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1 Introduction and preliminaries

In 1965, Njastad17] introduced the concept af-open subsets of a topological spaee ). In 1993, Maki, Devi and
Balachandranl[6] useda-open sets to studied generalizeetlosed sets. Kasahardd introduced amx operation orr
and studya-closed graphs oft-continuous functions and-compact spaces. Later, Jankovi@[useda operation to
introduceda-closure of a set irX and gave some characterizationsaitlosed graph of functions. Then, Ogafa]
defined y-open sets to study operation-functions and operatioars¢ipn. Lately, many types of operations on
different classes of sets i have been defined. Asaad et dl(] introduced the notion of-extremally disconnected
spaces. Asaad et alg][studied further characterizations gfextremally disconnected spaces and investigated some
relations of functions of-extremally disconnected spaces. An et @).ifitroduced ay operation on preopen subsets of
(X,1). They, also, defined prg-open sets and built up their properties. Krishnan et Hi| pave ay operation on
semi-open sets X, 1), and studied semy-open sets. After this, Carpintero et al2] considered a operation on
b-open sets ir{X, T) to investigateb-y-open sets. Tahiliani20] studied ay operation or3-open sets ofX, 1) to define
B-y-open sets. Asaad[]defined ay operation on generalized open setXimand studied its applications. In 2017-2018,
Ahmad and Asaad {], [9]) introduced an operatioyon semi generalized open subsetXadnd discussed some types
of separation axioms, functions and closed spaces wittecespy. Al-shami [4] investigated some separation axioms
via supra topological spaces and 2 ihtroduced a concept of supra semi open sets. 3jalgo studied somewhere
dense sets on topological spaces and obtained interestipgnties. El-Shafei et al1[l] defined a type of generalized
supra open sets and studied some of its applications.

The goal of the present research is to definea@peration onty, and then use it to analyzgr y-open sets ofX, 7).
Furthermorega y-T; spaces where= 0,1, 2, are studied. Then, the collectiongd y-generalized closed sets is defined
to investigatega y—T% spaces.

Throughout the study, a spa¢¥, 1) represents a non-empty topological space on which no argr atipological
property is supposed except otherwise mentionedAlet(X, 1), Int(A) andCI(A) refer to the interior and the closure
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of A, respectively. A sef\is calleda-open [L7] if AC Int(Cl(Int(A))). The complement ofi-open isa-closed [L9]. We
denote the collection ofr-open subsets ok by 1,. The a-closure ofA, denoted byaCI(A), is defined to be the
intersection of alla-closed supersets @& [19]. A setA is said to be generalized-closed (in shorga-closed) [L] if
aCl(A) CV for eachV € 14 with AC V. Its complement iga-open. The collectiony, denotegia-open sets in X. Itis
well-known that eaclw-closed set iga-closed, but not conversely.

2 ga y-open sets

A mappingy: Tga — P(X) is an operatiory on 7gq such that/ C y(V) for everyV € 144. Provided that for all operation
y: Tga — P(X) we havey(X) = X..

Definition 1. A non-empty set A of X is said to begopen if for each xc A, there exists g-open V containing x such
thaty(V) C A. The complement of ang-open set of X is@y-closed. Suppose that the empty@és also gry-open for
any operatiory: 1ga — P(X). The class of all g y-open subsets of a spat¥, 1) is denoted bygqy.

Theorem 1. The union of any collection ofog-open sets in a space X isrg-open.

Proof. Letx € Usca{As}, Where{As}sca be a class ofay-open sets irX. Thenx € As for somed € A. SinceA; is
gay-open inX, then there exists ga-open se¥ such thax € V C y(V) C As C Usca{As}. Therefore|Jscp{As} is
gay-open inX.

Remark.The intersection of any twga y-open sets in(X,1) is generally notgay-open as shown by the following
example.

Example 1.Consider the spacé = {1,2,3} andt = P(X) = 1yqq. Lety: 1go — P(X) be an operation ory, defined as
follows. For everyA € Tyq

(A ifAZ(2)
V(A)_{{z,3} if A= {2} "

Then,1gqay = P(X)\{2}. Then{1,2} € 14qy and{2,3} € 1gay, but{1,2} N {2,3} = {2} ¢ Tqay.

RemarkNotice thatga-open andja y-open sets are not equal because, generally, the (even finiten ofga-open sets
are notga-open. For instance, the singletf®}, in Examplel, is ga-open, but noga y-open. Also, since everg-open
set isga-open, thero-open andya y-open are not equal.

Definition 2. A spacgX, T) with an operatiory on Ty, is said to be g y-regular if for each xc X and for each g-open
setV containing x, there exists agpen set U such thatgU andy(U) C V.

Theorem 2. Let (X, 1) be a topological space and lgt: Tqo — P(X) be an operation orty,. Then the following
statements are equivalent:

(1) Tga C Tgay-

(2) X is gay-regular.

(3) Forevery xe X and for every g-open setV ofX, T) containing x, there exists aog/-open setU ofX, ) containing
x such that UC V.

Proof. (1) = (2) Letx € X and letV be aga-open set irX containingx. It follows from assumption that is aga y-open
set. This implies that there existsgar-open setU such thatx € U and y(U) C V. Therefore, the spacgX, 1) is
gay-regular.
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(2) = (3) Letx € X and letV be aga-open set in(X, 7) containingx. Then by (2), there is ga-open setJ such that
xe U C y(U) CV. Again, by using (2) for the sdil, it is shown thatU is gay-open. HencdJ is a gay-open set
containingx such that) C V.

(3) = (1) By using the part (3) and Theorefn it is clear that everyga-open set ofX is gay-open inX. Hence,
Tga & Tgay-

Definition 3. An operationy on 1y4q is said to be g-regular if for each xc X and for every pair of g-open sets Yand
V> such that both containing x, there exists@-gpen set U containing x such thgJ) C y(V1) Ny(Va).

Lemma 1.Let a mappingy be gx-regular operation orrgs. Then the following statements hold:

(1) If the subsets A and B arexy-open in(X, 1), then ANB is also gry-open in(X, T).
(2) tgay forms a topology oriX, 7).

Proof. (1) Supposex € AN B for anyga y-open subsetd andB in (X, 7). Then there exisja-open set¥; andV, such
thatx € V1 C Aandx € V, C B. Sincey is aga-regular operation omyq, then there exists ga-open set) containingx
such thaty/(U) C y(V1) Ny(V2) C ANB. ThereforeANBis gay-open in(X, T).

(2) Follows from the part (1) above and Theorém

Definition 4. The point x X is in the gr-closure, of a set A ify(V) N A # ¢ for each gr-open set V containing x. The
set of all gr-closurg, points of A is called g-closurg, of A and is denoted byaCly(A).

Definition 5. Let A be any subset of a topological spde€ 1) and y be an operation ormg,. The gry-closure of A is
defined as the intersection of allig-closed sets of X containing A and it is denoted by@j(A). That is,

ga,Cl(A) =N{E:ACE, X\E € Tgay}.

Theorem 3. Let A be any subset of a topological sp&&e1) and lety be an operation ortgq . Then xe ga,CI(A) if and
only if ANV # @ for every gry-open setV of X containing x.

Proof. Letx € ga,Cl(A) and letA NV = ¢ for somegay-open seV of X containingx. ThenA C X\V andX\V is
gay-closed inX. Soga,Cl(A) C X\V. Thus,x € X\V. This is a contradiction. Hena®N V # @ for everyga y-open set
V of X containingx.

Conversely, suppose thatt ga,Cl(A). So there exists gay-closed seE such thatA C E andx ¢ E. ThenX\E is a
gay-open set such thate X\E andA N (X\E) = ¢. Contradiction of hypothesis. Therefores ga,CI(A).

Lemma 2.The following statements are true for any subsets A and Baj@ldgical spacéX, T) with an operatiory on
Tga.

(1) ga,CI(A) is gay-closed in X and gCly(A) is ga-closed in X.
(2) AC gaCly(A) C ga,CI(A).
(3) ga,Cl(p) = gaCly(¢p) = @ and gr,Cl(X) = gaCly(X) = X.
(4) (a) Alis gay-closed if and only if g,Cl(A) = A and,
(b) Ais gay-closed if and only if gCl,(A) = A.
(5) If AC B, then gr,CI(A) C ga,CI(B) and gaCly(A) C gaCly(B).
(6) (a) ga,Cl(ANB) C ga,Cl(A) N ga,Cl(B) and,
(b) gaCly,(AN B) C gaCly(A) N gaCly(B).
(7) (a) ga,Cl(A) U ga,Cl(B) € ga,CI(AU B) and,
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(b) gaCly(A) U gaCly(B) C gaCl, (AU B).
(8) 9a,Cl(gayCI(A)) = gayCI(A).
Proof. Straightforward.

Theorem 4. For any subsets A, B of a topological spgee 1), if y is a ga-regular operation oy, then

(1) gay,CI(A) U gayCI(B) = ga,CI(A U B).
(2) gaCly(A) U gaCly(B) = gaCl,(AU B).

Proof. (1) It is enough to prove thaja,CI(A U B) C ga,Cl(A) U ga,CI(B) since the other part follows directly from
Lemma2 (7). Letx ¢ ga,CI(A) U ga,Cl(B). Then there exist twga y-open setd) andV containingx such thatA N

U =g@andBnNV = ¢. Sincey is aga-regular operation omyy, then by Lemmad. (1),U NV is ga y-open inX such that
(UnV) N (AU B) = ¢. Therefore, we have ¢ ga,Cl(AU B) and hencga,CI(AU B) C ga,CI(A) U ga,CI(B).

(2) Letx ¢ gaCly(A) U gaCly(B). Then there exigjar-open set¥; andV, such thak € Vi, x € Vo, AN y(V1) = @ andA
N y(\2) = ¢. Sincey is a ga-regular operation oy, then there exists ga-open setU containingx such that
y(U) C y(V1) N y(V2). Thus, we haveA U B) N y(U) C (A U B) N (y(V1) N y(V2)). This implies that(A U B) N
y(U) = @ since (A U B) N (y(V1) N y(V2)) = ¢@. This means thak ¢ gaCl,(A U B) and hencegaCl,(A U
B) € gaCly(A) U gaCly(B). Using Lemma? (7), we have the equality.

Definition 6. An operationy on 1y is said to be gr-open if for each x X and for every g-open set V containing x,
there exists a@y-open set U containing x such thatO y(V).

Theorem 5. Let A be any subset of a topological spa@e ). If y is a ga-open operation ortgs, then grCly(A) =
ga,Cl(A), gaCly(gaCly(A)) = gaCl,(A) and gxCly(A) is ga y-closed in X.

Proof. First we need to show thgtr,CI(A) C gaCl,(A) since by Lemma (2), we havegaCl,(A) C ga,CI(A). Now let
x ¢ gaCly(A), then there exists ga-open se¥ containingx such thatA N y(V) = @. Sincey is aga-open ontyg, then
there exists @ay-open set) containingx such thaty C y(V). SoAN U = @ and hence by TheoreB) x ¢ ga,CI(A).
Thereforega,CI(A) C gaCly(A). HencegaCly(A) = ga,Cl(A). Moreover, using the above result and by Lenr(8),
we getgaCly(gaCly(A)) = gaCly,(A) and by Lemma (4b), we obtairgaCly(A) is gay-closed inX.

Example 2.LetX = {1,2,3} and lett = {, X, {1},{2},{1,2} }. Thentq = 1gq = T. Define an operatiop: 1gq — P(X)
by y(A) = aCI(A) for everyA € Tyq. Clearly, 1gqy = {®, X}. Soy is notga-open ontyq. If A= {1}, thenga,CI(A) = X
andgaCl,(A) = {1,3}. ThereforegaCl,(A) # ga,CI(A), gaCl,(gaCl,(A)) # gaCl,(A) andgaCl,(A) is notgay-
closed inX.

Theorem 6. Let A be any subset of a topological spge€ 1) and lety be an operation org,. Then the following
statements are equivalent:

(1) Ais gary-open.

(2) gaCly(X\A) = X\A.

(3) ga,CI(X\A) = X\A.

(4) X\Ais gay-closed.

Proof. Clear.

Lemma 3.Let(X, T) be a topological space and lgtbe a gr-regular operation ortgq. Then gr,ClI(A)NU C ga,CI(AN
U) holds for every g y-open set U and every subset A of X.

Proof. Suppose thate ga,Cl(A)NU for everyga y-open set, thenx € ga,CI(A) andx € U. LetV be anyga y-open set
of X containingx. Sincey is ga-regular onrgy. So by Lemmad. (1),U NV is gay-open containing. Sincex € ga,Cl(A),
then by Theoren3, we haveA N (U NV) # @. This means thatA N U) NV # ¢. Therefore, again by Theoreg we
obtain thatx € ga,CI(ANU). Thus,ga,CI(A) NU C ga,CI(ANU).
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3 gay-separation axioms

This section studies properties of some types of separakimms calledya y-T; for i € {0, %, 1,2}.

Definition 7. A spacgX, 1) is called gx y-Ty if for any two distinct points ) in X, there exists ag-open setV such that
xeV andy¢ y(V) oryeV and x¢ y(V).

Definition 8. A space(X, 1) is called gry-T; if for any two distinct points )y in X, there exist two @-open sets U and V
containing x and y respectively such that y(U) and x¢ y(V).

Definition 9. A spaceg(X, 1) is called gry-T» if for any two distinct points yy in X, there exist two @-open sets U and V
containing x and y respectively such thét) ) N y(V) = .

Theorem 7.The spacéX, 1) is gay-Ty if and only if for every point x X, {x} is a gay-closed set in X.

Proof. Let x be a point of aga y-T1 space(X, ). Then for any poiny € X such that # y, there exists ga-open set
such thaty € Vi butx ¢ y(VW). Thus,y € y(Vy) C X\{x}. This implies thaX\{x} = U{y(Vy) : y € X\{x}}. It is shown
thatX\ {x} is gay-openin(X, 1). Hence{x} is ga y-closed in(X, 1).

Conversely, lek,y € X such thai # y. By hypothesis, we get\{y} andX\{x} aregay-open sets such thatc X\{y}
andy € X\{x}. Therefore, there exigia-open setd) andV such thakc U,y eV, y(U) C X\{y} andy(V) C X\{x}.
So,y ¢ y(U) andx ¢ y(V). This implies tha{ X, 1) isga y-T.

Theorem 8.Lety be a gx-open operation orgq. Then(X, 1) is a gay-To space if and only if gCl,({x}) # gaCly({y})
for every distinct points x, y of X.

Proof. Let x, y be any two distinct points of gay-To space(X,T). Then by definition, we assume that there exists a
gay-open seV such thak € V andy ¢ y(V). Sincey is aga-open operation ofyq, then there exists gor y-open set)
such thatk € U andU C y(V). Hencey € X\ y(V) C X\U. SinceX\U is agay-closed set inX, 7). Then we obtain that

gaCly({y}) € X\U and thereforgaCl,({x}) # gaCl,({y}).

Conversely, suppose for anyy € X with x # y, we havegaCl,({x}) # gaCl,({y}). Now, we assume that there exists
z € X such thatz € gaCl,({x}), butz ¢ gaCly({y}). If x € gaCl,({y}), then{x} C gaCly({y}), which implies that
gaCly({x}) € gaCl,({y}) (by Lemmaz2 (5)). This implies thatz € gaCl,({y}). This contradiction shows that
x ¢ gaCly({y}). This means that by Definitiofy there exists @a-open seV such thak € V andy(V)N{y} = @. Thus,
we have thak € V andy ¢ y(V). It gives that the spadeX, 1) is gay-To.

Definition 10. A subset A of a spadé, 1) is said to be g y-generalized closed (in shorogg.closed) if @Cly,(A) CV
whenever AZV andV is a gry-open set in X.

Lemma 4.Let (X, T) be a topological space and lgthe an operation orgy. A set A in(X, T) is gayg.closed if and only
if Anga,Cl({x}) # ¢ for every xc gaCl,(A).

Proof. Suppose thad is ga yg.closed inX and suppose (if possible) that there exists an elemergaCl,(A) such that
Anga,Cl({x}) = @. This follows thatA C X\ga,CI({x}). Sincega,Cl({x}) is gay-closed and is ga yg.closed inX,
then X\ga,Cl({x}) is gay-open and sagaCly,(A) C X\ga,Cl({x}). This means thak ¢ gaCl,(A), which is a
contradiction. Hencé N ga,Cl({x}) # .

Conversely, letV € 1gqy such thatA C V. To show thatgaCl,(A) C V, let x € gaCl,(A). By hypothesis,
ANga,Cl({x}) # @. So there exists an elementc AN ga,Cl({x}). Thereforey € A CV andy € ga,Cl({x}). By
Theorem3, {x} NV # ¢. Hencex € V and sogaCly(A) C V. Thus,Ais gayg.closed in(X, 7).
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Theorem 9. Let A be a subset of topological spagé¢, 1) and lety be an operation oy . If A is gayg.closed, then
gaCly(A)\A does not contain any non-empiy gclosed set.

Proof. Let E be a non-emptyga y-closed set inX such thate C gaCl,(A)\A. ThenE C X\A implies thatA C X\E.
Since X\E is gay-open andA is gayg.closed, thengaCl,(A) C X\E. That is E C X\gaCl,(A). Hence
E € X\gaCly(A) ngaCly(A)\A C X\gaCl,(A) NgaCl,(A) = @. This shows thaE = ¢, which is a contradiction.
ThereforeE Z gaCly(A)\A.

Theorem 10.1f y: 19¢ — P(X) is a ga-open operation, then the converse of the Thedésrtrue.

Proof. Let V be agay-open set in(X, 1) such thatA C V. Sincey: 1g¢a — P(X) is aga-open operation, by Theorem
5, gaCly(A) is gay-closed inX. Thus, using Theorerh, we havegaCly,(A) N X\V is agay-closed set inX, 1). Since
X\V C X\A, thengaCl,(A) N X\V C gaCly(A)\A. Using the assumption of the converse of TheogeguCl,(A) C V.
ThereforeAis gayg.closed in(X, 7).

Corollary 1. Let A be a @ryg.closed subset of topological spac¢, 1) and lety be an operation orrge. Then A is
gay-closed if and only if gCl,(A)\A is ga y-closed.

Proof. Let A be agay-closed set in(X,7). By Lemmaz2 (4b), gaCl,(A) = A and sogaCl,(A)\A = ¢ which is
gay-closed.

Conversely, suppose thatrCl,(A)\Ais gay-closed andh is ga yg.closed. By Theorerf, gaCl,(A)\A does not contain
any non-emptya y-closed set and sinagCl,(A)\A is ga y-closed subset of itself, theguCl,(A)\A = ¢ implies that
gaCly(A)NX\A= ¢. SogaCl,(A) = A. HenceA is ga y-closed in(X, T).

Theorem 11.Let (X, T) be a topological space and lgtbe an operation orrg,. If a subset A of X is@yg.closed and
gay-open, then A is gy-closed.
Proof. Let A begayg.closed an@ja y-open inX, thengaCly(A) C Aand so, by Lemma (4b),Ais gay-closed.

Theorem 12.Let (X, 1) be a topological space with an operatighon 14q. For each point xe X, X\{x} is either
gayg.closed or g y-open.

Proof. Suppose thaX\{x} is not gay-open. ThenX is the onlygay-open set containiniX\{x}. This implies that
gaCly(X\{x}) C X. ThusX\{x} is agayg.closed set irX.

Corollary 2. Let(X, 1) be a topological space with an operatigron 7yq . For each point x X, either{x} is ga y-closed
or X\{x} is ga yg.closed.

Proof. Suppose thafx} is notga y-closed, therX\ {x} is notga y-open. By Theoreri2, X\ {x} is ga yg.closed inX.

Definition 11. Thetyqy-kernel of a subset A of a spag¥, 1), denoted byrgqy-ker(A), is defined as is the intersection of
all gay-open sets ofX, 1) containing A.

Theorem 13.Let AC (X, T) and lety be an operation orrgq. Then A is gryg.closed if and only if gCl,(A) C Tgay-
ker(A).

Proof. Suppose thad is gayg.closed. ThemaCl,(A) CV, wheneveA C V andV is gay-open. Letx € gaCly(A). By
Lemmad4, Anga,Cl({x}) # ¢. So there exists a poiatin X such thaz € Anga,Cl({x}) which implies thazc ACV
and z € ga,Cl({x}). By Theorem 3, {x} NV # ¢. This concludes thatx € Tyqy-ker(A). Therefore,
gaCly(A) C Tgay-ker(d).

Conversely, letgaCly(A) C 14qy-ker(A). Let V be agay-open set containingh. Let x be a point inX such that
x € gaCly(A). Then x € T1gqy-ker(A). Now, we havex € V, becauseA C V and V € Tyqy. Therefore
gaCly(A) C 1gay-ker(A)C V. ThusAis ga yg.closed inX.
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Definition 12. A spaceX, 1) is called gxy—T% if every gxyg.closed set in X is@y-closed.

Theorem 14.A space(X, 1) is ga y—T% if and only if for each »e X, {x} is either gxy-closed or gry-open.

Proof. Let X be agay—T% space and lefx} be not aga y-closed set inX,1). By Corollary2, X\{x} is gayg.closed.
Since(X, 1) is ga y—T%, thenX\{x} is ga y-closed which means thék} is ga y-open inX.

Conversely, leiE be agayg.closed set inX, ). We have to show thaE is gay-closed (that iggaCly(E) = E (by
Lemma2 (4b))). It is sufficient to show thagaCl,(E) C E. Let x € gaCl,(E). By hypothesis{x} is gay-closed or
gay-open for eachkx € X. We consider two cases:

Case (1):Let {x} be agay-closed set. Suppose tha¥ E, thenx € gaCl,(E)\E contains a non-empiya y-closed set
{x}. SinceE is gayg.closed set, so this leads us to contradiction accordinghoiem9. Thusx € E. Therefore
gaCly(E) C E and sogaCly(E) = E. This means the is gay-closed in(X, 7). Hence(X, 1) is gay—T% space.

Case (2):let {x} be agay-open set. By Theorerl, E N {x} # @ which implies thatx € E. SogaCly(E) C E. By
Lemma2 (4b),E is ga y-closed. ThereforgX, 1) is gay—T% space.

Theorem 15.For any topological spacéX, 1) and any operatioly on Tyq, the following properties hold.

(1) Every gry-T, space is gy-T;.
(2) Every gny-Ty space is gy—T%.
(3) Every gxy—T% space is g y-To.

Proof. The proofs can be followed from their definitions.
The converse of each statement in Theofi&is not true in general as shown by the following examples.

Example 3.Let X = {1,2,3} and lett be the discrete topology o%. If y: 1g¢« — P(X) is an operation omy, defined by
For everyA € Tyq

VA = {A if A={1,2) or {1,3} or {2,3}

X otherwise
then the spacéX, 1) is gay-Ty, but it is notga y-T».

Example 4.Let X = {1,2,3} and letr be all subsets ok. Define an operatiopon Ty as follows: For every sk € Tgq

X otherwise

VA = {A if A= {1} or {3} or {1,3} or {2,3}

Clearly, tgay = {¢,X,{1},{3},{1,3},{2,3}}. Thus(X, 1) is gay—T% but it is notga y-T;.
Example 5. Let X = {1,2,3} and 1 = {¢,X,{1},{2},{1,2}}. ThenT1ygy = 74 = 1. Define an operatioly on 14, as
follows. For every sef\ € Tyq
A if2eA
A) =
VA {CI(A) if2 ¢ A

Thus,1gay = {9, X,{2},{1,2}}. Hence the spacgX, 1) is ga y-To, but it is notgay—T%. Since{1} is neitherga y-closed
norga y-open inX by Theoreml4.

Remarkln 2018, Ameen}], examined, respectively, that the set of preopen (b-opeiBaopen) subsets coincides with
set of m-open (ly-open andBg-open) subsets of all spaceX, 7). Defining operations likes on the later classes of
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sets turns to be identical pon some sets already exist in the literature. Namelyperation, respectively, orgpopen
(bg-open and3g-open) sets will be the same g®on preopen]0] (b-open [L2] and B-open RQ) sets. This remark can
be applied to all kind of open sets involving the operatyofror undefined terms in the remark, we refer the reader to
Definition 1.6 in p].

4 Conclusions

In this paper, we introducedjaoperation orry,. We analyze@a y-open sets ofX, 1) via y operation ortg, operation.
In addition,ga y-T; spaces where=0,1,2, have been studied. Finally, we defirgmly-generalized closed sets and then
the spaceg;ay—T% has been investigated.
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