
49 JACM 4, No. 2, 49-66 (2019)

Journal of Abstract and Computational Mathematics
http://www.ntmsci.com/jacm

Two finite iterative algorithms for finding the reflexive
and Hermitian reflexive solutions of coupled complex of
conjugate and transpose matrix equations
Ahmed M. E. Bayoumi

Department of Mathematics, Faculty of Education, Ain Shams University, Cairo, Egypt

Received: 8 Oct. 2018, Accepted: 7 May. 2019
Published online: 30 Jun. 2019

Abstract: In this paper, two finite iterative algorithms for finding the reflexive and Hermitian reflexive solutions of coupled complex
of conjugate and transpose matrix equations are constructed. With these two iterative algorithms, for any initial reflexive and Hermitian
reflexive matrices, the solutions can be obtained within finite iterative steps in the absence of round off errors. Some needed lemmas and
theorems are stated and proved to investigate the convergence of the proposed algorithms. Finally, we report two numerical examples
to verify the theoretical results.
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1 Introduction

Matrix equations are often encountered in many areas of computational mathematics, control and system theory. Iterative
approaches for solving matrix equations have given much attention from many researches. In [1], an iterative method for
solving the linear matrix equation AXB = C over a skew-symmetric matrix X was proposed. In [2], a finite iterative
algorithm was presented to solve the pair of linear matrix equations (AXB,CXD) = (E,F). In [3], by using a real inner
product in complex matrix spaces, an iterative algorithm is constructed for solving coupled Sylveter-conjugate matrix
equations. In [4], two iterative algorithms to obtain the reflexive and Hermitian reflexive solutions to the generalized
Sylvester matrix equation A1V + A2V + B1W + B2W = E1V F1 + E2V F2 +C are presented. In [5], two new iterative
algorithms based on a two-dimensional projection technique for solving
A1V +A2V +B1W +B2W = E1V F1 +E2V F2 +C over reflexive and Hermitian reflexive matrices are developed. In [6],
an iterative algorithm to solve the generalized coupled Sylvester equations (AY −ZB,CY −ZD) = (E,F) over unknown
reflexive matricesY,Zare presented. In [7], two gradient based iterative (GI) methods extending the Jacobi and
Gauss-Seidel iterations for solving the generalized Sylvester-conjugate matrix equation
A1XB1 + A2XB2 +C1Y D1 +C2Y D2 = E over reflexive and Hermitian reflexive matrices are presented. In [8], the
necessary and sufficient conditions for the solvability of the matrix equation AHXB =C over reflexive and anti-reflexive
matrices are given, and the general expression of the reflexive and anti-reflexive solutions for a solvable case is obtained.
In [9], an iterative algorithm is presented for solving a class of complex matrix equations, in which there exist the
conjugate and the transpose of the unknown matrices. In [10], the reflexive and anti-reflexive solutions of a linear matrix
equation and systems of matrix equations are presented. In [11], two iterative algorithms for finding the Hermitian
reflexive and skew-Hermitian solutions of the Sylvester matrix equation AX +XB =C are presented.
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This paper is organized as follows: First, in Section 2, we introduce some notations, definition and a theorem that
will be needed to develop this work. In Section 3, we propose two finite iterative algorithms for finding the reflexive
and Hermitian reflexive solutions of coupled complex of conjugate and transpose matrix equations and their convergence
analysis is also given. In Section 4, two numerical examples are given to explore the simplicity and the neatness of the
presented methods.

2 Preliminaries

The following notations, definition and theorem will be used to develop the proposed work. We use AT ,A,AH and tr(A) to
denote the transpose, conjugate, conjugate transpose and the trace of a matrixA, respectively. We denote the set of all m×n
complex matrices by Cm×n; Re(a) denote the real part of the number a. A matrix P ∈ Cn×n is called generalized reflection
matrix if P = PH and PPH = I. The Frobenius norm of the matrix A is denoted by ‖A‖=

√
〈A,A〉=

√
Re(tr(AHA)). An

n×n matrix A is said to be reflexive with respect to P if A = PAP. Cn×n
r (P) denotes the set of all n×n reflexive matrices

with respect to P. An n× n matrix A is said to be Hermitian reflexive with respect to P if A = AH = PAP. H Cn×n
r (P)

denotes the set of all n×n Hermitian reflexive matrices with respect to P.

Definition 1. [12] A real inner product space is a vector space V over the real field R together with an inner product that
is with a map 〈., .〉 : V ×V →R Satisfying the following three axioms for all vectors x,y,z ∈V and all scalars a ∈R

1.Symmetry:〈x,y〉= 〈y,x〉.
2. Linearity in the first argument:

〈ax,y〉= a〈x,y〉 ,〈x+ y,z〉= 〈x,z〉+ 〈y,z〉 .

3. Positive definiteness :〈x,x〉> 0 for all x 6= 0.

The following theorem defines a real inner product on space Cm×n over the field R.

Theorem 1. [13] In the space Cm×n over the field R, an inner product can be defined as

〈A,B〉= Re[tr(AHB)]. (1)

3 Main Results

In this section, we propose two finite iterative algorithms to obtain the reflexive (Hermitian reflexive) solutions,
respectively, and their convergence analysis is also given to the system of matrix equations of the form

A1V HB1 +C1W HD1 +A2V T B2 +C2W T D2 = E1,

A3V HB3 +C3W HD3 +A4V T B4 +C4W T D4 = E2,
(2)

where A1,A2,A3,A4 ∈Cm×s, B1,B2,B3,B4 ∈Cs×n, C1,C2,C3,C4 ∈Cm×q, D1,D2,D3,D4 ∈Cq×n and E1,E2 ∈Cm×n are
given matrices, while V ∈Cs×s

r (P) and W ∈Cq×q
r (Q) (V ∈H Cs×s

r (P) and W ∈H Cq×q
r (Q)) are matrices to be

determined.

Let f (V,W ) = A1V HB1 +C1W HD1 +A2V T B2 +C2W T D2, and g(V,W ) = A3V HB3 +C3W HD3 +A4V T B4 +C4W T D4.
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We introduce the following finite iterative algorithm to obtain the reflexive solution to the system of matrix equations (2).

Algorithm I

1.Input matrices A1,A2,A3,A4 ∈Cm×s,B1,B2,B3,B4 ∈Cs×n, C1,C2,C3,C4 ∈Cm×q, D1,D2,D3,D4 ∈Cq×n and
E1,E2 ∈Cm×n;

2.Choose arbitrary initial reflexive matrix pair [V1,W1] with V1 ∈ Cs×s
r (P) and W1 ∈ Cq×q

r (Q);
3.Set

R1 = diag(E1− f (V1,W1),E2−g(V1,W1));

S1 =
1
2 [B1(E1− f (V1,W1))

HA1 +B2(E1− f (V1,W1))
T A2 +B3(E2−g(V1,W1))

HA3

+B4(E2−g(V1,W1))
T A4 +PB1(E1− f (V1,W1))

HA1P+PB2(E1− f (V1,W1))
T A2P

+PB3(E2−g(V1,W1))
HA3P+PB4(E2−g(V1,W1))

T A4P];

T1 =
1
2 [D1(E1− f (V1,W1))

HC1 +D2(E1− f (V1,W1))
TC2 +D3(E2−g(V1,W1))

HC3

+D4(E2−g(V1,W1))
TC4 +QD1(E1− f (V1,W1))

HC1Q+QD2(E1− f (V1,W1))
TC2Q

+QD3(E2−g(V1,W1))
HC3Q+QD4(E2−g(V1,W1))

TC4Q];

k := 1;

4.If Rk = 0, then stop and Vk, Wk are the solutions ; else let k := k+1 go to STEP 5
5.Compute

Vk+1 =Vk +
‖Rk‖2

‖Sk‖2 +‖Tk‖2 Sk;

Wk+1 =Wk +
‖Rk‖2

‖Sk‖2 +‖Tk‖2 Tk;

Rk+1 = diag(E1− f (Vk+1,Wk+1),E2−g(Vk+1,Wk+1))

= Rk− ‖Rk‖2

‖Sk‖2+‖Tk‖2
diag( f (Sk,Tk),g(Sk,Tk));

Sk+1 =
1
2 [B1(E1− f (Vk+1,Wk+1))

HA1 +B2(E1− f (Vk+1,Wk+1))
T A2 +B3(E2−g(Vk+1,Wk+1))

HA3

+B4(E2−g(Vk+1,Wk+1))
T A4 +PB1(E1− f (Vk+1,Wk+1))

HA1P+PB2(E1− f (Vk+1,Wk+1))
T A2P

+PB3(E2−g(Vk+1,Wk+1))
HA3P+PB4(E2−g(Vk+1,Wk+1))

T A4P]+ ‖Rk+1‖2

‖Rk‖2
Sk;

Tk+1 =
1
2 [D1(E1− f (Vk+1,Wk+1))

HC1 +D2(E1− f (Vk+1,Wk+1))
TC2 +D3(E2−g(Vk+1,Wk+1))

HC3

+D4(E2−g(Vk+1,Wk+1))
TC4 +QD1(E1− f (Vk+1,Wk+1))

HC1Q+QD2(E1− f (Vk+1,Wk+1))
TC2Q

+QD3(E2−g(Vk+1,Wk+1))
HC3Q+QD4(E2−g(Vk+1,Wk+1))

TC4Q]+
‖Rk+1‖2

‖Rk‖2
Tk;

6.If Rk+1 = 0, then stop and Vk, Wk are the solutions; else let k = k+1 go to STEP 5.

We introduce the following finite iterative algorithm to obtain the Hermitian reflexive solution to the system of matrix
equations (2).

Algorithm II

1.Input matrices A1,A2,A3,A4 ∈Cm×s,B1,B2,B3,B4 ∈Cs×n, C1,C2,C3,C4 ∈Cm×q, D1,D2,D3,D4 ∈Cq×n and
E1,E2 ∈Cm×n;

2.Choose arbitrary initial Hermitian reflexive matrix pair [V1,W1] with V1 ∈ H Cs×s
r (P) and W1 ∈ H Cq×q

r (Q);
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3.Set
R1 = diag(E1− f (V1,W1),E2−g(V1,W1));

S1 =
1
2 [B1(E1− f (V1,W1))

HA1 +B2(E1− f (V1,W1))
T A2 +B3(E2−g(V1,W1))

HA3

+B4(E2−g(V1,W1))
T A4 +AH

1 (E1− f (V1,W1))BH
1 +AT

2 (E1− f (V1,W1))BT
2

+AH
3 (E2−g(V1,W1))BH

3 +AT
4 (E2−g(V1,W1))BT

4 +PB1(E1− f (V1,W1))
HA1P

+PB2(E1− f (V1,W1))
T A2P+PB3(E2−g(V1,W1))

HA3P+PB4(E2−g(V1,W1))
T A4P

+PAH
1 (E1− f (V1,W1))BH

1 P+PAT
2 (E1− f (V1,W1))BT

2 P+PAH
3 (E2−g(V1,W1))BH

3 P
+PAT

4 (E2−g(V1,W1))BT
4 P];

T1 =
1
2 [D1(E1− f (V1,W1))

HC1 +D2(E1− f (V1,W1))
TC2 +D3(E2−g(V1,W1))

HC3

+D4(E2−g(V1,W1))
TC4 +CH

1 (E1− f (V1,W1))DH
1 +CT

2 (E1− f (V1,W1))DT
2

+CH
3 (E2−g(V1,W1))DH

3 +CT
4 (E2−g(V1,W1))DT

4 +QD1(E1− f (V1,W1))
HC1Q

+QD2(E1− f (V1,W1))
TC2Q+QD3(E2−g(V1,W1))

HC3Q+QD4(E2−g(V1,W1))
TC4Q

+QCH
1 (E1− f (V1,W1))DH

1 Q+QCT
2 (E1− f (V1,W1))DT

2 Q+QCH
3 (E2−g(V1,W1))DH

3 Q
+QCT

4 (E2−g(V1,W1))DT
4 Q];

k := 1;

4.If Rk = 0, then stop and Vk, Wk are the solutions; else let k := k+1 go to STEP 5
5.Compute

Vk+1 =Vk +
‖Rk‖2

‖Sk‖2 +‖Tk‖2 Sk;

Wk+1 =Wk +
‖Rk‖2

‖Sk‖2 +‖Tk‖2 Tk;

Rk+1 = diag(E1− f (Vk+1,Wk+1),E2−g(Vk+1,Wk+1))

= Rk− ‖Rk‖2

‖Sk‖2+‖Tk‖2
diag( f (Sk,Tk),g(Sk,Tk));

Sk+1 =
1
2 [B1(E1− f (Vk+1,Wk+1))

HA1 +B2(E1− f (Vk+1,Wk+1))
T A2 +B3(E2−g(Vk+1,Wk+1))

HA3

+B4(E2−g(Vk+1,Wk+1))
T A4 +AH

1 (E1− f (Vk+1,Wk+1))BH
1 +AT

2 (E1− f (Vk+1,Wk+1))BT
2

+AH
3 (E2−g(Vk+1,Wk+1))BH

3 +AT
4 (E2−g(Vk+1,Wk+1))BT

4 +PB1(E1− f (Vk+1,Wk+1))
HA1P

+PB2(E1− f (Vk+1,Wk+1))
T A2P+PB3(E2−g(Vk+1,Wk+1))

HA3P+PB4(E2−g(Vk+1,Wk+1))
T A4P

+PAH
1 (E1− f (Vk+1,Wk+1))BH

1 P+PAT
2 (E1− f (Vk+1,Wk+1))BT

2 P+PAH
3 (E2−g(Vk+1,Wk+1))BH

3 P

+PAT
4 (E2−g(Vk+1,Wk+1))BT

4 P]+ ‖Rk+1‖2

‖Rk‖2
Sk;

Tk+1 =
1
2 [D1(E1− f (Vk+1,Wk+1))

HC1 +D2(E1− f (Vk+1,Wk+1))
TC2 +D3(E2−g(Vk+1,Wk+1))

HC3

+D4(E2−g(Vk+1,Wk+1))
TC4 +CH

1 (E1− f (Vk+1,Wk+1))DH
1 +CT

2 (E1− f (Vk+1,Wk+1))DT
2

+CH
3 (E2−g(Vk+1,Wk+1))DH

3 +CT
4 (E2−g(Vk+1,Wk+1))DT

4 +QD1(E1− f (Vk+1,Wk+1))
HC1Q

+QD2(E1− f (Vk+1,Wk+1))
TC2Q+QD3(E2−g(Vk+1,Wk+1))

HC3Q
+QD4(E2−g(Vk+1,Wk+1))

TC4Q+QCH
1 (E1− f (Vk+1,Wk+1))DH

1 Q
+QCT

2 (E1− f (Vk+1,Wk+1))DT
2 Q+QCH

3 (E2−g(Vk+1,Wk+1))DH
3 Q

+QCT
4 (E2−g(Vk+1,Wk+1))DT

4 Q]+
‖Rk+1‖2

‖Rk‖2
Tk;

6.If Rk+1 = 0, then stop and Vk, Wk are the solutions; else let k = k+1 go to STEP 5.

To prove the convergence property of Algorithm I, we first establish the following basic properties.
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Lemma 1. Suppose that the system of matrix equations (2) is consistent and let V ∗,W ∗ be its reflexive solutions. Then for
any initial reflexive matrix pair [V1,W1] with V1 ∈ Cs×s

r (P) and W1 ∈ Cq×q
r (Q), we have

〈Si,V ∗−Vi〉+ 〈Ti,W ∗−Wi〉= ‖Ri‖2 , (3)

where the sequences {Vi} ,{Si} , {Wi} , {Ti} and {Ri}are generated by Algorithm I for i = 1,2, . . .

Proof. We prove this lemma by mathematical induction. When i = 1, from Algorithm I, we have

〈S1,V ∗−V1〉+ 〈T1,W ∗−W1〉= Re{tr[(V ∗−V1)
H( 1

2 [B1(E1− f (V1,W1))
HA1 +B2(E1− f (V1,W1))

T A2

+B3(E2−g(V1,W1))
HA3 +B4(E2−g(V1,W1))

T A4 +PB1(E1− f (V1,W1))
HA1P

+PB2(E1− f (V1,W1))
T A2P+PB3(E2−g(V1,W1))

HA3P+PB4(E2−g(V1,W1))
T A4P])

+(W ∗−W1)
H( 1

2 [D1(E1− f (V1,W1))
HC1 +D2(E1− f (V1,W1))

TC2 +D3(E2−g(V1,W1))
HC3

+D4(E2−g(V1,W1))
TC4 +QD1(E1− f (V1,W1))

HC1Q+QD2(E1− f (V1,W1))
TC2Q

+QD3(E2−g(V1,W1))
HC3Q+QD4(E2−g(V1,W1))

TC4Q])]}

= Re{tr[(E1− f (V1,W1))
HA1(V ∗−V1)

HB1 +(E1− f (V1,W1))T A2(V ∗−V1)HB2

+(E2−g(V1,W1))
HA3(V ∗−V1)

HB3 +(E2−g(V1,W1))T A4(V ∗−V1)HB4

+(E1− f (V1,W1))
HC1(W ∗−W1)

HD1 +(E1− f (V1,W1))TC2(W ∗−W1)HD2

+(E2−g(V1,W1))
HC3(W ∗−W1)

HD3 +(E2−g(V1,W1))TC4(W ∗−W1)HD4]}

= Re{tr[(E1− f (V1,W1))
H(A1V ∗HB1−A1V H

1 B1 +A2V ∗T B2−A2V T
1 B2 +C1W ∗HD1−C1W H

1 D1

+C2W ∗T D2−C2W T
1 D2)+(E2−g(V1,W1))

H(A3V ∗HB3−A3V H
1 B3 +A4V ∗T B4−A4V T

1 B4

+C3W ∗HD3−C3W H
1 D3 +C4W ∗T D4−C4W T

1 D4)]}

= Re{tr[(E1− f (V1,W1))
H(A1V ∗HB1 +A2V ∗T B2 +C1W ∗HD1 +C2W ∗T D2− (A1V H

1 B1 +A2V T
1 B2

+C1W H
1 D1 +C2W T

1 D2))+(E2−g(V1,W1))
H(A3V ∗HB3 +A4V ∗T B4 +C3W ∗HD3 +C4W ∗T D4

−(A3V H
1 B3 +A4V T

1 B4 +C3W H
1 D3 +C4W T

1 D4))]}

= Re{tr[(E1− f (V1,W1))
H(E1− f (V1,W1))+(E2−g(V1,W1))

H(E2−g(V1,W1))]}

= Re{tr[

[
E1− f (V1,W1) 0

0 E2−g(V1,W1)

]H [
E1− f (V1,W1) 0

0 E2−g(V1,W1)

]
]}= Re{tr[RH

1 R1]}= ‖R1‖2

This implies that (3) holds for i = 1. Now, assume that (3) holds for i = k . That is,

〈Sk,V ∗−Vk〉+ 〈Tk,W ∗−Wk〉= ‖Rk‖2

Then we have to prove that the conclusion holds for i = k+1. It follows from Algorithm I that
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〈Sk+1,V ∗−Vk+1〉+ 〈Tk+1,W ∗−Wk+1〉= Re{tr[(V ∗−Vk+1)
H( 1

2 [B1(E1− f (Vk+1,Wk+1))
HA1

+B2(E1− f (Vk+1,Wk+1))
T A2 +B3(E2−g(Vk+1,Wk+1))

HA3 +B4(E2−g(Vk+1,Wk+1))
T A4

+PB1(E1− f (Vk+1,Wk+1))
HA1P+PB2(E1− f (Vk+1,Wk+1))

T A2P

+PB3(E2−g(Vk+1,Wk+1))
HA3P+PB4(E2−g(Vk+1,Wk+1))

T A4P]+ ‖Rk+1‖2

‖Rk‖2
Sk)

+(W ∗−Wk+1)
H( 1

2 [D1(E1− f (Vk+1,Wk+1))
HC1 +D2(E1− f (Vk+1,Wk+1))

TC2

+D3(E2−g(Vk+1,Wk+1))
HC3 +D4(E2−g(Vk+1,Wk+1))

TC4 +QD1(E1− f (Vk+1,Wk+1))
HC1Q

+QD2(E1− f (Vk+1,Wk+1))
TC2Q+QD3(E2−g(Vk+1,Wk+1))

HC3Q

+QD4(E2−g(Vk+1,Wk+1))
TC4Q]+

‖Rk+1‖2

‖Rk‖2
Tk)]}

= Re{tr[(E1− f (Vk+1,Wk+1))
HA1(V ∗−Vk+1)

HB1 +(E1− f (Vk+1,Wk+1))T A2(V ∗−Vk+1)HB2

+(E2−g(Vk+1,Wk+1))
HA3(V ∗−Vk+1)

HB3 +(E2−g(Vk+1,Wk+1))T A4(V ∗−Vk+1)HB4

+(E1− f (Vk+1,Wk+1))
HC1(W ∗−Wk+1)

HD1 +(E1− f (Vk+1,Wk+1))TC2(W ∗−Wk+1)HD2

+(E2−g(Vk+1,Wk+1))
HC3(W ∗−Wk+1)

HD3 +(E2−g(Vk+1,Wk+1))TC4(W ∗−Wk+1)HD4]}
+
‖Rk+1‖2

‖Rk‖2
Re{tr[(V ∗−Vk+1)

HSk +(W ∗−Wk+1)
HTk]}

= Re{tr[(E1− f (Vk+1,Wk+1))
H(A1V ∗HB1−A1V H

k+1B1 +A2V ∗T B2−A2V T
k+1B2 +C1W ∗HD1

−C1W H
k+1D1 +C2W ∗T D2−C2W T

k+1D2)+(E2−g(Vk+1,Wk+1))
H(A3V ∗HB3−A3V H

k+1B3

+A4V ∗T B4−A4V T
k+1B4 +C3W ∗HD3−C3W H

k+1D3 +C4W ∗T D4−C4W T
k+1D4)]}

+
‖Rk+1‖2

‖Rk‖2
Re{tr[(V ∗−Vk− ‖Rk‖2

‖Sk‖2+‖Tk‖2
Sk)

HSk +(W ∗−Wk− ‖Rk‖2

‖Sk‖2+‖Tk‖2
Tk)

HTk]}

= Re{tr[(E1− f (Vk+1,Wk+1))
H(A1V ∗HB1 +A2V ∗T B2 +C1W ∗HD1 +C2W ∗T D2− (A1V H

k+1B1 +A2V T
k+1B2

+C1W H
k+1D1 +C2W T

k+1D2))+(E2−g(Vk+1,Wk+1))
H(A3V ∗HB3 +A4V ∗T B4 +C3W ∗HD3 +C4W ∗T D4

−(A3V H
k+1B3 +A4V T

k+1B4 +C3W H
k+1D3 +C4W T

k+1D4))]}

+
‖Rk+1‖2

‖Rk‖2 Re{tr[(V ∗−Vk)
HSk +(W ∗−Wk)

HTk]}−
‖Rk+1‖2

‖Rk‖2
‖Rk‖2

‖Sk‖2 +‖Tk‖2 Re{tr[SH
k Sk +T H

k Tk]}

(4)

In view that V ∗,W ∗ are solutions of the system of matrix equations (2), with relation (4) one has

〈Sk+1,V ∗−Vk+1〉+ 〈Tk+1,W ∗−Wk+1〉== Re{tr[(E1− f (Vk+1,Wk+1))
H(E1− f (Vk+1,Wk+1))

+(E2−g(Vk+1,Wk+1))
H(E2−g(Vk+1,Wk+1))]}+

‖Rk+1‖2

‖Rk‖2
‖Rk‖2− ‖Rk+1‖2

‖Rk‖2
‖Rk‖2

‖Sk‖2+‖Tk‖2
(‖Sk‖2 +‖Tk‖2)

= Re{tr[

[
E1− f (Vk+1,Wk+1) 0

0 E2−g(Vk+1,Wk+1)

]H [
E1− f (Vk+1,Wk+1) 0

0 E2−g(Vk+1,Wk+1)

]
]}

+‖Rk+1‖2−‖Rk+1‖2

= Re{tr(RH
k+1Rk+1)}= ‖Rk+1‖2

So, (3) holds for i = k+1 . Hence relation (3) holds by the principle of induction.
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Lemma 2. Suppose that system of matrix equations (2) is consistent and the sequences{Si}, {Ti} and {Ri} are generated
by Algorithm I , such that Ri 6= 0for all i = 1,2, . . . , then

〈
Ri,R j

〉
= 0 (5)

and 〈
Si,S j

〉
+
〈
Ti,Tj

〉
= 0, f ori, j = 1,2, . . . ,k, i 6= j. (6)

Proof. We prove the conclusion by induction,
Step 1: We prove

〈Ri,Ri+1〉= 0 (7)

〈Si,Si+1〉+ 〈Ti,Ti+1〉= 0, f or i = 1,2, . . . . (8)

First from Algorithm I, we have

Rk+1 = diag(E1− f (Vk+1,Wk+1),E2−g(Vk+1,Wk+1))

= diag(E1−A1V H
k+1B1−C1W H

k+1D1−A2V T
k+1B2−C2W T

k+1D2,E2−A3V H
k+1B3−C3W H

k+1D3−A4V T
k+1B4−C4W T

k+1D4)

= diag(E1−A1(Vk +
‖Rk‖2

‖Sk‖2+‖Tk‖2
Sk)

HB1−C1(Wk +
‖Rk‖2

‖Sk‖2+‖Tk‖2
Tk)

HD1−A2(Vk +
‖Rk‖2

‖Sk‖2+‖Tk‖2
Sk)

T B2

−C2(Wk +
‖Rk‖2

‖Sk‖2+‖Tk‖2
Tk)

T D2,E2−A3(Vk +
‖Rk‖2

‖Sk‖2+‖Tk‖2
Sk)

HB3−C3(Wk +
‖Rk‖2

‖Sk‖2+‖Tk‖2
Tk)

HD3

−A4(Vk +
‖Rk‖2

‖Sk‖2+‖Tk‖2
Sk)

T B4−C4(Wk +
‖Rk‖2

‖Sk‖2+‖Tk‖2
Tk)

T D4)

= diag(E1−A1V H
k B1−C1W H

k D1−A2V T
k B2−C2W T

k D2,E2−A3V H
k B3−C3W H

k D3−A4V T
k B4−C4W T

k D4)

− ‖Rk‖2

‖Sk‖2+‖Tk‖2
diag(A1SH

k B1 +C1T H
k D1 +A2ST

k B2 +C2T T
k D2,A3SH

k B3 +C3T H
k D3 +A4ST

k B4 +C4T T
k D4)

= diag(E1− f (Vk,Wk),E2−g(Vk,Wk))−
‖Rk‖2

‖Sk‖2 +‖Tk‖2 diag( f (Sk,Tk),g(Sk,Tk))

= Rk−
‖Rk‖2

‖Sk‖2 +‖Tk‖2 diag( f (Sk,Tk),g(Sk,Tk)). (9)

For i = 1, it follows from (9) that
〈R1,R2〉= Re{tr[RH

2 R1]}

= Re{tr[(R1−
‖R1‖2

‖S1‖2 +‖T1‖2 diag( f (S1,T1),g(S1,T1)))
HR1]}

= Re{tr[RH
1 R1]}−

‖R1‖2

‖S1‖2 +‖T1‖2 Re{tr[

[
f (S1,T1) 0

0 g(S1,T1)

]H

.

[
E1− f (V1,W1) 0

0 E2−g(V1,W1)

]
]}

= ‖R1‖2− ‖R1‖2

‖S1‖2+‖T1‖2
Re{tr[(A1SH

1 B1 +C1T H
1 D1 +A2ST

1 B2 +C2T T
1 D2)

H(E1− f (V1,W1))

+(A3SH
1 B3 +C3T H

1 D3 +A4ST
1 B4 +C4T T

1 D4)
H(E2−g(V1,W1))]}

= ‖R1‖2− ‖R1‖2

‖S1‖2+‖T1‖2
Re{tr[SH

1 B1(E1− f (V1,W1))
HA1 +T H

1 D1(E1− f (V1,W1))
HC1

+ST
1 B2(E1− f (V1,W1))HA2 +T T

1 D2(E1− f (V1,W1))HC2 +SH
1 B3(E2−g(V1,W1))

HA3

+T H
1 D3(E2−g(V1,W1))

HC3 +ST
1 B4(E2−g(V1,W1))HA4 +T T

1 D4(E2−g(V1,W1))HC4]}
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= ‖R1‖2− ‖R1‖2

‖S1‖2+‖T1‖2
Re{tr[SH

1 (B1(E1− f (V1,W1))
HA1 +B2(E1− f (V1,W1))

T A2

+B3(E2−g(V1,W1))
HA3 +B4(E2−g(V1,W1))

T A4)+T H
1 (D1(E1− f (V1,W1))

HC1

+D2(E1− f (V1,W1))
TC2 +D3(E2−g(V1,W1))

HC3 +D4(E2−g(V1,W1))
TC4)]}

= ‖R1‖2− ‖R1‖2

‖S1‖2+‖T1‖2
Re{tr[SH

1 (
1
2 [B1(E1− f (V1,W1))

HA1 +B2(E1− f (V1,W1))
T A2

+B3(E2−g(V1,W1))
HA3 +B4(E2−g(V1,W1))

T A4 +PB1(E1− f (V1,W1))
HA1P

+PB2(E1− f (V1,W1))
T A2P+PB3(E2−g(V1,W1))

HA3P+PB4(E2−g(V1,W1))
T A4P])

+T H
1 ( 1

2 [D1(E1− f (V1,W1))
HC1 +D2(E1− f (V1,W1))

TC2 +D3(E2−g(V1,W1))
HC3

+D4(E2−g(V1,W1))
TC4 +QD1(E1− f (V1,W1))

HC1Q+QD2(E1− f (V1,W1))
TC2Q

+QD3(E2−g(V1,W1))
HC3Q+QD4(E2−g(V1,W1))

TC4Q])]}

= ‖R1‖2− ‖R1‖2

‖S1‖2+‖T1‖2
Re{tr[SH

1 S1 +T H
1 T1]}

= ‖R1‖2− ‖R1‖2

‖S1‖2+‖T1‖2
[‖S1‖2 +‖T1‖2] = 0

This implies that (7) is satisfied for i = 1. From Algorithm I, we also have

〈S1,S2〉+ 〈T1,T2〉= Re{tr[SH
2 S1 +T H

2 T1]}

= Re{tr[( 1
2 [B1(E1− f (V2,W2))

HA1 +B2(E1− f (V2,W2))
T A2 +B3(E2−g(V2,W2))

HA3

+B4(E2−g(V2,W2))
T A4 +PB1(E1− f (V2,W2))

HA1P+PB2(E1− f (V2,W2))
T A2P

+PB3(E2−g(V2,W2))
HA3P+PB4(E2−g(V2,W2))

T A4P]+ ‖R2‖2

‖R1‖2
S1)

HS1

+( 1
2 [D1(E1− f (V2,W2))

HC1 +D2(E1− f (V2,W2))
TC2 +D3(E2−g(V2,W2))

HC3

+D4(E2−g(V2,W2))
TC4 +QD1(E1− f (V2,W2))

HC1Q+QD2(E1− f (V2,W2))
TC2Q

+QD3(E2−g(V2,W2))
HC3Q+QD4(E2−g(V2,W2))

TC4Q]+ ‖R2‖2

‖R1‖2
T1)

HT1]}

= Re{tr[(E1− f (V2,W2))
HA1SH

1 B1 +(E1− f (V2,W2))T A2SH
1 B2 +(E2−g(V2,W2))

HA3SH
1 B3

+(E2−g(V2,W2))T A4SH
1 B4 +(E1− f (V2,W2))

HC1T H
1 D1 +(E1− f (V2,W2))TC2T H

1 D2

+(E2−g(V2,W2))
HC3T H

1 D3 +(E2−g(V2,W2))TC4T H
1 D4]}+ ‖R2‖2

‖R1‖2
Re{tr[SH

1 S1 +T H
1 T1]}

= Re{tr[(E1− f (V2,W2))
H(A1SH

1 B1 +A2ST
1 B2 +C1T H

1 D1 +C2T T
1 D2)

+(E2−g(V2,W2))
H(A3SH

1 B3 +A4ST
1 B4 +C3T H

1 D3 +C4T T
1 D4)]}

+ ‖R2‖2

‖R1‖2
Re{tr[SH

1 S1 +T H
1 T1]}

= Re{tr[

[
E1− f (V2,W2) 0

0 E2−g(V2,W2)

]H [
f (S1,T1) 0

0 g(S1,T1)

]
]}

+ ‖R2‖2

‖R1‖2
Re{tr[SH

1 S1 +T H
1 T1]}

= ‖S1‖2+‖T1‖2

‖R1‖2
[Re{tr[RH

2 (R1−R2)]}+ ‖R2‖2

‖R1‖2
(‖S1‖2 +‖T1‖2)

=− ‖S1‖2+‖T1‖2

‖R1‖2
[‖R2‖2]+ ‖R2‖2

‖R1‖2
(‖S1‖2 +‖T1‖2) = 0

Thus, (8) satisfied for i = 1.
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Assume (7) and (8) hold for i = k−1. From (9) and applying mathematical assumption, from Algorithm I one has

〈Rk,Rk+1〉= Re{tr[RH
k+1Rk]}

= Re{tr[(Rk−
‖Rk‖2

‖Sk‖2 +‖Tk‖2 diag( f (Sk,Tk),g(Sk,Tk)))
HRk]}

= Re{tr[RH
k Rk]}−

‖Rk‖2

‖Sk‖2 +‖Tk‖2 Re{tr[

[
f (Sk,Tk) 0

0 g(Sk,Tk)

]H

.

[
E1− f (Vk,Wk) 0

0 E2−g(Vk,Wk)

]
]}

= ‖Rk‖2− ‖Rk‖2

‖Sk‖2+‖Tk‖2
Re{tr[(A1SH

k B1 +C1T H
k D1 +A2ST

k B2 +C2T T
k D2)

H(E1− f (Vk,Wk))

+(A3SH
k B3 +C3T H

k D3 +A4ST
k B4 +C4T T

k D4)
H(E2−g(Vk,Wk))]}

= ‖Rk‖2− ‖Rk‖2

‖Sk‖2+‖Tk‖2
Re{tr[SH

k B1(E1− f (Vk,Wk))
HA1 +T H

k D1(E1− f (Vk,Wk))
HC1

+ST
k B2(E1− f (Vk,Wk))HA2 +T T

k D2(E1− f (Vk,Wk))HC2 +SH
k B3(E2−g(Vk,Wk))

HA3

+T H
k D3(E2−g(Vk,Wk))

HC3 +ST
k B4(E2−g(Vk,Wk))HA4 +T T

k D4(E2−g(Vk,Wk))HC4]}

= ‖Rk‖2− ‖Rk‖2

‖Sk‖2+‖Tk‖2
Re{tr[SH

k (B1(E1− f (Vk,Wk))
HA1 +B2(E1− f (Vk,Wk))

T A2

+B3(E2−g(Vk,Wk))
HA3 +B4(E2−g(Vk,Wk))

T A4)+T H
k (D1(E1− f (Vk,Wk))

HC1

+D2(E1− f (Vk,Wk))
TC2 +D3(E2−g(Vk,Wk))

HC3 +D4(E2−g(Vk,Wk))
TC4)]}

= ‖Rk‖2− ‖Rk‖2

‖Sk‖2+‖Tk‖2
Re{tr[SH

k (
1
2 [B1(E1− f (Vk+1,Wk+1))

HA1 +B2(E1− f (Vk+1,Wk+1))
T A2

+B3(E2−g(Vk+1,Wk+1))
HA3 +B4(E2−g(Vk+1,Wk+1))

T A4 +PB1(E1− f (Vk+1,Wk+1))
HA1P

+PB2(E1− f (Vk+1,Wk+1))
T A2P+PB3(E2−g(Vk+1,Wk+1))

HA3P+PB4(E2−g(Vk+1,Wk+1))
T A4P])

+T H
k ( 1

2 [D1(E1− f (Vk+1,Wk+1))
HC1 +D2(E1− f (Vk+1,Wk+1))

TC2 +D3(E2−g(Vk+1,Wk+1))
HC3

+D4(E2−g(Vk+1,Wk+1))
TC4 +QD1(E1− f (Vk+1,Wk+1))

HC1Q+QD2(E1− f (Vk+1,Wk+1))
TC2Q

+QD3(E2−g(Vk+1,Wk+1))
HC3Q+QD4(E2−g(Vk+1,Wk+1))

TC4Q])]}

= ‖Rk‖2− ‖Rk‖2

‖Sk‖2 +‖Tk‖2 Re{tr[SH
k (Sk−

‖Rk‖2

‖Rk−1‖2 Sk−1)+T H
k (Tk−

‖Rk‖2

‖Rk−1‖2 Tk−1)]}

= ‖Rk‖2− ‖Rk‖2

‖Sk‖2 +‖Tk‖2 [‖Sk‖2 +‖Tk‖2− ‖Rk‖2

‖Rk−1‖2 Re{tr[SH
k Sk−1 +T H

k Tk−1]}= 0.

Thus, (7) holds for i = k.

Also, from Algorithm I one also has

〈Sk,Sk+1〉+ 〈Tk,Tk+1〉= Re{tr[SH
k+1Sk +T H

k+1Tk]}

= Re{tr[( 1
2 [B1(E1− f (Vk+1,Wk+1))

HA1 +B2(E1− f (Vk+1,Wk+1))
T A2 +B3(E2−g(Vk+1,Wk+1))

HA3

+B4(E2−g(Vk+1,Wk+1))
T A4 +PB1(E1− f (Vk+1,Wk+1))

HA1P+PB2(E1− f (Vk+1,Wk+1))
T A2P

+PB3(E2−g(Vk+1,Wk+1))
HA3P+PB4(E2−g(Vk+1,Wk+1))

T A4P]+ ‖Rk+1‖2

‖Rk‖2
Sk)

HSk

+( 1
2 [D1(E1− f (Vk+1,Wk+1))

HC1 +D2(E1− f (Vk+1,Wk+1))
TC2 +D3(E2−g(Vk+1,Wk+1))

HC3

+D4(E2−g(Vk+1,Wk+1))
TC4 +QD1(E1− f (Vk+1,Wk+1))

HC1Q+QD2(E1− f (Vk+1,Wk+1))
TC2Q

+QD3(E2−g(Vk+1,Wk+1))
HC3Q+QD4(E2−g(Vk+1,Wk+1))

TC4Q]+
‖Rk+1‖2

‖Rk‖2
Tk)

HTk]}
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= Re{tr[(E1− f (Vk+1,Wk+1))
HA1SH

k B1 +(E1− f (Vk+1,Wk+1))T A2SH
k B2 +(E2−g(Vk+1,Wk+1))

HA3SH
k B3

+(E2−g(Vk+1,Wk+1))T A4SH
k B4 +(E1− f (Vk+1,Wk+1))

HC1T H
k D1 +(E1− f (Vk+1,Wk+1))TC2T H

k D2

+(E2−g(Vk+1,Wk+1))
HC3T H

k D3 +(E2−g(Vk+1,Wk+1))TC4T H
k D4]}+ ‖Rk+1‖2

‖Rk‖2
Re{tr[SH

k Sk +T H
k Tk]}

= Re{tr[(E1− f (Vk+1,Wk+1))
H(A1SH

k B1 +A2ST
k B2 +C1T H

k D1 +C2T T
k D2)

+(E2−g(Vk+1,Wk+1))
H(A3SH

k B3 +A4ST
k B4 +C3T H

k D3 +C4T T
k D4)]}

+
‖Rk+1‖2

‖Rk‖2
(‖Sk‖2 +‖Tk‖2)

= Re{tr[

[
E1− f (Vk+1,Wk+1) 0

0 E2−g(Vk+1,Wk+1)

]H [
f (Sk,Tk) 0

0 g(Sk,Tk)

]
]}

+
‖Rk+1‖2

‖Rk‖2
(‖Sk‖2 +‖Tk‖2)

= ‖Sk‖2+‖Tk‖2

‖Rk‖2
[Re{tr[RH

k+1(Rk−Rk+1)]}+
‖Rk+1‖2

‖Rk‖2
(‖Sk‖2 +‖Tk‖2)

=− ‖Sk‖2+‖Tk‖2

‖Rk‖2
[‖Rk+1‖2]+

‖Rk+1‖2

‖Rk‖2
(‖Sk‖2 +‖Tk‖2)

This implies that (7) and (8) hold for i = k. Hence, the relation (7) and (8) hold for all 1≤ i≤ k.

Step2: We want to show that,
〈Ri,Ri+l〉= 0, (10)

and

〈Si,Si+l〉+ 〈Ti,Ti+l〉= 0, (11)

hold for integer l ≥ 1 . We prove these two equations given by (10) and (11) by using induction. The case of l = 1 is
proved in Step 1. Now we assume that (10) and (11) hold for l ≤ q,q≥ 1 the aim is to show

〈
Ri,Ri+q+1

〉
= 0, (12)

and 〈
Si,Si+q+1

〉
+
〈
Ti,Ti+q+1

〉
= 0. (13)

First, we prove the following, 〈
R0,Rq+1

〉
= 0, (14)

and 〈
S0,Sq+1

〉
+
〈
T0,Tq+1

〉
= 0. (15)

According Algorithm I, from (9) and induction assumption one has

〈
R0,Rq+1

〉
= Re{tr[RH

q+1R0]}

= Re{tr[(Rq−
∥∥Rq

∥∥2∥∥Sq
∥∥2

+
∥∥Tq
∥∥2 diag( f (Sq,Tq),g(Sq,Tq)))

HR0]}

= Re{tr[RH
q R0]}−

∥∥Rq
∥∥2∥∥Sq

∥∥2
+
∥∥Tq
∥∥2 Re{tr[

[
f (Sq,Tq) 0

0 g(Sq,Tq)

]H

.

[
E1− f (V0,W0) 0

0 E2−g(V0,W0)

]
]}
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=− ‖Rq‖2

‖Sq‖2
+‖Tq‖2 Re{tr[(A1SH

q B1 +C1T H
q D1 +A2ST

q B2 +C2T T
q D2)

H(E1− f (V0,W0))

+(A3SH
q B3 +C3T H

q D3 +A4ST
q B4 +C4T T

q D4)
H(E2−g(V0,W0))]}

=− ‖Rq‖2

‖Sq‖2
+‖Tq‖2 Re{tr[SH

q B1(E1− f (V0,W0))
HA1 +T H

q D1(E1− f (V0,W0))
HC1

+ST
q B2(E1− f (V0,W0))HA2 +T T

q D2(E1− f (V0,W0))HC2 +SH
q B3(E2−g(V0,W0))

HA3

+T H
q D3(E2−g(V0,W0))

HC3 +ST
q B4(E2−g(V0,W0))HA4 +T T

q D4(E2−g(V0,W0))HC4]}

=− ‖Rq‖2

‖Sq‖2
+‖Tq‖2 Re{tr[SH

q (B1(E1− f (V0,W0))
HA1 +B2(E1− f (V0,W0))

T A2

+B3(E2−g(V0,W0))
HA3 +B4(E2−g(V0,W0))

T A4)+T H
q (D1(E1− f (V0,W0))

HC1

+D2(E1− f (V0,W0))
TC2 +D3(E2−g(V0,W0))

HC3 +D4(E2−g(V0,W0))
TC4)]}

=− ‖Rq‖2

‖Sq‖2
+‖Tq‖2 Re{tr[SH

q (
1
2 [B1(E1− f (V0,W0))

HA1 +B2(E1− f (V0,W0))
T A2

+B3(E2−g(V0,W0))
HA3 +B4(E2−g(V0,W0))

T A4 +PB1(E1− f (V0,W0))
HA1P

+PB2(E1− f (V0,W0))
T A2P+PB3(E2−g(V0,W0))

HA3P+PB4(E2−g(V0,W0))
T A4P])

+T H
q ( 1

2 [D1(E1− f (V0,W0))
HC1 +D2(E1− f (V0,W0))

TC2 +D3(E2−g(V0,W0))
HC3

+D4(E2−g(V0,W0))
TC4 +QD1(E1− f (V0,W0))

HC1Q+QD2(E1− f (V0,W0))
TC2Q

+QD3(E2−g(V0,W0))
HC3Q+QD4(E2−g(V0,W0))

TC4Q])]}

=−
∥∥Rq

∥∥2∥∥Sq
∥∥2

+
∥∥Tq
∥∥2 Re{tr[SH

q S0 +T H
q T0]}= 0,

and 〈
S0,Sq+1

〉
+
〈
T0,Tq+1

〉
= Re{tr[SH

q+1S0 +T H
q+1T0]}

= Re{tr[( 1
2 [B1(E1− f (Vq+1,Wq+1))

HA1 +B2(E1− f (Vq+1,Wq+1))
T A2 +B3(E2−g(Vq+1,Wq+1))

HA3

+B4(E2−g(Vq+1,Wq+1))
T A4 +PB1(E1− f (Vq+1,Wq+1))

HA1P+PB2(E1− f (Vq+1,Wq+1))
T A2P

+PB3(E2−g(Vq+1,Wq+1))
HA3P+PB4(E2−g(Vq+1,Wq+1))

T A4P]+ ‖Rq+1‖2

‖Rq‖2 Sq)
HS0

+( 1
2 [D1(E1− f (Vq+1,Wq+1))

HC1 +D2(E1− f (Vq+1,Wq+1))
TC2 +D3(E2−g(Vq+1,Wq+1))

HC3

+D4(E2−g(Vq+1,Wq+1))
TC4 +QD1(E1− f (Vq+1,Wq+1))

HC1Q+QD2(E1− f (Vq+1,Wq+1))
TC2Q

+QD3(E2−g(Vq+1,Wq+1))
HC3Q+QD4(E2−g(Vq+1,Wq+1))

TC4Q]+
‖Rq+1‖2

‖Rq‖2 Tq)
HT0]}

= Re{tr[(E1− f (Vq+1,Wq+1))
HA1SH

0 B1 +(E1− f (Vq+1,Wq+1))T A2SH
0 B2 +(E2−g(Vq+1,Wq+1))

HA3SH
0 B3

+(E2−g(Vq+1,Wq+1))T A4SH
0 B4 +(E1− f (Vq+1,Wq+1))

HC1T H
0 D1 +(E1− f (Vq+1,Wq+1))TC2T H

0 D2

+(E2−g(Vq+1,Wq+1))
HC3T H

0 D3 +(E2−g(Vq+1,Wq+1))TC4T H
0 D4]}+ ‖Rk+1‖2

‖Rk‖2
Re{tr[SH

q S0 +T H
q T0]}

= Re{tr[(E1− f (Vq+1,Wq+1))
H(A1SH

0 B1 +A2ST
0 B2 +C1T H

0 D1 +C2T T
0 D2)

+(E2−g(Vq+1,Wq+1))
H(A3SH

0 B3 +A4ST
0 B4 +C3T H

0 D3 +C4T T
0 D4)]}

= Re{tr[

[
E1− f (Vq+1,Wq+1) 0

0 E2−g(Vq+1,Wq+1)

]H [
f (S0,T0) 0

0 g(S0,T0)

]
]}

=
‖S0‖2 +‖T0‖2

‖Rk‖2 [Re{tr[RH
q+1(R0−R1)]}= 0.

Then (14) and (15) hold.
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From Algorithm I and (9), induction assumption one has

〈
Si,Si+q+1

〉
+
〈
Ti,Ti+q+1

〉
= Re{tr[SH

i+q+1Si +T H
i+q+1Ti]}

= Re{tr[( 1
2 [B1(E1− f (Vi+q+1,Wi+q+1))

HA1 +B2(E1− f (Vi+q+1,Wi+q+1))
T A2 +B3(E2−g(Vi+q+1,Wi+q+1))

HA3

+B4(E2−g(Vi+q+1,Wi+q+1))
T A4 +PB1(E1− f (Vi+q+1,Wi+q+1))

HA1P+PB2(E1− f (Vi+q+1,Wi+q+1))
T A2P

+PB3(E2−g(Vi+q+1,Wi+q+1))
HA3P+PB4(E2−g(Vi+q+1,Wi+q+1))

T A4P]+ ‖Ri+q+1‖2

‖Ri+q‖2 Si+q)
HSi

+( 1
2 [D1(E1− f (Vi+q+1,Wi+q+1))

HC1 +D2(E1− f (Vi+q+1,Wi+q+1))
TC2 +D3(E2−g(Vi+q+1,Wi+q+1))

HC3

+D4(E2−g(Vi+q+1,Wi+q+1))
TC4 +QD1(E1− f (Vi+q+1,Wi+q+1))

HC1Q+QD2(E1− f (Vi+q+1,Wi+q+1))
TC2Q

+QD3(E2−g(Vi+q+1,Wi+q+1))
HC3Q+QD4(E2−g(Vi+q+1,Wi+q+1))

TC4Q]+
‖Ri+q+1‖2

‖Ri+q‖2 Ti+q)
HTi]}

= Re{tr[(E1− f (Vi+q+1,Wi+q+1))
HA1SH

i B1 +(E1− f (Vi+q+1,Wi+q+1))T A2SH
i B2

+(E2−g(Vi+q+1,Wi+q+1))
HA3SH

i B3 +(E2−g(Vi+q+1,Wi+q+1))T A4SH
i B4

+(E1− f (Vi+q+1,Wi+q+1))
HC1T H

i D1 +(E1− f (Vi+q+1,Wi+q+1))TC2T H
i D2

+(E2−g(Vi+q+1,Wi+q+1))
HC3T H

i D3 +(E2−g(Vi+q+1,Wi+q+1))TC4T H
i D4]}+

‖Ri+q+1‖2

‖Ri+q‖2 Re{tr[SH
i+qSi +T H

i+qTi]}

= Re{tr[(E1− f (Vi+q+1,Wi+q+1))
H(A1SH

i B1 +A2ST
i B2 +C1T H

i D1 +C2T T
i D2)

+(E2−g(Vi+q+1,Wi+q+1))
H(A3SH

i B3 +A4ST
i B4 +C3T H

i D3 +C4T T
i D4)]}+

‖Ri+q+1‖2

‖Ri+q‖2 Re{tr[SH
i+qSi +T H

i+qTi]}

= Re{tr[

[
E1− f (Vi+q+1,Wi+q+1) 0

0 E2−g(Vi+q+1,Wi+q+1)

]H [
f (Si,Ti) 0

0 g(Si,Ti)

]
]}

=
‖Si‖2 +‖Ti‖2

‖Ri‖2 Re{tr[RH
i+q+1(Ri−Ri+1)]}

=
‖Si‖2 +‖Ti‖2

‖Ri‖2 Re{tr[RH
i+q+1Ri]}. (16)

In addition, from (9) it can be shown that

〈
Ri,Ri+q+1

〉
= Re{tr[RH

i+q+1Ri]}= Re{tr[(Ri+q−
∥∥Ri+q

∥∥2∥∥Si+q
∥∥2

+
∥∥Ti+q

∥∥2 diag( f (Si+q,Ti+q),g(Si+q,Ti+q)))
HRi]}

= Re{tr(RH
i+qRi)}−

∥∥Ri+q
∥∥2∥∥Si+q

∥∥2
+
∥∥Ti+q

∥∥2 Re{tr[

[
f (Si+q,Ti+q) 0

0 g(Si+q,Ti+q)

]H

.

[
E1− f (Vi,Wi) 0

0 E2−g(Vi,Wi)

]
]}

=− ‖Ri+q‖2

‖Si+q‖2
+‖Ti+q‖2 Re{tr[(A1SH

i+qB1 +C1T H
i+qD1 +A2ST

i+qB2 +C2T T
i+qD2)

H(E1− f (Vi,Wi))

+(A3SH
i+qB3 +C3T H

i+qD3 +A4ST
i+qB4 +C4T T

i+qD4)
H(E2−g(Vi,Wi))]}
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=− ‖Ri+q‖2

‖Si+q‖2
+‖Ti+q‖2 Re{tr[SH

i+qB1(E1− f (Vi,Wi))
HA1 +T H

i+qD1(E1− f (Vi,Wi))
HC1

+ST
i+qB2(E1− f (Vi,Wi))HA2 +T T

i+qD2(E1− f (Vi,Wi))HC2 +SH
i+qB3(E2−g(Vi,Wi))

HA3

+T H
i+qD3(E2−g(Vi,Wi))

HC3 +ST
i+qB4(E2−g(Vi,Wi))HA4 +T T

i+qD4(E2−g(Vi,Wi))HC4]}

=− ‖Ri+q‖2

‖Si+q‖2
+‖Ti+q‖2 Re{tr[SH

i+q(B1(E1− f (Vi,Wi))
HA1 +B2(E1− f (Vi,Wi))

T A2

+B3(E2−g(Vi,Wi))
HA3 +B4(E2−g(Vi,Wi))

T A4)+T H
i+q(D1(E1− f (Vi,Wi))

HC1

+D2(E1− f (Vi,Wi))
TC2 +D3(E2−g(Vi,Wi))

HC3 +D4(E2−g(Vi,Wi))
TC4)]}

=− ‖Ri+q‖2

‖Si+q‖2
+‖Ti+q‖2 Re{tr[SH

i+q(
1
2 [B1(E1− f (E1− f (Vi,Wi))

HA1 +B2(E1− f (Vi,Wi))
T A2

+B3(E2−g(Vi,Wi))
HA3 +B4(E2−g(Vi,Wi))

T A4 +PB1(E1− f (Vi,Wi))
HA1P

+PB2(E1− f (Vi,Wi))
T A2P+PB3(E2−g(Vi,Wi))

HA3P+PB4(E2−g(Vi,Wi))
T A4P])

+T H
i+q(

1
2 [D1(E1− f (Vi,Wi))

HC1 +D2(E1− f (Vi,Wi))
TC2 +D3(E2−g(Vi,Wi))

HC3

+D4(E2−g(Vi,Wi))
TC4 +QD1(E1− f (Vi,Wi))

HC1Q+QD2(E1− f (Vi,Wi))
TC2Q

+QD3(E2−g(Vi,Wi))
HC3Q+QD4(E2−g(Vi,Wi))

TC4Q])]}

=−
∥∥Ri+q

∥∥2∥∥Si+q
∥∥2

+
∥∥Ti+q

∥∥2 Re{tr[SH
i+q(Si−

‖Ri‖2

‖Ri−1‖2 Si−1)+T H
i+q(Ti−

‖Ri‖2

‖Ri−1‖2 Ti−1)]}

=

∥∥Ri+q
∥∥2∥∥Si+q

∥∥2
+
∥∥Ti+q

∥∥2
‖Ri‖2

‖Ri−1‖2 Re{tr[SH
i+qSi−1 +T H

i+qTi−1]}=
〈
Si−1,Si+q

〉
+
〈
Ti−1,Ti+q

〉
(17)

Repeating (16) and (17), we can obtain, for certain α and β

〈
Si,Si+q+1

〉
+
〈
Ti,Ti+q+1

〉
= α

〈
S0,Sq+1

〉
+
〈
T0,Tq+1

〉
,

and 〈
Ri,Ri+q+1

〉
= β

〈
R0,Rq+1

〉
.

Combining these two relations with (14) and (15) implies that (10) and (11) holds for l = q+ 1 . From Step (1) and (2)
the conclusion holds by the principle of induction.

Remark. Lemma 1 implies that if there exist a positive number i such that Si = 0and Ti = 0but Ri 6= 0, then the system
of matrix equations (2) is inconsistent.

With the above two lemmas, one has the following theorem:

Theorem 2. [13] If the system of matrix equations (2) is consistent, then for any initial reflexive matrix pair [V1,W1] with
V1 ∈Cs×s

r (P) and W1 ∈Cq×q
r (Q) a reflexive solution pair can be obtained with a finite number of iteration steps by using

Algorithm I.

Proof. Suppose that Ri 6= 0 for i = 1,2,3, . . . ,2mn, by Lemma 1 and the previous remark, we have Si 6= 0 or Ti 6= 0. Then
we can compute V2mn+1,W2mn+1,R2mn+1 by Algorithm I. Also, from Lemma 2 we have 〈Ri,R2mn+1〉 = 0 and〈
Ri,R j

〉
= 0 for i = 1,2,3, . . . ,2mn, i 6= j So the set of R1,R2, . . . ,R2mn is an orthogonal basis of the linear space Ω of

dimension 2mn where Ω = {U |U = diag(K1,K2)where K1,K2 ∈Cm×n } Which implies that R2mn+1 = 0 i.e.
V2mn+1,W2mn+1 is the solution of the system of matrix equations (2).
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To prove the convergence property of Algorithm II, we first establish the following basic properties.

Lemma 3. Suppose that the system of matrix equations (2) is consistent and let V ∗,W ∗ be its Hermitian reflexive solutions.
Then for any initial Hermitian reflexive matrix pair [V1,W1] with V1 ∈H Cs×s

r (P) and W1 ∈H Cq×q
r (Q), we have

〈Si,V ∗−Vi〉+ 〈Ti,W ∗−Wi〉= ‖Ri‖2 , (18)

where the sequences {Vi} ,{Si} , {Wi} , {Ti} and {Ri}are generated by Algorithm II for i = 1,2, . . .

The proof of Lemma 3 is similar to Lemma 1.

Lemma 4. Suppose that system of matrix equations (2) is consistent and the sequences {Si}, {Ti} and {Ri} are generated
by Algorithm II , such that Ri 6= 0 for all i = 1,2, . . ., then

〈
Ri,R j

〉
= 0, (19)

and 〈
Si,S j

〉
+
〈
Ti,Tj

〉
= 0, f ori, j = 1,2, . . . ,k, i 6= j. (20)

The proof of Lemma 4 is similar to Lemma 2.

Theorem 3. [13] If the system of matrix equations (2) is consistent, then for any initial Hermitian reflexive matrix pair
[V1,W1] with V1 ∈H Cs×s

r (P) and W1 ∈H Cq×q
r (Q) a Hermitian reflexive solution pair can be obtained with a finite number

of iteration steps by using Algorithm II.

The proof of Theorem 3 is similar to Theorem 2.

4 Numerical Examples

In this section, we report two numerical examples to illustrate the application of our proposed iterative methods.

Example 1.In this example, we illustrate our theoretical results of Algorithm I for solving the system of matrix equations
(2) where,

A1 =


−i 0 2− i
1 −1 −3i

2+ i 3+ i −i
−3i 1+2i 4+ i

 ,A2 =


−3i 0 4

1+2i 2+3i 1+ i
0 3− i 2i

−1+3i 2i 0

 ,A3 =


4 −3i 0

−1− i −1 4+ i
2 2+ i 3+ i
2i 0 −3i

 ,A4 =


1+2i 4 3− i

1 i 1+ i
3− i 0 1

i 2i −2

 ,

C1 =


i −3i 1+ i

1− i 0 2
1+ i 3 0

2 3i 3i

 ,C2 =


−1+ i 1 2
2+ i 0 −2i
−3i −1− i 0

0 1 i

 ,C3 =


2i 4 −1− i
1 2− i 3+ i
2 1 −3i
−i −1− i −2i

 ,C4 =


2i 4 5i
−3i −1 −2
1+ i −3i 0

i 2− i 3

 ,

B1 =

1+3i 1+2i 1+ i −i
2− i −2 2−2i −3i
1+ i 1 3+ i 0

 ,B2 =

1−3i 2i −3i 0
1 0 2+3i 4i

1−2i 2 1+ i 0

 ,B3 =

3− i 1+ i 0 −1
4+ i −i 4i 0

0 0 2+2i −i

 ,B4 =

 0 i 1+2i 1+3i
−3i −1− i −2i −1− i

2 2i 0 0

 ,
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D1 =

−1+ i 2+ i 0 −1+2i
1−2i i −3+ i 0

3i 1+3i 3i 2i

 ,D2 =

 1 2i 0 −1+2i
−2+ i 0 −1+3i −i

2 i 0 1

 ,D3 =

 i 3+ i 1+2i 2− i
0 1+ i 3i 2+ i

4+2i 3− i 1+2i 1+ i

 ,

D4 =

 −3 −1− i 0 1+4i
3+2i 1+4i 0 2

3i 1+2i 1 2i

 ,P =

1 0 0
0 −1 0
0 0 1

 ,Q =

−1 0 0
0 −1 0
0 0 1

 ,

E1 =


63−26i −16+5i 15−25i −9−9i
25−4i −6−18i 1−2i 1−7i

10+26i 8+8i −30+18i −6+24i
30+34i 44−20i 65+7i −20+14i

 ,E2 =


36−87i 16−41i −28+10i −112+38i
14+17i −3−9i 13−4i 23+28i
−33−77i −17−59i 38+12i −51+30i
−24−40i −5−26i −2−17i −32− i

 .

When the initial matrices are chosen as V1 =W1 =

1 0 0
0 1 0
0 0 1

. We apply Algorithm I to compute Vk,Wk. After iterating 22

steps we obtain

V22 =

1+ i 0 2i
0 i 0

1− i 0 1+ i

 ,W22 =

1+2i −1+2i 0
2i −1−2i 0
0 0 1+ i

 ,

which satisfy the system of matrix equations (2). Moreover, it can be verified that PV P = V and QWQ = W . With the
corresponding residual

Rk+1 = diag(E1− f (Vk+1,Wk+1),E2−g(Vk+1,Wk+1)),

‖R22‖= ‖diag(E1− f (V22,W22),E2−g(V22,W22))‖= 6.0203×10−12.

The obtained results are presented in Figure 1, where rk = ‖Rk‖( Residual) δk =
‖[Vk,Wk]−[V,W ]‖
‖[V,W ]‖ ( Relative error).

From Figure 1, it is clear that the error δk is becoming smaller and approaches zero as iteration number k increases. This
indicates that the proposed algorithm is effective and convergent.

Figure 1. The residual and the relative error versus k (iteration number)
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Example 2.In this example, we illustrate our theoretical results of Algorithm II for solving the matrix equation (2) where,

A1 =

3+2i 0 i 2i
0 −1+3i 2 1

1+ i 3i −i 0

 ,A2 =

1+3i 2+2i 1+2i i
−3i −1− i 0 1
2i 0 5 3

 ,A3 =

 −i 0 1 2+3i
1+4i 3+ i 3 0

i i 1+2i −1− i

 ,

A4 =

0 3 1+2i 2− i
i 1−2i −1+2i 3− i
0 1+ i 2− i 0

 ,C1 =

 1 −2 2i
3i 1−2i 0
0 −2+ i i

 ,C2 =

 3i 1 −2i
−2 2i 0
0 1−2i −1

 ,

C3 =

 0 −2 0
−1 0 3i
−2i 1+2i −2+ i

 ,C4 =

−1+ i 1+2i 1
1−2i 0 1−2i

i 3i 1+ i

 ,B1 =


−3i 3 0

1 2i i
2i 0 4− i
1 3+ i −4

 ,

B2 =


2+ i i 1+ i

i 2 0
3 −i 2+ i
i −1 0

 ,B3 =


1 2+ i 2i

1−2i 0 −1
3i 1 i
0 −1 −i

 ,B4 =


−1 1− i 3
2i −2 −i
3i i 0
1 −2+2i 0

 ,

D1 =

 i i 2− i
−1+2i 3 i
−2 0 −3i

 ,D2 =

1−2i i 2
1 3i 3+ i
3i 0 0

 ,D3 =

−3+2i 0 −2+ i
1 0 −1− i
2i −1+3i 0

 ,D4 =

 i 0 i
3 −1 0
2i 4i 2

 ,Q=

−1 0 0
0 1 0
0 0 −1



E1 =

−85−23i 19−9i 39−34i
−29−62i 10−6i −4+10i
−50+33i −38−68i −12+48i

 ,E2 =

 2+44i −65+22i −40−7i
40−32i −5+38i −1−71i
42−78i −40−4i 33

 ,P =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 ,

When the initial matrices are chosen as V1 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 and W1 =

1 0 0
0 1 0
0 0 1

. We apply Algorithm II to compute Vk,Wk.

After iterating 15 steps we obtain

V15 =


1 −3 0 0
−3 3 0 0
0 0 −3 4
0 0 4 2

 ,W15 =

3 0 5
0 −2 0
5 0 4



which satisfy the system of matrix equations (2). Moreover, it can be verified that PV P =V =V H and QWQ =W =W H

With the corresponding residual

Rk+1 = diag(E1− f (Vk+1,Wk+1),E2−g(Vk+1,Wk+1)),

‖R15‖= ‖diag(E1− f (V15,W15),E2−g(V15,W15))‖= 8.0247×10−13.

The obtained results are presented in Figure 2, where rk = ‖Rk‖(Residual), δk =
‖[Vk,Wk]−[V,W ]‖
‖[V,W ]‖ ( Relative error).
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From Figure 2, it is clear that the error δk is becoming smaller and approaches zero as iteration number k increases. This
indicates that the proposed algorithm is effective and convergent.

Figure 2. The residual and the relative error versus k (iteration number)
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5 Conclusion

Two finite iterative algorithms for finding reflexive and Hermitian reflexive solution to coupled complex of conjugate
and transpose matrix equations (2) are presented. We proved that the iterative algorithms always converge to the solution
for any initial reflexive and Hermitian reflexive matrices. We stated and proved some lemmas and theorems where the
solutions are obtained. The obtained results show that the methods are very neat and efficient. The proposed methods are
illustrated by two numerical examples.
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