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Abstract: In the paper [4], M. Khan et. al. introduced the s-topolobiesctor spaces and studied several of their propertieign t
paper, we continue their work and set forth some new pragedi s-topological vector spaces.
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1 Introduction

The notion of topological vector spaces is one of the mosboitamt tool in mathematics and due to nice properties, it
earns a great importance in various branches of mathemie&dixed point theory, operator theory, variational
inequalities, etc. In 2015, M. Khan et. al. [4] introduced ttoncept of s-topological vector spaces which is basieally
generalization of topological vector spaces [6]. The mairppse of the present paper is to give some new properties and
characterizations of s-topological vector spaces.

In 1963, N. Levine [7] introduced the notion of semi-operssattopological spaces. He defines aSét a topological
spaceX to be semi-open if there exists an opendah X such that) C SC CI(U); or equivalently, a subs&of X is
semi-open ifSC Cl(Int(S)), wherelnt(S) andCI(S) denote the interior oBand the closure dbrespectively. In [1], the
authors define a s&in a topological spac¥ is semi-closed if and only if its complement is semi-opereguivalently,
Sis semi-closed irX if Int(CI(S)) C S. The semi-closure of a subsebf X, denoted bysCI(S), is the intersection of all
semi-closed subsets &f containingS. In other words, the semi-closure of a subSetf X is the smallest semi-closed
subset ofX containingS. It is known that a sein X is semi-closed if and only i§CI(S) = S. In [1], it is proved that
x € sCI(S) if and only if SNU # 0 for any semi-open séf in X containingx. A pointx € X is called a semi-interior
point of Sif there exists a semi-open ddtin X such that € U C S. The set of all semi-interior points & denoted by
sInt(S), is called semi-interior oA. Equivalently,sint(A) is the largest semi-open subsetffn X. The family of all
semi-open (resp. semi-closed) setiis denoted bySQ(X) (resp.SC(X)). We represent the set of real numbersiby
and the set of complex numbers @y The notationg andd denote negligibly small positive real numbers.

Also, we recall some more definitions that will be used in thguel.

Definition 1. A subset A of a topological space X is called a semi-neighdimtiof a point e X if there exists a semi-open
setU in X suchthatg U C A

Definition 2. A collection{U : a € A} of semi-open sets in a topological space X is called a semiapver of a subset
B of X if BC U{Uq : a € A} holds.

Definition 3. A topological space X is called semi-compact [2] if every isepen cover of X has a finite subcover. A
subset B of a topological space X is said to be semi-complative to X if, for every collectiodU, : a € A} of semi-
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open subsets of X such thatBU{U, : a € A}, there exists a finite subsdp of A such that BC U{Uq : a € Ap}. A
subset B of a topological space X is said to be semi-compBdsitemi-compact as a subspace of X.

Definition 4. A mapping f: X — Y from a topological space X to a topological space Y is cadleahi-continuous [7] if
f~1(V) is semi-open in X, for each open setV in Y. In other words, &risi€ontinuous if for each® X and for each
open neighborhood V of(X) in Y, there exists a semi-open neighborhood U of x in X sudhftfid) C V.

Definition 5. [4] Let L be a vector space over the topological field K, where R or C with standard topology. Lat be
a topology on L such that the following two conditions arasfid:

(1) For each xy € L and each open neighborhood W ofy in L, there exist semi-open neighborhoods U and V of x
and y respectively in L such thatyV C W and

(2) Foreachxe L, A € K and each open neighborhood W of in L, there exist semi-open neighborhoods W afi K
andV of xin L such that ¥ C W. Then the paifL ), T) is called an s-topological vector space.

Now we present an example of s-topological vector spacetsiafly, this is an improvement of example2dn the paper

[4].

Example 1.LetL = R be the vector space of real numbers over the feld/hereK = R with standard topology and the
topology T on L be generated by the basé= {(a,b),[c,d) : a,b,c andd are real numbers with & ¢ < d}. We show
that(L ), T) is an s-topological vector space. For which we have to véniéyfollowing two conditions:

(1) Letx,y € L. Then, for open neighborhotd = [x+Yy,x+Yy+¢€) (resp.(x+y—&£,X+y+¢€)) of x+yin L, we can opt
for semi-open neighborhootls= [x,x+ J) (resp.(x— 8,x+ d)) andV = [y,y+ 9) (resp.(y— d,y+ 9)) of x andy
respectively irL such that) +V C W for eachd < £.

(2) Letxe L andA € K. We have following cases:

Case(1). If A > 0 andx > 0, then clearlyAx > 0. Consider an open neighborhddt= [Ax,AX+ €) (resp.(Ax—
£,Ax+ ¢€)) of Axin L. We can choose semi-open neighborhddds [A,A + J) (resp.(A —3,A +0)) of A inK
andV = [x,x+ 9) (resp.(x— &,x+ 9)) of xin L such that).v C W for eachd < ;=57

Case(ll). If A <0andx< 0,thenx > 0. So, for open neighborho®d = [Ax,Ax+€) (resp.(Ax—&,Ax+¢€)) of Ax
in L, we can choose semi-open neighborhddds (A — d,A] (resp.(A —3,A +9J)) of A in K andV = (x—9,X]
(resp.(x— 0,x+ 0)) of xin L such that).vV C W for sufficiently appropriat® < ﬁ;l

Case(lll). If A =0 andx > 0 (resp.A > 0 andx = 0). ThenAx = 0. Therefore, for any open neighborhood
W = (—¢,¢) of 0 inL, we can opt for semi-open neighborhodatls- (—9,9) (respU = (A —3,A +9)) of A in
R andV = (x—3,x+9) (respV = (—9,8)) of xin L such that).vV C W for eachd < ;%5 (resp.d < 355).

Case(lV). If A =0 andx < 0 (resp.A < 0 andx = 0). Then, for the selection of semi-open neighborhddds
(—9,0) (respU =(A—-0,A+9)) of A inRandV = (x—3,x+9J) (resp.V = (—9,9)) of xin L, we have
UV CW = (—¢,¢) foreveryd < 1% (resp.(d < 155)).

Case(V). If A =0 andx = 0. Consider any open neighborhodfi= (—¢,¢) of 0 in L, we can find semi-open
neighborhoods) = (—9,d) of A in R andV = (-9, 9) of xin L, we haved.V C W for eachd < /.

Thus,(L(r), T) is an s-topological vector space.

2 Characterizations

Henceforth, an s-topological vector spdceneans an s-topological vector spdtex), 7) and by a scalar, we mean an
element oK. Now we obtain some useful characterizations of s-topcokigiector spaces.

Theorem 1.Let A be any subset of an s-topological vector space L. Thenfirig assertions are valid:

(a) x+sCI(A) CCl(x+A) for each xe L.
(b) sCl(x+A) C x+CI(A) for each xe L.
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() x+Int(A) C sInt(x+ A) for each xe L.
(d) Int(x+A) C x+slInt(A) for each xe L.

Proof. (a) Letz € x+sCI(A). Thenz= x+y for somey € sCI(A). Let W be any open neighborhood &f Then, by
definition of s-topological vector spaces, there exist sepgin neighborhoodd of x andV of y in L such that
U +V CW. Sincey € sCI(A), thereisge ANV. Nowx+g e (Xx+A)N(U +V) C (Xx+A)NW = (x+A)NW # 0.
Thereforez € Cl(x+ A). This proves that+ sCI(A) C Cl(x+A).

(b) Assumey € sCI(x+A). Letz= (—x) +y and letW be any open neighborhood nin L. SinceL is an s-topological
vector space, there exist semi-open neighborhtoaisdV of —x andy respectively, irL such thatl +V CW. Since
y € sCl(x+A),VN(x+A) #£0. So, thereig e VN (x+A). Now —x+ g€ (—x+x+A)NU+V)=ANU+V) C
ANW showing thaANW # 0. Hence—x+Yy € CI(A); that isy € x+ CI(A). ThereforesCl(x+ A) C x+CI(A).

(c) Suppose thate x+ Int(A). Then—x+Yy € Int(A). Therefore, there exist semi-open ddtin L containing—x and
V in L containingy such thaty +V C Int(A). In particular,—x+V C Int(A) C Aand, as a consequenteC X+ A.
Thereforey € sInt(x+ A). Hencex+ Int(A) C sInt(x+ A).

(d) Suppose that € Int(x+ A). Thenz = x+y for somey € A. By definition of s-topological vector spaces, there
existU,V € SQL) such thak e U, y e V andU +V C Int(x+ A). Consequentlyz = x+Yy € x+V C x+sInt(A).
Therefore|nt(x+ A) C x+sInt(A).

Remark.The reverse inclusions do not hold in any part of the theorbava. We account for part (a) of this theorem.
Counterexamples for other parts follow analogously. Gbgrséxample 1, tak& = (0,1) andx= 1inL. ThenCl(x+A) =
[1,2) butx+ sCI(A) = (1,2). Hence the inclusio@I(x+ A) C x+ sCI(A) fails to hold inL.

If we notice carefully, we observe that Theorem 1 is complebmsed on the first condition of the definition of
s-topological vector spaces. The analog of this theorenstwisibased on the second condition of the same definition is
the following result:

Theorem 2.Let A be any subset of an s-topological vector space L. Thefottowing statements hold:

(@) AsCI(A) CCI(AA) for every non-zero scalar.
(b) sCI(AA) C ACI(A) for every non-zero scalak.
(c) Int(AA) C AsiInt(A) for every non-zero scalak.
(d) AInt(A) C sInt(AA) for every non-zero scalak.

Theorem 3.Let A be any open subset of an s-topological vector spaceén Xt A C Cl(Int(x+ A)) for each xe L.
Proof. Straightforward.

Theorem 4.Let F be any closed subset of an s-topological vector spagéén In{Cl(x+ F)) C x+ F for each xe L.
Proof. Straightforward.

Definition 6. A topological space X is said to be P-regular [5] if for eachmieclosed set F and & F, there exist disjoint
opensets U andV such thabJ and FC V.

Theorem 5.Let L be a P-regular s-topological vector space. Then thebitgic sum of any semi-compact set and closed
setin L is closed.

Proof. let A be a semi-compact arfél be a closed subset &f We have to show thak + F is closed set irL. For, let
x¢ A+F.Thenvae A, x ¢ a+F. SinceF is closed inL and translation of a closed set in s-topological vector spé
semi-closed, we find tha+ F is semi-closed ir.. As L is P-regular, there exist open sétgandV, such thatx € U,
a+F CVaandUaNVa = 0. Therein we find thad € Va — F and hencé C Ugea(Va— F). Since any union of semi-open
sets is semi-open, by theorem43of [4], Va — F = Uper(Va — b) is semi-open set inL. Consequently, by
semi-compactness &f there exists a finite subsBbf A such thatA C Uyes(Vx —F). LetU = NyegUy, thenU is an open
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neighborhood ok such that) N (A+F) = 0.

If ye UnN(A+F), theny € UxNVy for somex € S, which is a contradiction to the fact thds NVa = 0, for eacha € A.
thereby we find that ¢ CI(A+F). This givesCI(A+F) = A+ F. HenceA+ F is closed inL.

Next, we investigate further properties of s-topologi@dter spaces by using their basic idea.
Theorem 6.Let A be any subset of an s-topological vector space L. ThEx$G&CI(A)) C x+ CI(A) for each xe L.

Proof. Let y € sCl(x+ sCI(A)). Considerz= —x+ Yy and letW be an open neighborhood efx+y in L. Then there
exist semi-open setd andV in L containing—x andy respectively, such thal +V C W. Sincey € sCl(x+ sCI(A)),
V N (x+sCI(A)) # 0. So, there iy € VN (x+sCI(A)). Now —x+g € (—x+ x+sCI(A)) N (U +V) C sCI(A) NW
implies sCI(A) "W # 0. SinceW is semi-openANW # 0. Consequently-x+Yy € CI(A), i.e.y € x+CI(A). Hence
sCl(x+sCI(A)) € x+CI(A).

Theorem 7.Let A be any subset of an s-topological vector space L. THelmk(A) C sInt(x+ sInt(A)) for each xe L.

Proof.Lety € x+ Int(A). Then—x+y € Int(A) and consequently, there exist semi-open neighborhdoaisdV of —x
andy respectively, irL such that) +V C Int(A). Now —x+V CU +V C Int(A) C sInt(A) implies thatv C x+ sInt(A).
SinceV is semi-open irk, we have thay € V C sint(x+ sInt(A)). Thereforex+ Int(A) C sInt(x+ sInt(A)).

Comparing Theorem 6 with part (b) of Theorem 1 and Theorentf part (c) of Theorem 1, we find that the former is a
generalization and the later is an improvement of corredimgparts.

Theorem 8.Let C be any semi-compact subset of an s-topological veptaresL. Then % C is compact, for each & L.

Proof.Let {Uq : o € A} be an open cover of+C. Thenx+ CC U{Ug: a0 e A} = CCU{—x+Uy:a eA}.By[4,
Theorem 3], —x+ Uy is semi-open i, for eacha € A. Consequently, by semi-compactnes€pthere exists a finite
subset\p of A such thaC C U{—x+Uq : 0 € Ag}. Thereby we find that+C C U{Uy : a € Ap}. Hence the assertion
follows.

Theorem 9.Let L be an s-topological vector space. Then scalar muliifle semi-compact set is compact.

Proof.LetC be a semi-compact setinandA # 0 be any scalar. We have to show tA&tis compact. For, lefUy : o € A,
whereA is an indexed sétbe an open cover ofC. ThenAC C U{Uy : a € A}. TherebyC C /\i U{Uq : o € A}. This
implies thatlC C U{$Uq : a € A}. By [4, Theorem 3], +Uq is semi-open. ConsequentfytUg : a € A} is a semi-open
cover ofC. ButC is semi-compact. Therefore, there exists a finite subgetf A such thaC C U{%Ua :a € Ap}. This
givesAC C U{Uq : a € Ag} showing thatA C is compact. This completes the proof.

RemarkLet L andT be s-topological vector spaces over the fi€ldA mappingf : L — T is said to be linear if (ax+
By)=af(x)+Bf(y), forallx,yeLanda,p K.

A mappingf : L — K is called linear functional if (ax+ By) = a f(x) + B f(y), forallx,y € L anda, 8 € K. The kernel
of f is defined byKer(f) = {xe L: f(x) = 0}.

Theorem 10.Let f: L — M be a linear map, where L is an s-topological vector space Ehi$ a topological vector
space. If f is continuous at origin, then f is semi-continsieuerywhere.

Proof. Suppose that is continuous at origin. Let & x € L andV be an open neighborhood 6fx) in M. ThenV — f(x)
is an open neighborhood of zeroMhbecausé/ is a topological vector space. By continuity ofit origin, there exists an
open neighborhoad of zero inL such thatf (U) CV — f(x). By linearity of f, f(x+U) CV. SincelL is an s-topological
vector spacex+ U is semi-open neighborhood &fin L. Consequentlyf is semi-continuous at in L. Sincex is an
arbitrary non-zero element &f it follows that f is semi-continuous at every non-zero element.ofurther, continuity
of f at origin implies thatf is semi-continuous at zero. Hentés semi-continuous everywhere.
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Corollary 1. Let L be an s-topological vector space. Assuisé f : L — K be a linear functional. If f is continuous at
origin, then f is semi-continuous.

Theorem 11.Let f: L — K be a linear functional, where L is an s-topological vectpase. If f is continuous at origin,
then Ke( f) is semi-closed in L.

Proof. Suppose that is continuous at origin. If = 0, we are done. Assumie# 0. By virtue of corollary 1,f is semi-
continuous. Sinc& (R or C) is endowed with standard topology which is Hausdorff. Bfiere,{0} is closed inK. By
semi-continuity off, f~({0}) is semi-closed ir.. But f~1({0}) = {x € L : f(x) = 0} = Ker(f). Hence the assertion
follows.
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