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Abstract: In this article, the solution of a non-stationary heat equation in an axial symmetry cylindrical coordinates is determined,
where the heat equation is being subject to non-homogeneousmixed discontinuous boundary conditions of first and secondkind. In
fact, the problem is transformed to a Fredholm integral equation of first kind, therefore the solution of the heat problemis determined
by solving the Fredholm integral equation, where we use the regularization method to have the solution. In fact, the Laplace transform,
Hankel transform and separation of variables are used for the problem transformation into the integral equation.
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1 Introduction

Because of the application of the mixed equations in physical problems, which are based on the time independent and

Helmholtz equation, several articles have been studied thesolution of mixed problem which has a dual equations [9,6,4,3,

5,8,7],[16],[15]. For instance, in this article, we consider a mixed problemof solid cylindrical with an infinite height and

given radiusR. In particular, inside the disk 0< r < r0, the boundary conditions on the surface of cylindrical and outside

the diskr0 < r < R are given, and of first kind and second kind respectively, or vis versa. Our method for having the

solution of heat equation with mixed boundary problem is summarized as follows. Firstly, we use the Laplace transform

to the heat equation and to the mixed boundary conditions, then we use the separation of variables of the heat equation in

axial cylindrical coordinates, where the problem is reduced to a dual series equations (DSE) with first kind Bessel function

and order zero, such that the weight and the free terms dependon the parameter of the Laplace transform. Secondly, we

use the inverse of Hankel transform to reduce the DSE into a first kind Fredholm integral equation. Finally, we use the

regularization method for solving the resulting integral equation, where the regularization method based on converting the

first kind integral equation into a second kind integral equation, such that several methods could be used for solving the

integral equation numerically.

2 Formulation and Solution of the Problem

We consider the solution of the heat

θrr(r,z,τ)+θr(r,z,τ)/r+θzz(r,z,τ) = θτ (r,z,τ)/a (1)

With the mixed discontinuous boundary conditions of first and second kind of the form

θz(r,0,τ) = f1(r,τ); 0≤ r < r0 (2)
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θ (r,0,τ) = f2(r,τ); r0 < r < R (3)

whereθ (r,z,τ) = T (r,z,τ)−T0 is the temperature distribution function, such thatT0 anda are the given initial temperature

constant heat diffusivity coefficient respectively, andfi(r,z); i = 1,2 are known continuous functions with respect to the

variablesr,τ which are accept with Laplace and Hankel transforms with respect to the variablesr andτ respectively. In

fact, equation (1) is given over the surface of the cylinderz = 0 and inside the disk 0< r < r0 < R. On a surfacer = R and

on the axisr = 0 z → ∞, the unmixed homogeneous boundary conditions given as:

θ (R,z,τ) = 0; 0≤ z < ∞ (4)

θ (0,z,τ) = 0; 0≤ z < ∞ (5)

θ (r,∞,τ) = 0; 0≤ r < R (6)

In fact, the physical significance of the problem formulatedsuch that, on the level surface of semi-infinite cylinder inside

the diskz = 0;0< r < r0, a mixed boundary condition of the second kind prescribed heat flux according Fourier low of

heating, whereas outside the diskz = 0;r0 < r < R, a temperature function is given. In the following, we will transform

the problem to a Fredholm integral equation. applying the Laplace transform to equations (1) to (6), where

θ̄(r,z,s) = L[θ (r,z,τ)] =
∫ ∞

0
θ (r,z,τ)exp(−sτ)dτ

Then separate variables in equation (1) and use the boundary conditions (4)-(6), we the equation

θ̄ (r,z,s) =
∞

∑
n=1

C̄n(λn,s)exp(−z
√

λ 2
n + s/a)J0(λnρ) (7)

where,C̄n(λn,s) are unknown coefficients,λn is the root of Bessel function of the first kind and order zero;J0(λnρ).
Moreover,α = R/r0, ρ = r/r0 ; dimensionless variables,s is the parameter of L-transform.

Now by using the mixed conditions (2) and (3) applied to (7), we obtain a DSE to determine the unknown coefficients

C̄n(λn,s)
∞

∑
n=1

C̄n(λn,s)
√

λ 2
n + s/aJ0(λnρ) = f̄1(ρ ,s); 0≤ ρ < 1 (8)

∞

∑
n=1

C̄n(λn,s)J0(λnρ) = f̄2(ρ ,s); 1< ρ < α (9)

ass → 0 the DSEs (8), (9) were introduced to the stationary solution of the DSE involving Laplace equation with mixed

conditions [7], [14].

Now to solve DSE (8), (9), we consider the substitution

Ān(λn,s) = C̄n(λn,s)
√

λ 2
n + s/a

Thus, DSE (8), (9) will be written as:

∞

∑
n=1

Ān(λn,s)J0(λnρ) = f̄1(ρ ,s); 0≤ ρ < 1 (10)

© 2019 BISKA Bilisim Technology



NTMSCI 7, No. 2, 208-213 (2019) /www.ntmsci.com 210

∞

∑
n=1

Ān(λn,s)J0(λnρ)/
√

λ 2
n + s/a = f̄2(ρ ,s); 1< ρ < α (11)

Then, applying the inversion Fourier-Bessel transform formula for (10) to have [4], [3]

Ān(λn,s) =
2

α2J2
1(λnα)

{

∫ 1

0
f̄1(u,s)J0(λnu)udu+

∫ α

1
h̄(u,s)J0(λnu)udu

}

. (12)

Such thath̄(u,s) is unknown function defined over the interval(1,α), h(u,τ) = L−1[h̄(u,s)]. Next substitute (12) into

(11), we obtain a first kind Fredholm integral equation of the form

∫ α

1
K̄(u,ρ ,s)h̄(u,s)du = F̄1(ρ ,s) (13)

where

K̄(u,ρ ,s) =
2

α2

∞

∑
n=1

J0(λnα)J0(λnu)
√

λ 2
n + s/aJ2

1(λnα)

F̄1(ρ ,s) = f̄2(ρ ,s)−
∫ 1

0
K̄(u,ρ ,s) f̄1(u,s)du.

The inverse L-transform for (13) exists

∫ τ

0

∫ α

1
K(u,ρ , t − ξ )h(u,ξ )du dξ = F1(ρ ,τ) (14)

where

K(u,ρ , t − ξ ) =
2

α2

√

a
π

∞

∑
n=1

J0(λnρ)J0(λnu)

J2
1(λnα)

exp[−λ 2
n a(t − ξ )]

√

t − ξ

F1(ρ ,τ) = f2(ρ ,τ)−
∫ τ

0

∫ 1

0
K(u,ρ , t − ξ ) f1(ρ ,ξ )du dξ

where Schiff [13]

L−1[
√

λ 2
n + s/a] =

√

a
π

exp[−λ 2
n aτ]

√
τ

.

The second set of a mixed boundary conditions on a surface cylinderz = 0;

0< r < r0 < R

θ (r,0,τ) = f1(r,τ);0≤ r < r0 (15)

θz(r,0,τ) = f2(r,τ);r0 < r < R (16)

In similar manner ,separate variables in (1), then use the mixed conditions (15),(16) in L-transform , we obtain a DSE for

determinationC̄n(λn,s)
∞

∑
n=1

C̄n(λn,s)J0(λnρ) = f̄1(ρ ,s);0< ρ < 1 (17)

∞

∑
n=1

C̄n(λn,s)
√

λ 2
n + s/aJ0(λnρ) = f̄2(ρ ,s);1< ρ < α (18)
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Next, use the substitution̄An(λn,s) = C̄n(λn,s)
√

λ 2
n + s/a, then apply the inversion formula in (18) we have

Ān(λn,s) =
2

α2J2
1(λnα)

(
∫ 1

0
ḡ(u,s)J0(λnu)udu+

∫ α

1
f̄2(u,s)J0(λnu)udu)

where ¯g(u,s) is unknown function defined over the interval(0,1). A Fredholm integral equation of the first kind is obtained

to determine the unknown ¯g(u,s)

∫ 1

0
K̄(u,ρ ,s)ḡ(u,s)du = F̄2(ρ ,s); 0< ρ < 1 (19)

. With kernel and free term respectively

K̄(u,ρ ,s) =
2

α2

∞

∑
n=1

J0(λnα)J0(λnu)
√

λ 2
n + s/aJ2

1(λnα)
,

F̄2(ρ ,s) = f̄1(ρ ,s)−
∫ α

1
f̄2(u,ρ ,s)K̄(ρ ,u,s)du

whereK̄(u,ρ ,s) is the same value in (13),and the inverse L-transform is always exists.

3 Solution integral equation (13)

In this section, we will use the regularization method for solving the resulting Fredholm integral equation of the previous

section. Regularization method is an effect tool for solving a first kind Fredholm integral equations [10,18,2,12,17,1].

Firstly, integral equation (13) can be written as

γ h̄γ(ρ ,s) = F̄2(ρ ,s)−
∫ α

1
K̄(u,ρ ,s)h̄γ(u,s)du (20)

γ is a small positive parameter, rewrite (20) as

h̄γ(ρ ,s) =
1
γ

F̄2(ρ ,s)−
1
γ

∫ α

1
K̄(u,ρ ,s)h̄γ(u,s)du

The solutionh̄γ(u,s) converges tōh(u,s) as γ → 0. Adomian decomposition iteration is applicable for solving (20),

however for simplification (20) without loss of generality, we consider

f̄2(ρ ,s) = 0, f̄1(ρ ,s) = F(ρ ,s),

¯̃K(u,ρ ,s) =
2

α2

N

∑
n=1

J0(λnα)J0(λnu)
√

λ 2
n + s/aJ2

1(λnα)
+EN+1 (21)

EN+1 is an error

EN+1 =
2

α2

∞

∑
n=N+1

J0(λnα)J0(λnu)
√

λ 2
n + s/aJ2

1

(λnα)

(20) by meaning (21) becomes
¯̃hγ(ρ ,s) =

1
γ

F̄(ρ ,s)−
1
γ

∫ α

1

¯̃K(u,ρ ,s)¯̃hγ(u,s)du (22)
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¯̃hγ(ρ ,s) is the approximation solution of̄hγ(ρ ,s). Integral equation (22) can be solved by successive approximation

¯̃hγ(m+1)(ρ ,s) =
1
γ

F̄(ρ ,s)−
1
γ

∫ α

1

¯̃K(u,ρ ,s)¯̃hγm(u,s)du

¯̃hγ1(ρ ,s) =
1
γ

F̄(ρ ,s), ¯̃hm(u,s) = lim
γ→0

¯̃hγm(u,s)

Use the summation of monograph [18], where ¯̃hγ(ρ ,s) = ∑∞
m=0

¯̃hγm(u,s). It is interesting to note that, the regularization

method is not commonly used for solving Fredholm integral equations of first kind. Where, some numerical techniques

could be used for solving the integral equations [17], [11].

4 Conclusion

In this article we extend the use of the DSE method to solve nonstationary heat equation with mixed boundary conditions

of the first and of the second kind, solution of the given problem is introduced to a Fredholm integral equation of the first

kind, which is treated by regularization technique. This technique will be used to solve several problems dealing with

mixed problems with different coordinate systems and various physical and technical sciences.
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