 W@ +h@d@ [, H@+h@d@ 1
g~ hg o IPPT T g PO ERg @
F(k+l)(z) ) ) o )
We note that poles OW on the left hand side ol must be simple. If has infinitely many multiorder zeros and
k
>
n> 5 +1,
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W2 +h(2d (2
h(z)

then we can findg which is a zero off and not a zero dfi(z) andp'(z) — p(2). Thus, the poles of right

hand side of4) must be multiorder, a contradiction.

Proof. ( Proof of theorem 9) Assume thap(f) = s, wheresis a positive integer. Then the transcendental entire fonct
f(z) can be represented as

f(2) =a(2) + h(2)e™” (5)
wherea is a nonzero constant ahgz) is a nonzero entire function with
A(h) < p(h) <p(f)=s.

It follows from (5) that

f(z+¢) = q(z+C) + h(z+ ¢)e"#9° = q(z+¢) + hy (2)e°7,
where
hi(2) = h(z+ C)ea(C%f’lc+cgfzcz+...+C§712(§’1+O¢')' (6)
Thus
f(z4c¢)— f(2) = q(z+c¢) — q(2) + ((2) — h(2))e%% = qu(2) + ha(2)e°7 .
We have
APt = AIMf(z+0) = f(2) = AP MA(z+0) —a(2) + ((2) —h(2)e"”] = AT (2) + ha(2€77),  (7)

whereq; (2) = q(z+¢) —q(2) andhy(2) = hy(2) — h(z). Suppose thdtf (2)"A"f]K — p(z) has finitely many zeros. Thus,
from the Hadamard factorization theorem, we obtain

[f(2"A01)% — p(2) = C(2)e”.

This implies
[f(2"A0(F(z+¢) - 1(2)]% — p(2) =C(2)e”, (8)

whereC(z) is an entire function with finitely many zeros of org®iC) < sandy is a nonzero constant.
Case 1. Lek=0andn=1in (8), we get
[f(2A8(F(z+¢) - f(2)] - p(2) = C(2)e"". 9)
Substitutingf (2) = q(2) + h(2)e°Z in (9) we get
[0(2) +h(2e"*)[A8 *(a(z+¢) + h(z+¢)e"* 9" — q(2) —h(2)e””)] - p(2) = C(D)e"” .
We get

h(2)[A8"}(hu(2) — h(2))]€” + [h(2) (AT (a(z+ ) — d(2))) + a@ (AT (ha(2) — h(2)))]e™

= p(2) - 4(2)[A*(a(z+¢) — A(2)] + C(2)€"”. (10)

Subcase 1.1. Ip(2) — q(2)[AM%(q(z+c) — q(2))] = 0. If hy(2) = h(z), thena = y, follows from the equation presented
above. It follows from {0) and Lemmad thats = 1. Thereforenh(z) = h(z+ c)e“c. By using Lemméb we conclude that
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h(z) is a constant ané®® = 1. Thus,f(z) = q(z) + heé”? wheree”® = 1.

If hi(zz  # h(z2), then y 2a. From Lemma 8, we obtain
[h(2)(AM1(q(z+¢) — q(2)) + a2 (AL (h(z+ c)e" (ClAc+...+CS 1z 1+ ¢%) — h(2)))]e?Z = 0. By LemmaJ,
we gets= 1. therefore,

[h(@)(AT" *(a(z+0) — a(2)) +a(D(AL" H(h(z+c)e” ~h(2)))] = 0. (11)

Sincep(h) < 1 in Lemmal0, we see that eithey(z) must be constant @’ =1 if q(z) is not a constant. If q(z) is a
constant from Lemma thenh(z) reduces a constant. Hendéz) is a periodic function with period, a contradiction.

If e9¢ = 1 andq(2) is not a constant, in view oflQ), we geth(z)[A11(h(z+c) — h(2))] = C(z). Combining this with the
inequalityp(h) < 1 and the fact tha(z) is an entire function, we obtaip(h(z+ ¢) — h(z)) < 1. ThereforeC(z) must
have infinitely many zeros and we arrive at the contradiction

Subcase 1.2. Ip(2) — q(2)[A"1(q(z+c) — q(2))] # O, then

h@(AT*(h1(2) - h(2))) — C(2)]€* +[h(2) (AT (a(z+¢) — A(2)) + A2 (AT (hu(2) - h(2)))]e™

= p(2) — A(2)[A8 H(a(z+©) — a(2))]- (12)
Let -
f(2) = lh(2)(Ag (hlgzl) —h(2)) ~C@)] as
P(2) —q(2)[Ac(a(z+c) —a(2))]
and

(2 — MAP 0z +6) - 62) + A AP (D) ~h(@)] o

p(2) — a(2) (A8 H(a(z+c) —d(2))]

Thus, f1(2) + f2(2) = 1. It follows from the second main theorem that

T(r, f1) <N(r, f1) +N (T, 1) N r, 1 +S(r, f1) <N {r, 1) N r,i +S(r, f1) < O(rs~ 1) - §(r, 1),
f -1 f f,
which is contradiction wittp(f1) = s. Thus,[f(2)"Af]K — p(z) has infinitely many zeros.
Case 2. Ik > 1, then it follows from {) and @) that

[(a(2) + h(2)e™) (A7 (au(2) + h2(2)e7)) ~ C(2)e" = p(2).

This yields

[q(2)"AM Y(qu(2)) + A" Y(D1(2)€°% + ...+ Dj(2)819% + ... + Dn(2)€"%
+h(2hy(2)e 7)) —C(2)e” = p(2), (13)

where
Dj(2) =Cla(@" Ja(z+c)h(2)! +Cl *a(2" 1t (2)h(z)

© 2019 BISKA Bilisim Technology


www.ntmsci.com

(_/
55 BISKA R. Dyavanal and J. Muttagi: Value distribution of higherardifferential-difference polynomial...

andp(Dj(2)) <s,j =1,...,n. For any integer k, from1(3), we obtain
FL(2€°F + ...+ F{(2€19% + ... + Fn(2)€"9% + Fry1(2e™V9% —C(2)€% = p(2) — [q(2 A" (a1 ()X,  (14)

whereF;(z) are differential polynomials dfi(z), hy(2),q(z) andq(z+ c), and their powers of derivatives and in addition,
p(Fj(2) <s,j =1,...,n+ 1. In what follows we consider two cases.

Subcase 2.1. Ip(2) — [(2)"A7(q1(2))]® = 0 in Lemmas, then allFj(z) =0, | = 1,2,...n, andFn,1(2) —C(2) = 0.
We state thah = 1; otherwise, leh > 2. If k=1 in F1(z) = 0, then we get

D) (2) + as? 'D1(2) =0,

which gives the nontrivial solutiod(z) of the first-order differential equation presented abouesfyang the equality
p(D(2)) = sin contradiction with the conditiop(D(z)) < s. Thus,D41(z) = 0.
Fork=2, let

9(2) = D;(2) + as? 'Dy(z) = 0.

Thus we haveg (z) + as# 1g(z) = 0, which also implies thato(g(z)) = s in contradiction with the condition
p(9(2)) = p(D(2)) < s. By using this method for any positive integemwe conclude thab;(z) = 0, that is,

C%q(z)nflq(z_’_ C)h(Z) + q(z)”h(z+ C)ea(C%f*lc+...+@*126*1+é) =0
From Lemmad, we gets= 1, which implies that
Clq(2" ta(z+c)h(z) + q(2)"h(z+c)e?® = 0. (15)

In view of Lemmal0, sincep(h(2)) < 1, the degree oEq(2)"1q(z+ c) + q(2)"e”c must be smaller than the degree of
d(2)". Hence, we arrive at the equality
e =-C; (16)

provided thafy(z) is not a constant. By using the same arguments as above, ovgeil3,(z) = 0, that is
C2q(2)"2q(z+ c)h(2)? +Clq(2)"th(z+ c)e°h(z) = 0.

As above, ifgq(z) is not a constant, then we find
Che®® = —Ch. (17)
It follows from (16) and (L7) thatn = O; a contradiction. Thus, we have= 1. By using (3) and Lemmas and7, we
obtainD1(z) = 0. Hence (5) is equivalent to 11). Therefore, we get
f(2) = q(z) + hé"?,

whereef® = 1.

Subcase 2.2. Ip(2) — [q(2)"AM(q1(2))] # 0, then we combing(Fj(2)) < sandp(C(2)) < swith (14) and Lemm&
we obtain

[F1(2) — C(2))e™Y% = p(z2) — [q(2)"A7(au(2))] ¥

or
Fi(2)€%% = p(2) - [a(@"A0 *(au(2)]

which is impossible. Thugf (2)"ATf]% — p(2) has infinitely many zeros.
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