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Abstract: In this paper, by considering the boundary value problem

X () +at)xt—1()=f{t), (0<t<T)

X{t)=¢(t)(Ap<t<0), x(T)=x(c)(0<c<T)

such thatr(t) > 0 is an arbitrary continous function on<Ot < T, Fredholm-Volterra Integral Equation, which is equivalemthis

problem, was written considering the boundary value problénder certain conditions, the Fredholm-Volterra intégquation was
transformed into the Fredholm integral equation. The smhudf this integral equation is approximated by the "CAS \ala¥’ method.
Thus, an approximate solution to the given boundary valoblpm was found.

Keywords: Fredholm-\olterra integral equations, differential etiprawith retarded argument, CAS wavelet method.

1 Introduction

Many problems is known from the theory of differential eqaas, in which solutions are sought in response to ordinary
differential equations. The rate of change of the procesbase problems is only related to the situation at the time of
change. Therefore, the unknown function itself and itswdgiies in the differential equation are dependent on theeva
of the independent variable [5-7]. But there are such plygimblems that the rate of change of a process is relatésl to i
past or future state, not the current state of the procesh Querations are called (or variational) differential &ipns
that deviate from the corresponding differential equatidnis called the variable differential equation, whicldedayed

by such differential equations, if the unknown functioreifss related to the variable— 1 (t), (7(t) > 0).

(1)

X (t)+at)x(t—t(t)=f(), (0<t<T)
X)) =9 ) (A<t<0), x(T)=x(c)(0<c<T)

The differential equation given inl) above is the delayed variable differential equation. Agpnate solution of )
problem is found by CAS wavelet method.

Wavelet theory is a relatively new emerging field. The wavalews the various functions and operators to be displayed
correctly [8-9]. In addition, wavelets link between nuneati algorithms. In this method, the problem studied is
transformed into a corresponding Fredholm-Volterra iraeg@quation, then this integral equalization CAS wavelet
method is applied [2-4]. Here, the Fredholm operator belantp the integral equation makes use of the feature that the
core is distorted.
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2 An equivalent integral equation

In the problem 0), if we takeA (t) =t — 7(t) thenty € [0,t] is a point located at the left side &f such that conditions
A (to) =0 andA (t) < 0(0 <t <tp) are satisfied, wheré\g=ming<t<t, A (t) . We assume thak (t) is a nondecreasing
function in the intervalt,ty] and the equatiod (t)=0 has a differentiable continuous solutibay(o) for arbitrary
o <€[0,A ()] . It can be seen that ¥*(t) is a solution of the boundary value problet) thenx*(t) is also the solution of
the equation

+ % /OT (T —s)a(s)x(s—1(s))ds— /Ot (t—s)a(s)x(s—1(s))ds @)
Here,

~ t t /T t
M) =0 -0r—9O)7—7 [ (T-9T®ds+ [ t-9i(5)ds

- v(0))¥ (0)x(0)do
A /
- [ t=vo)ar(0)y (0)x(0)do ©
where, .
N0 =R+ [ (T-¥(©)a(y(0))(0)y (0)do
- [ t-v(o)a(y(0)) (o) (0)do @
Let
Ki(0) = (T -y(0))a(y(0))y (o)
and

!

K(t,0)=—(t—y(0))a(y(0))y (o)
therefore we write A0
/ o)do — / K(t,o)x(o)do (5)
T 0
or ;
x(t):h(t)Jr?FATer VX (6)
where
A(T)
F/\Tx:/ Ky (0)x(0)do
0
is the Fredholm operator,

A()
Vyx= —/ K(t,o)x(o)do
Jo

is the Volterra operator. Eq6)is a Fredholm—\olterra integral equation and it is equwato the problemX)

2.1 Numerical Example: Special case bf problem

3

X' () +tx(t—3vi) = 283+ 23+ 3233 -4, (0<t<1)
) X(

X0=0, (~k<t<0), x(1)=x}) @
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Consider the boundary value problem. hate) =t , f (t) = —2t3+2t3 + 32— 3t2 -4, r(t)=1i>0, (0<t<1)

ando(t)=0,te [71—16,0] are continuous functions. al§p= % in pointA (t) =t — %\/f function takes the value of zero.

s0A (to) =0andA (t) <0, (0<t < ) and mim (t) = —& . now,
1
At)=0, o€ [O’Q]
in the equation = y(o) find the solution. So,
t— %\/f— 0=0

root of the equatiof0, 1

t= %(1+ V14 160)2 =y(o)

¥ (o) function [O,%] interval and can be differentiated.. Accordingly, the peoi (7) is the special case of the integral
equation §). If the equation inT) is integral twice

1
X(t):*t/ 2(1-y) <2§+ng+gszgs%4>ds
0
1/2
+t/ (1-25) (—288+ 28+ 22— 33 _4)ds
0 2 2
t
Jr/ (t5)<2§+253+gszgs%4)ds
Jo

1
3 1 1 1++/1+ 160
+t/ 21— —(1+v1+160)4—(1+V1+160)2—X=——"x(0)do
A [ 16( )]16( ) T 160 (0)
%,
_t/
0

1 1 ,1+V1+160
[1—§(1+\/1+160) ]1—6(1+ \/1+160) TX(U)dO—
’/o

1 1 1++/1+ 160
t— —(1+v1+160)%—(1+V1+160)2—2X=——""x(0)do
[t = To(1+V1+160)7 751+ V1+160)"—Z==rx(0)

V2
4

and

X (t) =2,872933230— 22— 0,171428571¢ +0,208333333¢ -+ 0,126984127C

1
t /32 3+ 280 — 8002
70,1t5+—/ [3+401602+—]x o)do
8Jo V14160 (0)
V2
t (3% 1+ 40 — 8002
+—/ 1+461602+7}x o)do
8 Jo { v1+160 (©)

1 =% 4t — 1) + (48 — 20)0 — 8002
~ 16 /s ’ [(4t—1)+(16t—12)o—1602+( )+\(/Tmo) x(o)do
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obtained. Here,[1].

h(t) =2,872933230— 2(2 — 0,171428571% -+ 0,208333333¢ + 0,126984127C — 0, 1t°

1 , 342808007
Ki(0)==(3+40— 1602+ 2" “Z 7
1(0) =g(3+40 - 160"+ ——=rr)

1+ 40 — 8002

1
Kg(a):—§(1+4a—16az+ )

v1+4+ 160

K(t,0) :_1_16((4t—1)+(16t—12)0—1602+ (4—1) + (48— 20)0 — 800°

V14160

).

3 Properties of CAS wavelets

aandb are two parameters,
t—b
wan0) = ol by (2) aber.azo

equality is wavelet function. heseandb parametera = aak, b= nboagk , 8 > 1, bg > 0nandk positive integers, we
have the following family of discrete wavelets;

Kk
Yin (t) = a0 2 (agt — nbo)
Whereyin (t) € L2(R). In particular, wherag = 2, b = 1 theny, (t) forms an orthonormal basis [6].
CASy (t) = cog2mrmt) + sin(2mrt)
23CAS, (2t —n), & <t< il
Ynm(t) = I S
0, other cases

wheren=0,1,2,...,2¢— 1, k can assume any nonnegative integeis any integer [10].
3.1 Function approximation

u(t) € L2[0,1)

ut)=>% ZZCnml»Unm(t)

n=1 me

where,
Cnm:< U(t), Lpnm(t) > (8)

In which denotes the inner product. If the infinite seriesqr(® is truncated, then e@) can be written as
X M
n=1m=—M

whereM € Z , C and dt) are X(2M + 1) x 1 matrices given by

C=[C1(—m) » C1(-M+1) s CL(~M+2) 5+ ->C2(—M)> ---702k(,M)7---,Czk(M)]T

(© 2019 BISKA Bilisim Technology
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C= [Cl, Co, ...,Czk]T
W(t)=[m) s Yrmin) s Prmez) s Por-mys ---74’2k(7M)7---,4’2k(M)]T
3.2 Solution of the Fredholm integral equations
.
Y00 =100+ [ Kixty(at (©)

Eq.©) is a fredholm integral equations.
y(x) =CT¥(x)

f(x)=d"¥(x)

and
K (xt) = ¥(x)TK¥(x)

whereC and ¥(x) are known functionsi (x,t) is kernel functionK is 2¢(2M + 1) x 2¢(2M + 1) matrices where the
elements oK calculated as follows ,

K :/Ol/:wm(x)wj (K (% t)dtdx

wheren=1,...,2¢ i=-M,... M, I=1,....2% j=-M,....M
then "
CTW(x) = dTW(x) + A / W TKY (x) W () TCdt
JO

Yx)'C=wxTd+A¥(x)'KC (10)

eq.(@0) is a linear systems interms Gfand the answer is
C=(1-K)d

wherel is identity matrix.

3.3 Solution of the Volterra integral equations

x(t) = f (1) + /(:K(t,s)x(s)ds (11)

Eq.(L)) is a volterra integral equattions.

the property

Fredholm integral equation is obtained [2].

(© 2019 BISKA Bilisim Technology
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3.4 Solution of thel integral equations

X' () +tx(t— 3VE) = 263423 + 52— 3t
x(t)=0, (—& <t<0), x(1)

Fredholm - Volterra integral equation equivalent to tAegroblem

X(t) = 2,872933230— 2t% — 0,171428571¢ + 0,208333333¢ + 0, 1269841270

t (3 3+ 280 — 8002
70,1t5+—/ {3+401602+—]x o)do
8 V1+ 160 ()
17£ 2
1+ 40 — 800
1+40—160°+ — ———|x(0)do
8/ [ V14160 ] (©)
_t 2
1 2 (4t — 1)+ (48 — 20)0 — 800
4 —1)+(166—12)0 — 160%+ x(o)do
16Jo [( )+ ) V14160 (©)
where, .
7
f (x) = 2,872933238 — 2x*— 0,1714285714 + 0,2083333338%" + 0,126984127& — 0,1x°
1 3+ 28x— 80x?
Ki(x) = =(3+4x— 163+ ——— ——
1) =@+ MV )
1 1+ 4x—80x2
Ko (X) = —= (14 4x— 162+ ————
20 =—g(+ i Te:
4x—1) + (48— 20)t — 8(x?
K (x.t) = (4x— 1)+ (16x— 12t — 162+ .
(xt) = ( )+ ( ) + Tria

approximate solution
y(x)=CT¥(x)

f(x)=d"¥(x)

and
d=[-0,163928 0296835—0,132907—0,276517 0728253 0219904}T

34280 — 8002

1
t 2 5
— 3+40—160°+ x(o)do
8/0 [ e N9

for the first integral equation,

K:/Oll/oll%i(x)tl-{j(t)K(x,t)dtdx

[0 —0,29232 0 0-0,29232 0]
0 —1,0156 00 —1,0156 0
0 038861 00 038861 0
0 —0,23447 0 0-0,23447 0
0 —2,7792 00-2,7792 0
|0 0,24657 00 024657 0

and
C=(-K)d

C=[-0,22642 79712x 1072 —4,9826x 1072 —0,32665 013408 027262"

(© 2019 BISKA Bilisim Technology
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y1 (x) = 1. 097in(12. 566x) — 0467080512 566x) + 0.30235

1_v2 2
t 2—7 , 14+40—-800
—= 1+40— 160 +7X0'd0'
8/0 [ V14160 (0)

and then i )
0 0,35460 00 035460 O

0 14844 00 14844 O
0 —0,45695 0 0—0,45695 0
0 028969 00 028969 O
0 36247 00 36247 O
| 0-0,30332 0 0-0,30332 0]

C=(I-K)'d=[-025239—7.3478x 102 —1.8917x 10 2 —0.34879— 0.176029557"
y2(X) = 1. 2414in(12. 566x) — 0.4589505 12 566X) — 0.35282

_t 2
1 [t-3 (4t —1)+ (48 —20)0 — 800
- 4t —1)+ (16— 12)0 — 1602 + x(o)do
o) @-vias-1z 20 ©)
[ —4,9563x 1073 —3,7302x 1072 5,4378x 103 —4,3944x 103 —6,7278x 1072 4,516x 1073 ]|
0,19287 085938 —0,24556 015865 20237 ~0,16585

4,9563x 103 3,7302x 1072 —5,4378x 103 4,3944x 10~3 6,7278x 1072 —4,516x 1073

—4,9563x 1073 —3,7302x 1072 5,4378x 103 —4,3944x 103 —6,7278x 1072 4,516x 103
0,16173 0625 —0,21139 013104 16010 —0,13747

| 4,9563x 1073 3,7302x 102 -5,4378x 103 4,3944x 103 6,7278x10 % —4,516x 10>

C=[-0.11499—0.92852— 0.18185— 0.22757— 0.19045 017098"
y3(x) = 0.46908in(12 566x) — 0.49980512 566x) — 1. 5825

therefore

y(x) =1.2414in(12.56x) — 0.4589%05(12.56x) — 0.26234 + 0.46908&in(12.56x)
—0.499830912.56x) — 1.5825+ 1.0972in(12.56x)
—0.46708&0912.56x) +0.30235

y(x) =2.807%&in(12. 56x) — 1.4259c0q12.56x) — 1.5425

y(x) is the approximate solution.

4 Conclusion

The problem of delayed variable boundary value has alreaéy lsolved by different methods. This problem was first
transformed into the Fredholm-\olterra integral equatitimen the CAS wavelet methodwas applied and the approximate
solution was found. So alternatif solution is found.
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