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Abstract: In the paper [4], M. Khan et. al. introduced the s-topological vector spaces and studied several of their properties. In this
paper, we continue their work and set forth some new properties of s-topological vector spaces.
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1 Introduction

The notion of topological vector spaces is one of the most important tool in mathematics and due to nice properties, it
earns a great importance in various branches of mathematicslike fixed point theory, operator theory, variational
inequalities, etc. In 2015, M. Khan et. al. [4] introduced the concept of s-topological vector spaces which is basicallya
generalization of topological vector spaces [6]. The main purpose of the present paper is to give some new properties and
characterizations of s-topological vector spaces.

In 1963, N. Levine [7] introduced the notion of semi-open sets in topological spaces. He defines a setS in a topological
spaceX to be semi-open if there exists an open setU in X such thatU ⊆ S⊆ Cl(U); or equivalently, a subsetS of X is
semi-open ifS⊆Cl(Int(S)), whereInt(S) andCl(S) denote the interior ofSand the closure ofS respectively. In [1], the
authors define a setS in a topological spaceX is semi-closed if and only if its complement is semi-open; orequivalently,
S is semi-closed inX if Int(Cl(S))⊆ S. The semi-closure of a subsetSof X, denoted bysCl(S), is the intersection of all
semi-closed subsets ofX containingS. In other words, the semi-closure of a subsetS of X is the smallest semi-closed
subset ofX containingS. It is known that a setS in X is semi-closed if and only ifsCl(S) = S. In [1], it is proved that
x ∈ sCl(S) if and only if S∩U 6= /0 for any semi-open setU in X containingx. A point x ∈ X is called a semi-interior
point of S if there exists a semi-open setU in X such thatx∈U ⊆ S. The set of all semi-interior points ofS, denoted by
sInt(S), is called semi-interior ofA. Equivalently,sInt(A) is the largest semi-open subset ofA in X. The family of all
semi-open (resp. semi-closed) sets inX is denoted bySO(X) (resp.SC(X)). We represent the set of real numbers byR

and the set of complex numbers byC. The notationsε andδ denote negligibly small positive real numbers.

Also, we recall some more definitions that will be used in the sequel.

Definition 1. A subset A of a topological space X is called a semi-neighborhood of a point x∈X if there exists a semi-open
set U in X such that x∈U ⊆ A

Definition 2. A collection{Uα : α ∈Λ} of semi-open sets in a topological space X is called a semi-open cover of a subset
B of X if B⊆ ∪{Uα : α ∈ Λ} holds.

Definition 3. A topological space X is called semi-compact [2] if every semi-open cover of X has a finite subcover. A
subset B of a topological space X is said to be semi-compact relative to X if, for every collection{Uα : α ∈ Λ} of semi-
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open subsets of X such that B⊆ ∪{Uα : α ∈ Λ}, there exists a finite subsetΛ0 of Λ such that B⊆ ∪{Uα : α ∈ Λ0}. A
subset B of a topological space X is said to be semi-compact ifB is semi-compact as a subspace of X.

Definition 4. A mapping f: X →Y from a topological space X to a topological space Y is calledsemi-continuous [7] if
f−1(V) is semi-open in X, for each open set V in Y. In other words, f is semi-continuous if for each x∈ X and for each
open neighborhood V of f(x) in Y , there exists a semi-open neighborhood U of x in X such that f (U)⊆V.

Definition 5. [4] Let L be a vector space over the topological field K, where K=R or C with standard topology. Letτ be
a topology on L such that the following two conditions are satisfied:

(1) For each x,y ∈ L and each open neighborhood W of x+ y in L, there exist semi-open neighborhoods U and V of x
and y respectively in L such that U+V ⊆W and

(2) For each x∈ L, λ ∈ K and each open neighborhood W ofλx in L, there exist semi-open neighborhoods U ofλ in K
and V of x in L such that U.V ⊆W. Then the pair(L(K),τ) is called an s-topological vector space.

Now we present an example of s-topological vector spaces. Actually, this is an improvement of example 3.2 in the paper
[4].

Example 1.Let L =R be the vector space of real numbers over the fieldK, whereK =R with standard topology and the
topologyτ on L be generated by the baseB = {(a,b), [c,d) : a,b,c andd are real numbers with 0< c< d}. We show
that(L(K),τ) is an s-topological vector space. For which we have to verifythe following two conditions:

(1) Letx,y∈ L. Then, for open neighborhoodW = [x+y,x+y+ ε) (resp.(x+y− ε,x+y+ ε)) of x+y in L, we can opt
for semi-open neighborhoodsU = [x,x+ δ ) (resp.(x− δ ,x+ δ )) andV = [y,y+ δ ) (resp.(y− δ ,y+ δ )) of x andy
respectively inL such thatU +V ⊆W for eachδ < ε

2.
(2) Letx∈ L andλ ∈ K. We have following cases:

Case(1). If λ > 0 andx> 0, then clearlyλx> 0. Consider an open neighborhoodW = [λx,λx+ ε) (resp.(λx−
ε,λx+ ε)) of λx in L. We can choose semi-open neighborhoodsU = [λ ,λ + δ ) (resp.(λ − δ ,λ + δ )) of λ in K
andV = [x,x+ δ ) (resp.(x− δ ,x+ δ )) of x in L such thatU.V ⊆W for eachδ < ε

λ+x+1.
Case(II). If λ < 0 andx< 0, thenλx> 0. So, for open neighborhoodW = [λx,λx+ε) (resp.(λx−ε,λx+ε)) of λx

in L, we can choose semi-open neighborhoodsU = (λ −δ ,λ ] (resp.(λ −δ ,λ +δ )) of λ in K andV = (x−δ ,x]
(resp.(x− δ ,x+ δ )) of x in L such thatU.V ⊆W for sufficiently appropriateδ ≤ −ε

λ+x−1.
Case(III). If λ = 0 andx > 0 ( resp.λ > 0 andx = 0). Thenλx = 0. Therefore, for any open neighborhood

W = (−ε,ε) of 0 in L, we can opt for semi-open neighborhoodsU = (−δ ,δ ) (resp.U = (λ −δ ,λ +δ )) of λ in
R andV = (x− δ ,x+ δ ) (resp.V = (−δ ,δ )) of x in L such thatU.V ⊆W for eachδ < ε

x+1 (resp.δ < ε
λ+1).

Case(IV). If λ = 0 andx < 0 (resp.λ < 0 andx = 0). Then, for the selection of semi-open neighborhoodsU =

(−δ ,δ ) (resp.U = (λ − δ ,λ + δ )) of λ in R andV = (x− δ ,x+ δ ) (resp.V = (−δ ,δ )) of x in L, we have
U.V ⊆W = (−ε,ε) for everyδ < ε

1−x (resp.(δ < ε
1−λ )).

Case(V). If λ = 0 andx = 0. Consider any open neighborhoodW = (−ε,ε) of 0 in L, we can find semi-open
neighborhoodsU = (−δ ,δ ) of λ in R andV = (−δ ,δ ) of x in L, we haveU.V ⊆W for eachδ <

√
ε .

Thus,(L(R),τ) is an s-topological vector space.

2 Characterizations

Henceforth, an s-topological vector spaceL means an s-topological vector space(L(K),τ) and by a scalar, we mean an
element ofK. Now we obtain some useful characterizations of s-topological vector spaces.

Theorem 1.Let A be any subset of an s-topological vector space L. The following assertions are valid:

(a) x+ sCl(A)⊆Cl(x+A) for each x∈ L.
(b) sCl(x+A)⊆ x+Cl(A) for each x∈ L.
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(c) x+ Int(A)⊆ sInt(x+A) for each x∈ L.
(d) Int(x+A)⊆ x+ sInt(A) for each x∈ L.

Proof. (a) Let z∈ x+ sCl(A). Thenz= x+ y for somey ∈ sCl(A). Let W be any open neighborhood ofz. Then, by
definition of s-topological vector spaces, there exist semi-open neighborhoodsU of x andV of y in L such that
U +V ⊆W. Sincey∈ sCl(A), there isg∈ A∩V. Now x+g∈ (x+A)∩ (U +V)⊆ (x+A)∩W ⇒ (x+A)∩W 6= /0.
Therefore,z∈Cl(x+A). This proves thatx+ sCl(A)⊆Cl(x+A).

(b) Assumey∈ sCl(x+A). Let z= (−x)+ y and letW be any open neighborhood ofz in L. SinceL is an s-topological
vector space, there exist semi-open neighborhoodsU andV of −x andy respectively, inL such thatU+V ⊆W. Since
y∈ sCl(x+A), V∩ (x+A) 6= /0. So, there isg∈V ∩ (x+A). Now−x+g∈ (−x+x+A)∩ (U+V) = A∩ (U +V)⊆
A∩W showing thatA∩W 6= /0. Hence−x+ y∈Cl(A); that isy∈ x+Cl(A). Therefore,sCl(x+A)⊆ x+Cl(A).

(c) Suppose thaty∈ x+ Int(A). Then−x+ y∈ Int(A). Therefore, there exist semi-open setsU in L containing−x and
V in L containingy such thatU +V ⊆ Int(A). In particular,−x+V ⊆ Int(A)⊆ A and, as a consequence,V ⊆ x+A.
Therefore,y∈ sInt(x+A). Hencex+ Int(A)⊆ sInt(x+A).

(d) Suppose thatz∈ Int(x+A). Thenz= x+ y for somey ∈ A. By definition of s-topological vector spaces, there
existU,V ∈ SO(L) such thatx∈U, y∈V andU +V ⊆ Int(x+A). Consequently,z= x+ y∈ x+V ⊆ x+ sInt(A).
Therefore,Int(x+A)⊆ x+ sInt(A).

Remark.The reverse inclusions do not hold in any part of the theorem above. We account for part (a) of this theorem.
Counterexamples for other parts follow analogously. Consider example 1, takeA= (0,1) andx= 1 in L. ThenCl(x+A)=
[1,2) butx+ sCl(A) = (1,2). Hence the inclusionCl(x+A)⊆ x+ sCl(A) fails to hold inL.

If we notice carefully, we observe that Theorem 1 is completely based on the first condition of the definition of
s-topological vector spaces. The analog of this theorem which is based on the second condition of the same definition is
the following result:

Theorem 2.Let A be any subset of an s-topological vector space L. Then the following statements hold:

(a) λsCl(A)⊆Cl(λA) for every non-zero scalarλ .
(b) sCl(λA)⊆ λCl(A) for every non-zero scalarλ .
(c) Int(λA)⊆ λsInt(A) for every non-zero scalarλ .
(d) λ Int(A)⊆ sInt(λA) for every non-zero scalarλ .

Theorem 3.Let A be any open subset of an s-topological vector space L. Then x+A⊆Cl(Int(x+A)) for each x∈ L.

Proof.Straightforward.

Theorem 4.Let F be any closed subset of an s-topological vector space L.Then Int(Cl(x+F))⊆ x+F for each x∈ L.

Proof.Straightforward.

Definition 6. A topological space X is said to be P-regular [5] if for each semi-closed set F and x/∈ F, there exist disjoint
open sets U and V such that x∈U and F⊆V.

Theorem 5.Let L be a P-regular s-topological vector space. Then the algebraic sum of any semi-compact set and closed
set in L is closed.

Proof. let A be a semi-compact andF be a closed subset ofL. We have to show thatA+F is closed set inL. For, let
x /∈ A+F. Then∀a∈ A, x /∈ a+F. SinceF is closed inL and translation of a closed set in s-topological vector spaces is
semi-closed, we find thata+F is semi-closed inL. As L is P-regular, there exist open setsUa andVa such thatx∈ Ua,
a+F ⊆Va andUa∩Va = /0. Therein we find thata∈Va−F and henceA⊆ ∪a∈A(Va−F). Since any union of semi-open
sets is semi-open, by theorem 3.4 of [4], Va − F = ∪b∈F(Va − b) is semi-open set inL. Consequently, by
semi-compactness ofA, there exists a finite subsetSof A such thatA⊆ ∪x∈S(Vx−F). LetU = ∩x∈SUx, thenU is an open
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neighborhood ofx such thatU ∩ (A+F) = /0.

If y∈U ∩ (A+F), theny∈Ux∩Vx for somex∈ S, which is a contradiction to the fact thatUa∩Va = /0, for eacha∈ A.
thereby we find thatx /∈Cl(A+F). This givesCl(A+F) = A+F. HenceA+F is closed inL.

Next, we investigate further properties of s-topological vector spaces by using their basic idea.

Theorem 6.Let A be any subset of an s-topological vector space L. Then sCl(x+ sCl(A))⊆ x+Cl(A) for each x∈ L.

Proof. Let y ∈ sCl(x+ sCl(A)). Considerz= −x+ y and letW be an open neighborhood of−x+ y in L. Then there
exist semi-open setsU andV in L containing−x andy respectively, such thatU +V ⊆ W. Sincey ∈ sCl(x+ sCl(A)),
V ∩ (x+ sCl(A)) 6= /0. So, there isg ∈ V ∩ (x+ sCl(A)). Now −x+ g ∈ (−x+ x+ sCl(A)) ∩ (U +V) ⊆ sCl(A) ∩W
implies sCl(A)∩W 6= /0. SinceW is semi-open,A∩W 6= /0. Consequently,−x+ y ∈ Cl(A), i.e. y ∈ x+Cl(A). Hence
sCl(x+ sCl(A))⊆ x+Cl(A).

Theorem 7.Let A be any subset of an s-topological vector space L. Then x+ Int(A)⊆ sInt(x+ sInt(A)) for each x∈ L.

Proof.Let y∈ x+ Int(A). Then−x+ y∈ Int(A) and consequently, there exist semi-open neighborhoodsU andV of −x
andy respectively, inL such thatU +V ⊆ Int(A). Now−x+V ⊆U +V ⊆ Int(A)⊆ sInt(A) implies thatV ⊆ x+sInt(A).
SinceV is semi-open inL, we have thaty∈V ⊆ sInt(x+ sInt(A)). Therefore,x+ Int(A)⊆ sInt(x+ sInt(A)).

Comparing Theorem 6 with part (b) of Theorem 1 and Theorem 7 with part (c) of Theorem 1, we find that the former is a
generalization and the later is an improvement of corresponding parts.

Theorem 8.Let C be any semi-compact subset of an s-topological vector space L. Then x+C is compact, for each x∈ L.

Proof.Let {Uα : α ∈ Λ} be an open cover ofx+C. Thenx+C⊆ ∪{Uα : α ∈ Λ} ⇒C ⊆ ∪{−x+Uα : α ∈ Λ}. By [4,
Theorem 3.4], −x+Uα is semi-open inL, for eachα ∈ Λ . Consequently, by semi-compactness ofC, there exists a finite
subsetΛ0 of Λ such thatC ⊆ ∪{−x+Uα : α ∈ Λ0}. Thereby we find thatx+C ⊆ ∪{Uα : α ∈ Λ0}. Hence the assertion
follows.

Theorem 9.Let L be an s-topological vector space. Then scalar multipleof a semi-compact set is compact.

Proof.LetC be a semi-compact set inL andλ 6= 0 be any scalar. We have to show thatλC is compact. For, let{Uα : α ∈Λ ,
whereΛ is an indexed set} be an open cover ofλC. ThenλC⊆ ∪{Uα : α ∈ Λ}. TherebyC ⊆ 1

λ .∪{Uα : α ∈ Λ}. This
implies thatC⊆∪{ 1

λ Uα : α ∈Λ}. By [4, Theorem 3.4], 1
λ Uα is semi-open. Consequently,{ 1

λ Uα : α ∈Λ} is a semi-open
cover ofC. But C is semi-compact. Therefore, there exists a finite subsetΛ0 of Λ such thatC⊆ ∪{ 1

λ Uα : α ∈ Λ0}. This
givesλC⊆ ∪{Uα : α ∈ Λ0} showing thatλC is compact. This completes the proof.

Remark.Let L andT be s-topological vector spaces over the fieldK. A mappingf : L → T is said to be linear iff (αx+
βy) = α f (x)+β f (y), for all x,y∈ L andα,β ∈ K.

A mappingf : L → K is called linear functional iff (αx+βy) = α f (x)+β f (y), for all x,y∈ L andα,β ∈ K. The kernel
of f is defined byKer( f ) = {x∈ L : f (x) = 0}.

Theorem 10.Let f : L → M be a linear map, where L is an s-topological vector space andM is a topological vector
space. If f is continuous at origin, then f is semi-continuous everywhere.

Proof.Suppose thatf is continuous at origin. Let 06= x∈ L andV be an open neighborhood off (x) in M. ThenV − f (x)
is an open neighborhood of zero inM becauseM is a topological vector space. By continuity off at origin, there exists an
open neighborhoodU of zero inL such thatf (U)⊆V− f (x). By linearity of f , f (x+U)⊆V. SinceL is an s-topological
vector space,x+U is semi-open neighborhood ofx in L. Consequently,f is semi-continuous atx in L. Sincex is an
arbitrary non-zero element ofL, it follows that f is semi-continuous at every non-zero element ofL. Further, continuity
of f at origin implies thatf is semi-continuous at zero. Hencef is semi-continuous everywhere.
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Corollary 1. Let L be an s-topological vector space. Assume0 6= f : L → K be a linear functional. If f is continuous at
origin, then f is semi-continuous.

Theorem 11.Let f : L → K be a linear functional, where L is an s-topological vector space. If f is continuous at origin,
then Ker( f ) is semi-closed in L.

Proof.Suppose thatf is continuous at origin. Iff = 0, we are done. Assumef 6= 0. By virtue of corollary 1,f is semi-
continuous. SinceK (R or C) is endowed with standard topology which is Hausdorff. Therefore,{0} is closed inK. By
semi-continuity off , f−1({0}) is semi-closed inL. But f−1({0}) = {x∈ L : f (x) = 0} = Ker( f ). Hence the assertion
follows.
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