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Abstract: The main object of the present paper is to find conditiona,dinc andA such that the operatdﬂéb‘cf (2) maps certain sub
classes of analytic functions in to some other classes atifums that have geometric properties related to certaiicaegions.
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1 Introduction

Let A denote the class of functiori$z) of the form
f(2=z+ Y ad', (€h)

which are analytic in the open dit= {z: |z] < 1} and S denotes the sub classes of the functigk afhich are univalent
inU. A function f € Ais called star like of order, denotes € S*(a), if

Re{z::((zz))} >a,zeU.

A function f € Ais called convex of ordem, if and only if,

f/l(z)
f'(2)

The class of all convex functions of order are denoted biK(a). The classe&(a) andS*(a), where introduced and
studied by Robertsofi3]. Fora = 0, the classeS*(a) andK(a) reduced to the class&s respectively.
Let S*(A > 0) denotes the class of functions in S such that

Re{1+2 }za,zeu.
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A sufficient condition forf € A of the form (1) to beS;CS¥, the class of starlike functions , is given byy _,n|aa| <1,
and is proved by many authors for example (see [6]). A pderaxtension of this, due {d 6| is

Zz(n+)\—1)|an|§1:fes‘j\. 2)
n=

We further note that whe(z) is of the form @), the condition ) is both necessary and sufficient foe S; .

Definition 1. [4] Let f e A,0< k< ®and0< a < 1. Then fe k—UCV(a) if and only if

e ) 2

f”(Z)
f(2)

z

+a. 3)

This class generalizes various other classes which arehywaft mention here. The clads— UCV(0) called the
k-Uniformly convex is to[8] and has a geometric characterization given in the followiag.

Let 0 < k < oo, the functionf € A is said to to be k-Uniformly convex i) if f is convex inU and the image of every
circular arcy contained irJ ,with center where|&| <Kk, in convex.

The clas$JCV(0) =UCYV, [5] describes geometrically the domain of values of theessionP(z) = {1+ sz/,/—ézz)),z eU}
asf e UCV if and only if P is the conic region

Q={weC: (Imw)? < 2Rw—1}.

Using the Alexander transformation, we can obtain the cldss- S,(0) in the following way if
f ek—UCV(a) < zf e k—Sy(a).

The classeBICV andSs : (1—S,(0)) are unified and studied using a certain fractional calcupesator in[16], we refer
the reader t99, 7, 14] and references there in for some interesting results irettiesctions.

Definition 2. The Gaussian Hypergeometric function

2F1(a,b;c;z) = 2M§, |7 <1 4)

(Cn n
where(a)p = 1, (a)n+1 = (@+n)(@)n, N=10,1,2,--- has appeared in the literature in many situations and cditied
to various including conformal mappings, quasi confornheldry, and continued fractiori8,4]. Here a,b,c are complex
numbers andC # 0,—1,—2,—3,---}. In the case of a —k, or b= —k, where J=0,1,2,---,and K< m in this case
F (a,b;c; z) becomes a polynomials of degree K, we refer to a hypergetmpelynomials. The hypergeometric functions
satisfies numbers and we remark that the behavior of the bgperetric functions f, b; c;z) near z=1, is classified in
to three case according asR — b — a) is positive, zero or negative. The case @+ b is called zero balanced case and
hypergeometric Rc) < Re(a+ b) as the asymptotic behavior in two case-& = c and at b > ¢ has been refined if]
and[12] respectively.

If Re(c—a—b) > 0 (see [18]), then

(c—a—b)l (c)
[(c—a)l (c—b)’

F(ab;c1) = 5)
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In this paper, we introduce the operatqb;cf (z) such that

H)yof (2) = AZF(a,b;¢;2) + (1— A)nz[F (a,b;¢;2)]  F(2) (6)
—A z+n§2 N lni” )12” +(1-A)n z+i%z"]*f(z) ©)
2+ i(;?'n o ”llzn (A+n1-A)}*f(2) 8)

where
o ey ) ®

2 Main results and preliminary lemmas

We state a few results obtained in the literature by variaisa which are useful in proving our results.

Let T = €7cogy, where—7 < n < 7, then we haveP;(B) = P,(B), which can be written as the following simple
analytic characterization:

()

PV(B):{feA:Re{ei(p<( —y)—=+yf'(2) - B)}>O,(peR,zeU}

Throughout this paper bl,(3), we mearPg with T = €7 cosn where—Z < n < J we need the following sufficient
condition on the sufficient of the claks- UCV(a).

Lemma 1.[4] A function fe Alis in k—UCV(a) if it satisfied the condition

[«

Zzn[n(lJrk)f(kJr a)llan] <1—a. (10)
n=
It was also found that the conditioa@) is necessary, if £ A is of the form
f(2) =z— ZzanZ”,an > 0. (11)
n=

Further more, the condition

3 N1+ = (et a)iad <1-a.
n=
Is sufficient for f to be in k- Sy(a) and turns out to be also necessary i€ fA is of the form {0).

Theorem 1. Let f € A be defined as inlj. Suppose that,® € C/{0}, C > |a| + |b| are such that for k>0, A > 0,
0<ax<l1

r(c—[a—|bpr (c)
I (c—[a))l (c— b))

+(1—-a)+(1+Kk)(1-A)

{{(1+k)(2)\)+(1)‘>(1a)}%

jab|(ja] + (] + 1) ) y
<c—|a|—|b|—2><c—|a|—|b|—1>} = “’{”2cosn<1—ﬁ>}

then for fe py(B),0<a <land0<pB <1, Habcf(z) e k—UCV(a).
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Proof.Let f € Abe defined as in theorer@. From a result given ifiL8], we have

2|1(1-B)
~1+y(n-1) (12)

() =2+ zzanz“epy< )= Jan| <
Considering 10), we need to prove that if € A satisfies {1), then

n{n(1+k) - (k+a)}|An| <1-a,

™M ¢

where

a)n-1(0)n
An= (On 2(n— >{A+n(1 A}tan,n>2.

< (Ia)n-1(bPn-1

5 nin(1+1) — (ke oy (TR 2com(1-F)

Pn- M}

<l-a.
Since I+ y(n—1) > ynandn > 2

(la)n-a(bDn-1 {A+n21-A)} = (1-q)

< ‘in{n(l—k K)— (k+o)}

(©)n-1(n—1)! yn ~ 2co:(1-B)
_ %{n (1+K) — (k+a) —(|(a|))n“ 1l((n|b| BE A=A} < 72C£’(1“)B)

Replacingn by (n+ 2),we get

[

;{(n+2)(1+ k) — (k+ a)}%{/\ +(N+2)(1=A)}

Using

{(n+2)(1+K) = (k+a)} ={(n+1)(1+k) +(1-a)}

- i{(n—i— 1(1+K) +(1- a)}—(iagnzl((n'i' i‘)“{;\ +(n+2)(1-A)}

@ik 3 e @l gy a4 @ a)y Bl g0y

8

o (Onaln Lt £y ©na(n+1)
:A(1+k)nm0%+(1—A)(1+k)nmo(n+2)%
+A(1—a)r§0% (1—A)(1—a)§0(n+2)%
+2(1—A)(1+k)@nzl(IaIJ(rCl+il)t:|r]Tl 1A _U)@nzl(ld(tilg't()';l
#-n)a-ay [l 3o g5 (260
— ALK +2(L— )L 4K) + (1—A)(1— )}Iabl (Ial +1)n(lbl + D)n

nzl (c+1)pn!
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(|ab|>(|a|+1><|b|+1>} ® (8] + 2)n_1(bl + 2)n 1

(©(ct1) 2 ety an—1

a| ()
nn'

+{(1)\)(1+k)
+{A1-a)+(1-A)(1- a}z {&Dn(Ib}n

C{(1+K)(2=A)+ (1-A)(1—a)}|ab] —= ||a|/|'t<):| |1ch

{2 =2)@+k)(jabl)(la] +1)([b+ 1)}
Fc—la—|bj—2rc (10){Fc|a||b|l'c 1}

“llTc b “lalre b
Fc—Ja|— b (©) o ab)
Fle—fa)r (c— b)) [{(”W A=A = O e b )

labl ([al+1)(b[+1)

y
F(1-a)+ (RN e T =2 - |a||b|1)} = (1_0){“ 20097(13>}'

RemarkForA =1 in theorem 21, the result reduces to the known result of Swaminathan [15]

Corollary 1. Let f € A be defined as inlj. Suppose that,d € C\ {0}, C > |a] + |b| are such thatfork> 0,0 < o < 1,

r(c—la—|b|-1)r(c)
I (c—fa))r (c—b)

then for fe P,(B8),0<y<land0<p <1, Habcf(z) e k—UCV(a).

{|ab|<1+k>+<1—a><c—|a|—|b|—1>}é<H*>{HWV1B>}’

Theorem 2.Let a b > 0 or a € C/ {0} with a= b. Further, let|a| # 0,|b| # 0 and0 # ¢ > {0,a+ b— 1} be such that

r(c—la—|b|-1)r (c)
I (c—Ja)r (c—|b)

o Ay
[{1+(u (=M} e~lal~ bl 1)+ (1~ A)(ab) + =y =y

y
< (M0 eamp)

H/\(Ml)(Cl))_

(Ial = 1)([bl -

Assume thaf € Ais defined in {). Thenforf € P,(f),0<y<land0<f <landA >0,u>0, Habcf( 7)c§.

Proof. Let f(z) be of the form {). In view of (2.2), it suffices to prove that

Zz(n+ll—1)|An| <H

where

1
:m{)\ +n(l-A)}an, n>2.
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Sincef € P,(B), using(2.2) and 1+ y(n— 1) > yn we need only to show that

inJr“ 1) |a| e l(|b_|)n)1{/\+n(1 )\)}Zfis';((nl_ll;) <u
: <|a|>n71<|b|>n ) P
< 2D T AT e S sm @B

< (|aD)n-1(/b[)n-1 1 YH

- ZJ”““ D Onain-11 A S S s @ p)

- |a| n— l(|b| n-1
n 1n!

(a)n-1(bDn-1 (n— 1+ D). 1<|b|>n,1
_AZZ Cn-1(n—1)! +(1- ’\)n; (©n_1(n—1)!

(Ja)n-1(Ib|)n-1

_; {A+nL=A)}+(u—1) {A+n(1-2)}
Jn-1(n—1)!

(@D 1(00n1 = (la)n-1(b])n 1
+ (I"l - 1))\ n; (C)n,]_n! (1 A )(IJ 1) n; (C)n,l(n)!
2 (a)n(lbn = (laD-1(b)ns = (jaDn(]bl)n
2 o TN -2y TN 2 o
€1 & (a- (bl D “ (jaDn(]bl)n
T ED 2, v T ETAEED S o
LI

—A+A-N)(u-1)+1- /\}z ol

Jabl & (|a|+1)nfl(|b|+1)nl (1A < ([a/=1)n(b]=1)n
¢ & (ctDna(n— 1) |a| |b| 02 (- 1nn'

) I (c—la—[b))I (c)
— {1+ (u-1 (1")}{r(c— [al) I (c—1bl) 1}

+(1-A)—

I (c—la—|b|=1)I (c) (c-1)
B G L ey o e v e i kO P ey

><{/'(Clallbll)"(cl)1(|a|1)(|b|1)}

I (c—la)r (c—bj) c-1
_F(c—fa=p[-1)r (¢ Y el — (h — B Alp—1)

y
e

)+Am—nm—n)

(lal=1)(bl-1) )

RemarkSettingA = 1 in theorem (1), the result reduces to the known result of Swaminathan [15]

Corollary 2. Let ab > 0orac C\ {0} with a= b. Further, let|a| # 0,|b| # 0and0 # ¢ > {0,a+ b — 1} be such that

r(c—lal—[b[-1)I (c) Ve Al el B A(u—1)
B DD Lot u- el b= 1)+ (- 2) ) + 2

(al— (b 1)
y A(u—1)(c-1)
S{“(”mm(lm <|a|1><|b|1>}'

Suppose that & A is defined in1). Then for Fe P,(3),0<y<1,0<B <landA >0, u >0, Habc(f)(z) €S;.

)+
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Theorem 3.Letab>0and0#c> {0,a+b+2}.Iffork>0,0<a <1

[(c—a-b)fc
[c—alc—Db

+{AQ+K —(k+a)(1-A)+6(1+Kk)(1—A)}x

[(1—a)+{(1+k)(7—4)\)_(k+a)(3_2;\)37b}

(c—a—b-1)
(@)2(b)2
(c—a—b-2);

(@)3(b)s

C—a_b-_3)| = 21—

+(14+Kk)(1-A)

Then H;, .f(2) maps 12) € Sif the form {) in yo k— Sy(a).

Proof.Using|an| < nfor f(z) € Sand of the form ). It is enough to show that

(@)n-1(D)n—
(©)n-1(n—1)!

<;{n (1+K) — (k+a) n}%{)ﬂrn(l A}

:n;n 1+k)%{)\ +n(1-2)}—(k+a)

T:i{n(l—i—k)—(k—i-a)} Lid+nl-A)}a<1l-a

T
N
—_

T
N
—
(¢)
~
T
[
=]
|
=

R,

~—

(¢

—~ ==
S =]
=]
[l

il a)n(b)n 2 (a)n(b)n
arry o (n( @ s ( (C):n?

{A(1+k>(k+a)(1A>}{§ (@)n(b)n +3§ (a)n(b>n'+§(a (b|>n}

&, (C)n(n—2)! & (On(n=1)! & (c)n!

(a)n (@)n(b)n (@)

2 (@n(b) | 2
+(1+K)(1-2) {Z 9 ,3 +6 Z (©)n(n— 2 T2, Onn-11 " 2, (c)an

o (a)n(b)n (@)n(b)n
—(a+k)A Z - ! —(a+k)A nzl G

o a)n(O)n
=(1-A)(1+Kk) n; CRCEOIN {A(L+K) — (k+a)(1—A)+6(1+ k)(l—/\)}nzl Sn(n_2)

o (@)n(b)n
2, ©n(n—11
o (@)n(b)n

A+ —(k+ )(1=A)+ (1+ (A -2) ~(k+a)A} 5 =5 o

F{BAL 4K~ 3(kt ) (1 A) + T(L+K)(1-A) A (k+a)}
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= (1+ k)(l—A)(a)s(b)Sr,(-C(caa)tl)'(: )rb()C)

< @a()pm APy g7 - an) - (ko) 3-20)

><(ab)I'(c—a—b—?:)l’ch(l_o{){l'(c—a—b)l'c_l}

+{AL+K) - (k+a)(1-2)+6(1+k)(1-A)}

flc—alc—b fc—alc—b

= Feaeh (1")*{(”'0(7“)(k+a>(32A>(C_aa_7bb_l)}
+{A(1+K) = (k+a)(1-A)+6(1+K)(1-A)}
@_(Eﬁ—(g)fz)zﬂnk)(lm%] <2(1-a).

RemarkForA = 1 in theorem {2), the result reduces to the known result of Swaminathan [15]

Corollary 3. Letab>0and0#c>{0,a+b+2}.Iffork>0,0< o < 1,

[(c—a—Db) (c) ab (a)2(b)2

Pt | (1 Ok @)@ 2k ) T (LK) A <21 a),

Then I—Q,bjcf(z) maps {z) € S of the form 1) in to k— Sy(a).

3 Concluding remarks

In this paper, we introduce the operatdf, .f(z) and find the conditiong,b,c andA. The operatoH2), .f(z) maps

certain subclass of analytic functions into some otherselsa®f functions. By mean of Theorem 1, we have derived some
(presumably) new operator as its special cases. It is rmbti, in a similar manner we can obtain various other useful
operator with the help of Theorem 2. Also, it is remarked thae replace the operato6) (which is used to establish the
main results) by any other operator, then we get a numbenoimeresting results.
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