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1 Introduction

Fractional calculus derivative was interoduced in the 17thcentury. In recent years, the interest in fractional calculus has

been growing continually owing to its benefical applications in a large number of areas of sciences such as

electromagnetic waves, visco-elastic systems, quantum evolution of complex systems, diffusion waves, physics,

engineering, finance, social sciences mathematical biology and chaos theory . Furthermore, fractional integrals and

derivatives are used both in theoretical field and in diversefields ranging from biological sciences and economics to

physical sciences and engineering. The interested reader is able to look over the references [2]-[9] and [11] for fractional

theory.

In 2009, Anastassiou [1] gave the fractional version of Ostrowski inequality. Zeki[14] gave a generalization of

Anastassiou [1]. What is more, some authors provided novel inequalities with the help of Riemann-Liouville Fractional

integration in [12] and [15]. Further, some inequalities involving Liouville–CaputoFractional derivatives are obtained

and its applications to special means of real numbers are given in [13]. There is not much work done in this direction and

needs to be explored as fractional Ostrowski inequality is expected to have applications in many areas in the same way as

its counterpart [10].

Anastassiou used the following lemma to prove his inequality in [1].

Lemma 1.Let f : I ⊂ R→ R be differentiable on I0 with a,b∈ I (a< b) and f ′ ∈ L1 [a,b], then

f (x) =
Γ (α)

b−a
(b− x)1−α Jα

a ( f (b))− Jα−1
a (P2(x,b) f (b))+ Jα

a

(

P(x,b) f ′(b)
)

.
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From our results, some classical Ostrowski’s inequalitiescan be deduced as special cases. Now we will give a definition

and a result which is useful in understanding our derivations and results. They will also help in connecting our work with

available literature.

Definition 1. The Riemann-Liouville fractional integral operator of order α ≥ 0 is defined as

Jα
a f (x) =

1
Γ (α)

x
∫

a

(x− t)α−1 f (t)dt (1)

where

J0
a f (x) = f (x).

In this study, we establish some identity involving Riemann-Liouville fractional integral for functions which are one, two,

three, four, five andn times differentiable Then we obtain two Ostrowski type inequalities using identity given in this

work.

2 Derivation of some new identities

In this section, we will state and prove our main results. Butbefore we do that we will prove a useful identity with the

help of the following kernel.

Theorem 1.Let f : [a,b]→ R be an absolutely continuous mapping. Letω (x, .) : [a,b]→ R, be the fractional Peano

type kernel which is given by

ω(x, t) =

{

1
b−a (b− x)1−α Γ (α)

(

t −
(

a+hb−a
2

))

, a≤ t ≤ x
1

b−a (b− x)1−α Γ (α)
(

t −
(

b−hb−a
2

))

, x< t ≤ b
(2)

for all x ∈
[

a+hb−a
2 ,b−hb−a

2

]

and h∈ [0,1], then the following identity holds:

Jα
a
(

ω(x,b) f ′(b)
)

= (1−h) f (x)+
h
2
(b−x)1−α (b−a)α−1 f (a)−

(b−x)1−α

b−a
Γ (α)Jα

a ( f (b))+Jα−1
a (ω(x,b) f (b)) . (3)

for α ≥ 1.

Proof.Using (1) and (2), we find that

Jα
a

(

ω(x,b) f ′(b)
)

=
1

Γ (α)

b
∫

a

(b− t)α−1 ω (x, t) f ′(t)dt (4)

=
(b− x)1−α

b−a

x
∫

a

(b− t)α−1
(

t −

(

a+h
b−a

2

))

f ′(t)dt

+
(b− x)1−α

b−a

b
∫

x

(b− t)α−1
(

t −

(

b−h
b−a

2

))

f ′(t)dt

=
(b− x)1−α

b−a

[

(1−h) f (x)+
h
2
(b− x)1−α (b−a)α−1 f (a)

−
(b− x)1−α

b−a

b
∫

a

(b− t)α−1 f (t)dt+
(α −1)
Γ (α)

b
∫

a

ω(x,b)(b− t)α−2 f (t)dt




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After simplification, we get desired identity (3).

We continue with the following theorem.

Theorem 2. Let α > 2, x ∈
[

a+hb−a
2 ,b−hb−a

2

]

, f : [a,b]→ R be twice differentiable with f′′: [a,b]→ R integrable

on [a,b] , then we obtain

Jα
a

(

ω(x,b) f ′′(b)
)

=(1−h)(α −1)(b− x)−1 f (x)−2
(b− x)1−α

b−a
Γ (α)Jα−1

a ( f (b))+ Jα−2
a (ω(x,b) f (b))

+
h
2

[

(b− x)1−α (b−a)α−1 f ′(a)+ (α −1)(b− x)1−α (b−a)α−2 f (a)
]

+(b− x)1−α (b−a)α−2 f (a)− (1−h) f ′(x). (5)

Proof.Let α > 2, and there existf ′′: [a,b]→ R integrable on[a,b] , then we have

Jα
a

(

ω(x,b) f ′′(b)
)

=
1

Γ (α)

b
∫

a

(b− t)α−1ω(x, t) f ′′(t)dt

=
(b− x)1−α

b−a

[

(b− x)α−1
(

x−

(

a+h
b−a

2

))

f ′(x)+
h(b−a)α f ′(a)

2

+(α −1)

(

x−

(

a+h
b−a

2

))

(b− x)α−2 f (x)+
h
2
(α −1)(b−a)α−1 f (a)

− (b− x)α−1
(

x−

(

b−h
b−a

2

))

f ′(x)−

b
∫

a

(b− t)α−1 f ′(t)dt

− (α −1)(b− x)α−2
(

x−

(

b−h
b−a

2

))

f (x)− (α −1)

b
∫

a

(b− t)α−2 f (t)dt

+(α −1)(α −2)







x
∫

a

(

t −

(

a+h
b−a

2

))

(b− t)α−3 f (t)dt

b
∫

x

(b− t)α−3
(

t −

(

b−h
b−a

2

))

f (t)dt









 .

Applying elementary analysis operations, we obtain the inequality (5).

Remark.Under the same assumptions of Theorem2 with h= 0, we have the inequality

f (x) =
(b− x)2−α

α −1

[

−(b−a)α−2 f (a)+
2

b−a
Γ (α)Jα−1

a ( f (b))

−(b− x)α−1Jα−2
a (p1(x,b) f (b))+ (b− x)α−1Jα

a

(

p1(x,b) f ′′(b)
)

+(b− x)α−1 f ′(x)
]

.

Now, we establish the following identity for functions which are three times differentiable.
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Theorem 3. Let α > 3, x ∈
[

a+hb−a
2 ,b−hb−a

2

]

, f : [a,b] → R be three times differentiable with f′′′: [a,b] → R

integrable on[a,b] , then we have

Jα
a

(

ω(x,b) f ′′′(b)
)

=(1−h)
[

f ′′(x)+ (α −1)(b− x)−1 f ′(x)+ (α −1)(α −2)(b− x)−2 f (x)
]

+
h
2
(b− x)1−α

[

(b−a)α−1 f ′′(a)+ (α −1)(b−a)α−2 f ′(a)

+(α −1)(α −2)(b−a)α−3 f (a)
]

(6)

+(b− x)1−α (b−a)α−2 f ′(a)+2(α −1)(b− x)1−α (b−a)α−3 f (a)

−3
(b− x)1−α

b−a
Γ (α)Jα−2

a ( f (b))+ Jα−3
a (ω(x,b) f (b)) .

Proof.Let α > 3, and there existf ′′′: [a,b]→ R integrable on[a,b] , then we have

Γ (α)Jα
a

(

ω(x,b) f ′′′(b)
)

=
1

Γ (α)

b
∫

a

(b− t)α−1 ω(x, t) f ′′′(t)dt. (7)

If we use the equality (7) and also apply similar methods in the proof of Theorem2, we obtain the equality (6). Hence,

the proof is completed.

Remark.If we chooseh= 0 in Theorem3, then we get

f (x) =
(b− x)3

(α −1)(α −2)

[

(b− x)−1Jα
a

(

ω(x,b) f ′′′(b)
)

− (b− x)−2 f ′′(x)− (α −1)(b− x)−2 f ′(x)

− (b− x)−α (b−a)α−2 f ′(a)−2(α −1)(b− x)−α (b−a)α−3 f (a)

+
3(b− x)−α

b−a
Γ (α)Jα−2

a ( f (b))− (b− x)−1Jα−3
a (ω(x,b) f (b))

]

.

Theorem 4. Let α > 4, x ∈
[

a+hb−a
2 ,b−hb−a

2

]

, f : [a,b] → R be four times differentiable with f(iv): [a,b] → R

integrable on[a,b] , then

Jα
a

(

ω(x,b) f (iv)(b)
)

=Jα−4
a (ω(x,b) f (b))−4

(b− x)1−α

b−a
Γ (α)Jα−3

a ( f (b))

+Γ (α)(1−h)

[

1
Γ (α −3)

(b− x)−3 f (x)+
1

Γ (α −2)
(b− x)−2 f ′(x) (8)

+
1

Γ (α −1)
(b− x)−1 f ′′(x)+

1
Γ (α)

f ′′′(x)

]

+Γ (α)
h
2
(b− x)1−α (b−a)α

[

1
Γ (α)

(b−a)−1 f ′′′ (a)+
1

Γ (α −1)
(b−a)−2 f ′′(a)

+
1

Γ (α −2)
(b−a)−3 f ′(a)+

1
Γ (α −3)

(b−a)−4 f (a)

]

+(b−a)α (b− x)1−α Γ (α)

[

1
Γ (α)

(b−a)−2 f ′′(a)+
2

Γ (α −1)
(b−a)−3 f ′(a)

+
3

Γ (α −2)
(b−a)−4 f (a)

]
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Proof.Let α > 4, and there existf (iv): [a,b]→ R integrable on[a,b] , then we have

Jα
a

(

ω(x,b) f (iv)(b)
)

=
1

Γ (α)

b
∫

a

(b− t)α−1 ω(x, t) f (iv)(t)dt. (9)

Using similar methods in the proof of Theorem2 and the equality (9), we deduce the equality (8) which completes the

proof.

Remark.If we takeh= 0 in the equality (8), then we have

f (x) =Γ (α −3)(b− x)3
[

1
Γ (α)

Jα
a

(

ω(x,b) f (iv)(b)
)

−
1

Γ (α)
Jα−4

a (ω(x,b) f (b))+
4(b− x)1−α

b−a
Jα−3

a ( f (b))

−
1

Γ (α −2)
(b− x)−2 f ′(x)−

1
Γ (α −1)

(b− x)−1 f ′′(x)−
1

Γ (α)
f ′′′(x)

− (b−a)α (b− x)1−α

{

1
Γ (α)

(b−a)−2 f ′′(a)+
2(b−a)−3

Γ (α −1)
f ′(a)+

3(b−a)−4

Γ (α −2)
f (a)

}]

.

Theorem 5. Let hereα > 5, x ∈
[

a+hb−a
2 ,b−hb−a

2

]

, f : [a,b]→ R be five times differentiable with f(v): [a,b]→ R

integrable on[a,b] , then

Jα
a

(

ω(x,b) f (v)(b)
)

=Jα−5
a (ω(x,b) f (b))−5

(b− x)1−α

b−a
Γ (α)Jα−4

a ( f (b))

+ (1−h)Γ (α)

[

(b− x)−4

Γ (α −4)
f (x)+

(b− x)−3

Γ (α −3)
f ′(x)+

(b− x)−2

Γ (α −2)
f ′′(x)

+
(b− x)−1

Γ (α −1)
f ′′′(x)+

1
Γ (α)

f (iv)(x)

]

(10)

+(b−a)α (b− x)1−α Γ (α)
h
2

[

(b−a)−1

Γ (α)
f (iv)(a)+

(b−a)−2

Γ (α −1)
f ′′′(a)

+
(b−a)−3

Γ (α −2)
f ′′(a)+

(b−a)−4

Γ (α −3)
f ′(a)+

(b−a)−5

Γ (α −4)
f (a)

]

+(b−a)α (b− x)1−α Γ (α)

[

(b−a)−2

Γ (α)
f ′′′(a)+

2(b−a)−3

Γ (α −1)
f ′′(a)

+
3(b−a)−4

Γ (α −2)
f ′(a)+

4(b−a)−5

Γ (α −3)
f (a)

]

Proof.Using similar methods in the proof of Theorem2, we obtain the inequality (10). Hence, the proof is completed.
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Remark.Under the same assumptions of Theorem5 with h= 0, we have

f (x) =Γ (α −4)(b− x)4
[

1
Γ (α)

Jα
a

(

ω(x,b) f (v)(b)
)

−
1

Γ (α)
Jα−5

a (ω(x,b) f (b))+
5(b− x)1−α

(b−a)
Jα−4

a ( f (b))

−
(b− x)−3

Γ (α −3)
f ′(x)−

(b− x)−2

Γ (α −2)
f ′′(x)−

(b− x)−1

Γ (α −1)
f ′′′(x)− f (iv)(x)

− (b−a)α (b− x)1−α

{

(b−a)−2

Γ (α)
f ′′′(a)+

2(b−a)−3

Γ (α −1)
f ′′(a)

+
3(b−a)−4

Γ (α −2)
f ′(a)+

4(b−a)−5

Γ (α −3)
f (a)

}]

.

Similarly, we obtain the following identity for higher order derivatives.

Theorem 6.Let α > n, n∈ N, x ∈
[

a+hb−a
2 ,b−hb−a

2

]

, f : [a,b]→ R be n- times differentiable with f(n): [a,b]→ R

integrable on[a,b] , then we have

Jα
a

(

ω(x,b) f (n)(b)
)

=(1−h)
n−1

∑
k=0

Γ (α) (b− x)−(n−k−1)

Γ (α − (n− k−1))
f (k)(x)+

h
2
(b− x)1−α

n−1

∑
k=0

Γ (α) (b−a)α−n+k

Γ (α − (n− k−1))
f (k)(a) (11)

+(b− x)1−α Γ (α)
n−1

∑
k=0

k(b−a)α−k−1

Γ (α − k+1)
f (n−k−1)(a)

−
(b− x)1−α

b−a
Γ (α)nJα−n+1

a f (b)+ Jα−n
a (ω(x,b) f (b)) .

Proof.By integrating by parts, we find that

Jα
a

(

ω(x,b) f (n)(b)
)

=
1

Γ (α)

b
∫

a

(b− t)α−1 ω(x, t) f (v)(t)dt

=
(b− x)1−α

b−a





x
∫

a

(b− t)α−1
(

t −

(

a+h
b−a

2

))

f (n)(t)dt

+

b
∫

x

(b− t)α−1
(

t −

(

b−h
b−a

2

))

f (n)(t)dt





=(1−h) f (n−1)(x)+
h
2
(b− x)1−α (b−a)α−1 f (n−1)(a)

−
(b− x)1−α

b−a
Γ (α)Jα

a f (n−1)(b)+ Jα−1
a

(

ω(x,b) f (n−1)(b)
)

.

Now we observe that

Jα−1
a

(

ω(x,b) f (n−1)(b)
)

=(α −1)(1−h)(b− x)−1 f (n−2)(x)

+
h
2
(α −1)(b− x)1−α (b−a)α−2 f (n−2)(a)

−
(b− x)1−α

b−a
Γ (α)Jα−1

a f (n−2)(b)+ Jα−2
a

(

ω(x,b) f (n−2)(b)
)
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and

Jα−2
a

(

ω(x,b) f (n−2)(b)
)

=(α −1)(α −2)(1−h)(b− x)−2 f (n−3)(x)

+
h
2
(α −1)(α −2)(b− x)1−α (b−a)α−3 f (n−3)(a)

−
(b− x)1−α

b−a
Γ (α)Jα−2

a f (n−3)(b)+ Jα−3
a

(

ω(x,b) f (n−3)(b)
)

· · ·

Jα−(n−1)
a

(

ω(x,b) f ′(b)
)

=(α −1)(α −2) · · · (α − (n−1))(1−h)(b− x)−(n−1) f (x)

+
h
2
(α −1)(α −2) · · · (α − (n−1))(b− x)1−α (b−a)α−n f (a)

−
(b− x)1−α

b−a
Γ (α)Jα−(n−1)

a f (b)+ Jα−n
a (ω(x,b) f (b)) .

So, we obtain the identity

Jα
a

(

ω(x,b) f (n)(b)
)

=(1−h)
n−1

∑
k=0

Γ (α)

Γ (α − (n− k−1))
(b− x)−(n−k−1) f (k)(x)

+
h
2
(b− x)1−α

n−1

∑
k=0

Γ (α) (b−a)α−n+k

Γ (α − (n− k−1))
f (k)(a) (12)

−
(b− x)1−α

b−a
Γ (α)

n−1

∑
k=0

Jα−k
a f (n−k−1)(b)+ Jα−n

a (ω(x,b) f (b)) .

Also, we have
n−1

∑
k=0

Jα−k
a f (n−k−1)(b) =−

n−1

∑
k=1

k(b−a)α−k

Γ (α − k+1)
f (n−k−1)(a)+nJα−n+1

a f (b). (13)

If we substitute the equality (13) in (12), we obtain desired equality (11) which completes the proof.

Remark.If we chooseh= 0 in theorem6, we get

Jα
a

(

ω(x,b) f (n)(b)
)

=
n−1

∑
k=0

Γ (α)(b− x)−(n−k−1)

Γ (α − (n− k−1))
f (k)(x)+ (b− x)1−α Γ (α)

n−1

∑
k=1

k(b−a)α−k−1

Γ (α − k+1)
f (n−k−1)(a)

−
(b− x)1−α

b−a
Γ (α)nJα−n+1

a f (b)+ Jα−n
a (ω(x,b) f (b)) .

3 An Ostrowski type fractional inequality

We now use the integral equality (3) developed in the previous section, to obtain Ostrowski type inequality involving

Riemann-Liouville fractional integral.
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Theorem 7.Let f : [a,b] → R be differentiable on(a,b) such that f′(b) ∈ L1 (a,b), where a< b. If | f ′(x)| ≤ M for

every x∈ [a,b] andα ≥ 1, then the following Ostrowski fractional inequalities hold:

∣

∣

∣

∣

∣

(1−h)(b− x)0 f (x)−
(b− x)1−α

b−a
Γ (α)Jα

a ( f (b))+ Jα−1
a (ω(x,b) f (b))+

h
2
(b− x)1−α (b−a)α−1 f (a)

∣

∣

∣

∣

∣

(14)

≤
M (b− x)1−α

b−a

{

−
(b−a)α+1

α +1

(

(

1−
h
2

)α+1

−1

)

+
(b−a)α+1

α

(

(

1−
h
2

)α+1

−

(

1−
h
2

)

)

+
1

α +1

[

(b− x)α+1− (b−a)α+1
(

1−
h
2

)α+1
]

−
1
α
(b−a)

[

(

1−
h
2

)

(b− x)α − (b−a)α
(

1−
h
2

)α+1
]

−
1

α +1

(

(

b−a
2

)α+1

− (b− x)α+1

)

−
1

α +1

(

b−a
2

)α+1
(

hα+1−1
)

+

(

h
b−a
2α

)((

b−a
2

)α
− (b− x)α

)

+
h
α

(

b−a
2

)α+1

(hα −1)+
1

α (α +1)

(

h
b−a

2

)α+1
}

or

∣

∣

∣

∣

∣

(1−h)(b− x)0 f (x)−
(b− x)1−α

b−a
Γ (α)Jα

a ( f (b))+ Jα−1
a (ω(x,b) f (b))+

h
2
(b− x)1−α (b−a)α−1 f (a)

∣

∣

∣

∣

∣

≤
M (b− x)1−α

b−a

{

−
1

α +1

[

(

1−
h
2

)α+1

−1

]

(b−a)α+1 +
1
α

[

(

1−
h
2

)α+1

−

(

1−
h
2

)

]

(b−a)α+1

+
1

α +1
(b−a)α+1

[

(

1
2

)α+1

−

(

1−
h
2

)α+1
]

−
(b−a)α+1

α

[

(

1−
h
2

)(

1
2

)α
−

(

1−
h
2

)α+1
]

(15)

+
1

α +1

[

(b− x)α+1−

(

b−a
2

)α+1
]

−
b−a

α

(

1−
h
2

)[

(b− x)α −

(

b−a
2

)α]

−
1

α +1

[

(

h
b−a

2

)α+1

− (b− x)α+1

]

+

(

h
b−a
2α

)[(

h
b−a

2

)α
− (b− x)α

]

+
1

α (α +1)

(

h
b−a

2

)α+1
}

.

Proof.From Lemma , we get

∣

∣

∣

∣

∣

(1−h)(b− x)0 f (x)−
(b− x)1−α

b−a
Γ (α)Jα

a ( f (b))+ Jα−1
a (ω(x,b) f (b))+

h
2
(b− x)1−α (b−a)α−1 f (a)

∣

∣

∣

∣

∣

=
∣

∣Jα
a

(

ω(x,b) f ′(b)
)∣

∣

From (1) and (4), we get

1
Γ (α)

∣

∣

∣

∣

∣

∣

b
∫

a

(b− t)α−1 ω (x, t) f ′(t)dt

∣

∣

∣

∣

∣

∣

≤
1

Γ (α)

b
∫

a

(b− t)α−1 |ω (x, t)|
∣

∣ f ′(t)
∣

∣dt ≤
M

Γ (α)

b
∫

a

(b− t)α−1 |ω (x, t)|dt

≤
M (b− x)1−α

b−a





x
∫

a

∣

∣

∣

∣

(b− t)α−1
(

t −

(

a+h
b−a

2

))∣

∣

∣

∣

dt (16)

+

b
∫

x

∣

∣

∣

∣

(b− t)α−1
((

b−h
b−a

2

)

− t

)∣

∣

∣

∣

dt




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We have two cases:

(i) Forx∈
[

a+hb−a
2 ,

a+b
2

]

andh∈ [0,1]

x
∫

a

∣

∣

∣

∣

(b− t)α−1
(

t −

(

a+h
b−a

2

))∣

∣

∣

∣

dt+

b
∫

x

∣

∣

∣

∣

(b− t)α−1
((

b−h
b−a

2

)

− t

)∣

∣

∣

∣

dt (17)

=







a+hb−a
2

∫

a

(b− t)α−1
(

a+h
b−a

2
− t

)

dt+

x
∫

a+hb−a
2

(b− t)α−1
(

t −

(

a+h
b−a

2

))

dt

+

a+b
2
∫

x

(b− t)α−1
(

b−h
b−a

2
− t

)

dt

+

b−hb−a
2

∫

a+b
2

(b− t)α−1
(

b−h
b−a

2
− t

)

dt+

b
∫

b−hb−a
2

(b− t)α−1
(

t −

(

b−h
b−a

2

))

dt







=−
(b−a)α+1

α +1

[

(

1−
h
2

)α+1

−1

]

+
(b−a)α+1

α

[

(

1−
h
2

)α+1

−

(

1−
h
2

)

]

+
1

α +1

[

(b− x)α+1− (b−a)α+1
(

1−
h
2

)α+1
]

−
1
α

[

(

1−
h
2

)

(b−a)(b− x)α − (b−a)α+1
(

1−
h
2

)α+1
]

−
1

α +1

[

(

b−a
2

)α+1

− (b− x)α+1

]

+
1
α

(

h
b−a

2

)[(

b−a
2

)α
− (b− x)α

]

−
1

α +1

[

(

h
b−a

2

)α+1

−

(

b−a
2

)α+1
]

+
1
α

(

h
b−a

2

)[(

h
b−a

2

)α
−

(

b−a
2

)α]

−
1

α +1

(

h
b−a

2

)α+1

+
1
α

(

h
b−a

2

)α+1

Now, using (16) and (17), we get (14). Forh= 0, we get Anastassiou’s result [1].

(ii) Forx∈
[

a+b
2 ,b−hb−a

2

]

andh∈ [0,1]

x
∫

a

∣

∣

∣

∣

(b− t)α−1
(

t −

(

a+h
b−a

2

))
∣

∣

∣

∣

dt+

b
∫

x

∣

∣

∣

∣

(b− t)α−1
((

b−h
b−a

2

)

− t

)
∣

∣

∣

∣

dt (18)

=







a+hb−a
2

∫

a

(b− t)α−1
(

a+h
b−a

2
− t

)

dt+

a+b
2
∫

a+hb−a
2

(b− t)α−1
(

t −

(

a+h
b−a

2

))

dt

+

x
∫

a+b
2

(b− t)α−1
(

t −

(

a+h
b−a

2

))

dt
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+

b−hb−a
2

∫

x

(b− t)α−1
(

b−h
b−a

2
− t

)

dt+

b
∫

b−hb−a
2

(b− t)α−1
(

t −

(

b−h
b−a

2

))

dt







=−
(b−a)α+1

α +1

(

(

1−
h
2

)α+1

−1

)

+
(b−a)α+1

α

(

(

1−
h
2

)α+1

−

(

1−
h
2

)

)

+
1

α +1
(b−a)α+1

(

(

1
2

)α+1

−

(

1−
h
2

)α+1
)

−
1
α
(b−a)α+1

(

(

1−
h
2

)(

1
2

)α
−

(

1−
h
2

)α+1
)

+
1

α +1

(

(b− x)α+1−

(

b−a
2

)α+1
)

−
1
α

(

1−
h
2

)

(b−a)

(

(b− x)α −

(

b−a
2

)α)

−
1

α +1

(

(

h
b−a

2

)α+1

− (b− x)α+1

)

+
1
α

h
b−a

2

((

h
b−a

2

)α
− (b− x)α

)

−
1

α +1

(

h
b−a

2

)α+1

+
1
α

(

h
b−a

2

)α+1

Hence, we get (15).

Forh= 0, we get Anastassiou’s result [1].

4 Another Ostrowski type fractional inequality

In this section, we deduce Ostrowski type inequality for twice differentiable mappings by using the identity (5).

Theorem 8.Let f : [a,b]→ R be differentiable on(a,b) such that f′′(b) ∈ L1 (a,b), where a< b. If | f ′′(x)| ≤ ‖ f ′′‖∞
for every x∈ [a,b] andα ≥ 1, then the following Ostrowski fractional inequalities hold:

∣

∣

∣

∣

∣

(1−h)(α −1)(b− x)−1 f (x)−2
(b− x)1−α

b−a
Γ (α)Jα−1

a ( f (b))+ Jα−2
a (ω(x,b) f (b)) (19)

+
h
2

[

(b− x)1−α (b−a)α−1 f ′(a)+ (α −1)(b− x)1−α (b−a)α−2 f (a)
]

+(b− x)1−α (b−a)α−2 f (a)+ (1−h) f ′(x)
∣

∣

∣

≤
∥

∥ f ′′
∥

∥

∞
(b− x)1−α

b−a

{

−
(b−a)α+1

α +1

(

(

1−
h
2

)α+1

−1

)

(20)

+
(b−a)α+1

α

(

(

1−
h
2

)α+1

−

(

1−
h
2

)

)

(21)

+
1

α +1

(

(b− x)α+1− (b−a)α+1
(

1−
h
2

)α+1
)

(22)

−
1
α

(

(

1−
h
2

)

(b−a)(b− x)α − (b−a)α+1
(

1−
h
2

)α+1
)

(23)

−
1

α +1

(

(

b−a
2

)α+1

− (b− x)α+1

)

+
1
α

(

h
b−a

2

)((

b−a
2

)α
− (b− x)α

)

(24)
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−
1

α +1

(

(

h
b−a

2

)α+1

−

(

b−a
2

)α+1
)

+
1
α

(

h
b−a

2

)((

h
b−a

2

)α
−

(

b−a
2

)α)

−
1

α +1

(

h
b−a

2

)α+1

+
1
α

(

h
b−a

2

)α+1
}

or

∣

∣

∣

∣

∣

(1−h)(α −1)(b− x)−1 f (x)−2
(b− x)1−α

b−a
Γ (α)Jα−1

a ( f (b))+ Jα−2
a (ω(x,b) f (b)) (25)

+
h
2

[

(b− x)1−α (b−a)α−1 f ′(a)+ (α −1)(b− x)1−α (b−a)α−2 f (a)
]

+(b− x)1−α (b−a)α−2 f (a)+ (1−h) f ′(x)
∣

∣

∣

≤
∥

∥ f ′′
∥

∥

∞
(b− x)1−α

b−a

{

−
1

α +1

(

(

1−
h
2

)α+1

−1

)

(b−a)α+1

+
1
α

(

(

1−
h
2

)α+1

−

(

1−
h
2

)

)

(b−a)α+1

+
1

α +1
(b−a)α+1

(

(

1
2

)α+1

−

(

1−
h
2

)α+1
)

−
1
α
(b−a)α+1

(

(

1−
h
2

)(

1
2

)α
−

(

1−
h
2

)α+1
)

+
1

α +1

(

(b− x)α+1−

(

b−a
2

)α+1
)

−
1
α

(

1−
h
2

)

(b−a)

(

(b− x)α −

(

b−a
2

)α)

−
1

α +1

(

(

h
b−a

2

)α+1

− (b− x)α+1

)

+
1
α

(

h
b−a

2

)((

h
b−a

2

)α
− (b− x)α

)

−
1

α +1

(

h
b−a

2

)α+1

+
1
α

(

h
b−a

2

)(

h
b−a

2

)α
}

.

Proof.From (5), we get

∣

∣

∣

∣

∣

(1−h)(α −1)(b− x)−1 f (x)−2
(b− x)1−α

b−a
Γ (α)Jα−1

a ( f (b))+ Jα−2
a (ω(x,b) f (b))

+
h
2

[

(b− x)1−α (b−a)α−1 f ′(a)+ (α −1)(b− x)1−α (b−a)α−2 f (a)
]

+(b− x)1−α (b−a)α−2 f (a)+ (1−h) f ′(x)
∣

∣

∣
=
∣

∣Jα
a

(

ω(x,b) f ′′(b)
)∣

∣ .

Now from (1) and (14), we get

1
Γ (α)

∣

∣

∣

∣

∣

∣

b
∫

a

(b− t)α−1 ω (x, t) f ′′(t)dt

∣

∣

∣

∣

∣

∣

≤
1

Γ (α)

b
∫

a

(b− t)α−1 |ω (x, t)|
∣

∣ f ′′(t)
∣

∣dt
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≤
‖ f ′′‖∞
Γ (α)

b
∫

a

(b− t)α−1 |ω (x, t)|dt ≤
∥

∥ f ′′
∥

∥

∞
(b− x)1−α

b−a





x
∫

a

∣

∣

∣

∣

(b− t)α−1
(

t −

(

a+h
b−a

2

))∣

∣

∣

∣

dt

+

b
∫

x

∣

∣

∣

∣

(b− t)α−1
((

b−h
b−a

2

)

− t

)
∣

∣

∣

∣

dt





≤
∥

∥ f ′′
∥

∥

∞
(b− x)1−α

b−a

{

−
(b−a)α+1

α +1

(

(

1−
h
2

)α+1

−1

)

+
(b−a)α+1

α

(

(

1−
h
2

)α+1

−

(

1−
h
2

)

)

+
1

α +1

(

(b− x)α+1− (b−a)α+1
(

1−
h
2

)α+1
)

−
1
α

[

(

1−
h
2

)

(b−a)(b− x)α − (b−a)α+1
(

1−
h
2

)α+1
]

−
1

α +1

(

(

b−a
2

)α+1

− (b− x)α+1

)

+
1
α

(

h
b−a

2

)((

b−a
2

)α
− (b− x)α

)

−
1

α +1

(

(

h
b−a

2

)α+1

−

(

b−a
2

)α+1
)

+
1
α

(

h
b−a

2

)((

h
b−a

2

)α
−

(

b−a
2

)α)

−
1

α +1

(

h
b−a

2

)α+1

+
1
α

(

h
b−a

2

)α+1
}

≤
∥

∥ f ′′
∥

∥

∞
(b− x)1−α

b−a

{

−
1

α +1

(

(

1−
h
2

)α+1

−1

)

(b−a)α+1

+
1
α

(

(

1−
h
2

)α+1

−

(

1−
h
2

)

)

(b−a)α+1+
1

α +1
(b−a)α+1

(

(

1
2

)α+1

−

(

1−
h
2

)α+1
)

−
1
α
(b−a)α+1

(

(

1−
h
2

)(

1
2

)α
−

(

1−
h
2

)α+1
)

+
1

α +1

(

(b− x)α+1−

(

b−a
2

)α+1
)

−
1
α

(

1−
h
2

)

(b−a)

(

(b− x)α −

(

b−a
2

)α)

−
1

α +1

(

(

h
b−a

2

)α+1

− (b− x)α+1

)

+
1
α

(

h
b−a

2

)((

h
b−a

2

)α
− (b− x)α

)

−
1

α +1

(

h
b−a

2

)α+1

+
1
α

(

h
b−a

2

)(

h
b−a

2

)α
}

Hence proved (19) and (25).
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