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Abstract: In this paper, we define the non-Newtonian measurerfeclosed sets and study on its some basic properties.
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1 Introduction

Non-Newtonian calculus was created by Katz and Grossman alieanative to classic calculus between 1967-1970 |
The first arithmetic calculus is defined as geometric, haimand quadratic calculus. Grossman also studied some
properties of derivatives and integrals in non-Newtonialculus P]. Bashirov et. al. have recently studied some basic
properties of derivatives and integrals in multiplicatosdculus and gave the results with applicatio8is [Later, Duyar,
Sagir and Ogur gave some basic topological propertie®f Newtonian calculus4]. Recently, Duyar and Sagib]
introduced the concepts of the non-Newtonian measure fm spts. For more details sé&, [ 8], [9], [10].

Let a be a generatoq is a one-to-one function whose domain is real numbers and&hange is a subsatof R. We
know that each generator produces exatly one arithmeticandersely, each arithmetic is produced by one generator.
For instance, the identity functidrgenerates the classic arithmetic and the exponentialibtmekp generates geometric
arithmetic. Let take a generatarsuch that have the following basic algebraic operatj@ns5:

a—addition x+y=a{a () +ay)}
a—subtraction x—y=a{at(x)—a -y}
a—multiplicative  xxy=a{a"*(x)x a=}(y)}
a—division x/y=a{a1(x)/a 1(y)}
a—order x<yeal(x)<aly)

for everyx,y € A.

The set of non-Newtonian numbers is definedBN) = {a(x) : x€R}. A a— closed interval onR(N) can be
represented by

[a,b]y = {xe R(N):a<x< b} ={xeR(N):a Y@ <a*x)<a(b)}=a{[a"a),a (b)]}.

Definition 1. Let F and S be two point sets. IfE S, then the set S F is called to complement of the set F with respect
to the set S and denoted by the symtol C
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Theorem 1.Let F be a non-void boundear—closed set and let S be the smallestclosed interval containing the set F.
Then the setE a—open B].

Definition 2. The measure f(a, b)y, in R(N) is defined by
my (@ b)y = a{m(a~*(@),a (b))}

[5].

Definition 3. The measure RG of a non-void bounded open set GH(N) is the sum of the measures of all its component
intervalséy :

myG = N;mNd(-

Here it should be noted that
WGZN‘ZWN(ak,bk)N = Nkzbk_ak

whered, = (ak, by)y [5]-
Theorem 2.Let G, and & be two bounded open setl(N). If G; C Gy, then
MyG1 < MyGy

[5].

In this paper, we define and study on non-Newtonian measurewfded closed sets as a generalization of known results
in real analysis.

2 Main results
Definition 4. In R(N), the measure of a non-void bounded closed set F is defined as follows
myF = a {m(a~*(A),a~'(B)) ~m(a~* (c5))}

where S= [A, B] is the smallestr—closed interval containing the set F.

We can restate the above relation as follows; s'(ﬁ@és aa—open set, it can be written in the fomg = Uk (a, b))y
Thus, we get

mvF =a {m(a*(A),a '(B)) —m(a 1 (CS))}
=a{m(a *(A),a1(B)) —m(a~t (U (abk)y)) }
=a{m(a*(A),a }(B)) —m(Uk (a(a),a (b))}
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Remarklf F = [a, b]y, thenS= [a, b]y and C§ = &, so that myF =b—a. If F is the union of a finite number of pairwise
n .
disjoint closed intervals iflR(N), namelyF = [ag,bs]y U [z, b2]y U... U[an, bn]y - thenmyF =n 3 by — &
k=1
Example 1.Let take geometric calculus and Fet= [ag, bi] U [az, bo]- Then, we hav&= [a;,b,]y and C§ = (by, &)y

Thus, the measure of—closed set is

Daby | _ by
aya |

myF exp{(lnbzlnal)(Inazlnbl)}exp{ln— .
aiay

Theorem 3.The non-Newtonian measure of a boundeeclosed set F is non-negative.

Proof.Let F be a bounded —closed set and |&&= [a,b], be the smallestr—closed interval containing the sefThen

mvF=a{m(a~t(a),a (b)) -m(a*(CE))} =a{at(b)—at(@-m(at(CE))}sa (0) :

Lemma 1. Let F be a bounded —closed set and leA be ana —open interval containing F. Thenyf = myA —my
(Ca)-

Proof.LetA = (A,B) and letS= [a, b} be the smallestr —closed interval containing the setThen, we have

=a{at(b)-a*(@-m(a*(cE))}
=a{a*(B)—a"(A)-m(a~*(C}))}

—a {a’l(B) —a 1A - afl(a (m(ail (CZ))))}
—a{a ' (B)—a ' (A)—a~(mn(Ch))}
=B-A-my(C})

= myA —my (Cf)

Theorem 4.Let i and R, be two non-void boundea—closed sets ifR(N). If F; C F, then
my F1 < my Fo.

Proof.Let S= (a,b), be ana—open interval containing the sEi. We can easily see that

myF=a{m(a(a),a (b)) —m(afl (Cgl))}
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Theorem 5.Let F be ana —closed set and let G be a bounded open set ilR(N). If F C G, then mF < mNG.

Proof.Let S= (a,b)y be ana—open interval containing the sét= Uy (ax, bk). We can easily see that

mvF =a {m(a~*(a),a (b)) —m(a~*(C§))}
—a{at(b)—a (@) —m(a~1(CE))}

<a {Z (o=t (by) — al(ak))}

=N Z a(a (b)) —at(a))
=N Zbk;ak
=mnG.

Theorem 6. The non-Newtonian measure of a boundedopen set G is the least upper bound of the mesure of all
o —closed sets contained in.G

Proof. By the preceding theoremyG is an upper bound for the measuresefclosed set§ C G. LetG = (Ak, Lk)n-
k

SincemyG = N S Lk — Ak, We have
K

al(mG)=a? <N Z Hic— )\k)

o (o3 )
I

— Z at(a(a () —a "t (A)))

= Zafl(llk)—afl(/\k)-

Take an arbitrarg > 0 and find a natural numberso large that

kial(uk) —a YA > a "t (mG) — ai;(g).

Therefore, we have

and so

which gives

n
. . . €
N Zlil.lkf/\k>mNG772.
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For everyk (k=1,2,...,n), we choose & —closed inervalay, by]y, so thatfay, by]y C (A, Hk)y- Thus, we get
oo a),a ()] ca(a (M), a ()
and so
[a (&), a (b)) € (a (A, a () -

Therefore, we have
a (e
2n

a~* (b)) —a (@) > a () — a (A —

and so

-1
o (o (a™ (b —a™ (@) >a! (" (‘“mk) —atag -2 2n(£))) |

Then, we get, by inequlity above

-1
a (@ (b)—a (@) > a <al(uk) a2 Zn(”"))

which means

MmN [ak; I:’k]N > my (/\kv I'lk)N - a (Zn) .

n
Let defineFy = U [ak, by]y- Itis clear thaty C G andFy is a—closed set.
k=1

Thus, we have
n .
mvFo=n ) bi—ac=a
K=1

Thus, we obtain

’ {kil"l(bk)—al(ak)} > a ( 5 (o7 mo—a - “;”))
n 1
n _ e
=N kZlIJk*)\k* Z>mG- - -3 —myG-—¢

Theorem 7.Let F be a bounded —closed set. Then, the non-Newtonian measure of F is theggigatver bound of the
measure of all possible —open sets containing.F

Proof.Let A be ana —open interval containing the st Then, we have
myF = myA — my(Ch).
By Theorem 5, we can find am—closed set such that® c C§;. By Theorem 6, we have
my® > myCh — ¢
for everye > 0. Let defineGy = C2. Itis clear thaGy is ana—open set containing. Also, we have

MyGo = MNCY = myA —my @ < myA —myCl +&.
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Thus, we get
mMyGo < MyF +&.

Theorem 8. Let the boundedr—closed set F be the union of a finite number of pairwise disjairclosed sets, i.e.
n
F= U F, Where kNFR = @ fork #1. Then
k=1

n
mnF =n z M F.
=1

n
Proof. SinceF is a—closed set, we have 1(F) = |J a~1(F) is closed set. Then, by the properties of Lebesgue measure
k=1

of bounded closed set in real numbers, we have

m(a~}(F)) = m(kLnJ al(Fk)> =5 m(a~*(R)).

Thus, we get

n

mnF = a <kzlm(a1(|:k))> =a <
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