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Abstract: A valuable functionf (z) is univalent in a domainD ⊂ C if it is not get the same value twice; iff (z1) 6= f (z2) points for all
z1 andz2 in D with z1 6= z2 . f (z) locally said to be uniform at the point of functionz0 ∈ D if it is univalent in some neighborhood of

z0. For f (z) is an analytic function, the conditionf
′
(z0) 6= 0 is equal to local unity inz0. An analytical univalent function is called an

appropriate mapping due to its angle protection feature. First of all, we will consider the class of phantomic and univalentS functions
in the open unit diskD = {z : |z|< 1} , normalized by the conditionsf (0) = 0 and f

′
(0) = 1.

In this paper, it is known to be applicable to any real 2−r value inequality , 4.2−r
(

1−2−r
)

= 2r+2−4
22r ≤ 1 ,

(

2−r −2≥ 0, r ≥ 1
)

our
claim is proved that|z|< 1 an arbitrary pointz0.
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1 Introduction

In the theory of univalent functions, two classes of functions are examined in more detail;

w = f (z) =
z

1− z
= z+ z2+ z3+ z4+ z5+ ... (1)

it is described as|z|< 1 in unit diskD.

(a) Starlike fields with zero point as center (ClassSt),

(b) Konveks fields (ClassK)

is represented. Löwner has proved two inequalities in class K functions.[2]

(i) R
1+R ≤ | f (z)| ≤ R

1−R , |z|= R < 1

(ii) 1
(1+R)2

≤
∣

∣

∣ f
′
(z)
∣

∣

∣≤ R
(1−R)2

, |z| ≤ R < 1. Bieberbach added the third inequality.[3]

(iii)
∣

∣

∣
arc f

′
(z)
∣

∣

∣
≤ 2arcsinR, |z| ≤ R < 1.

The aim of the present study is to concentrate these three inequalities, according to the boundary sets of the three processes.

f (z)
z

=
z

1−z

z
=

z+ z2+ z3+ z4+ z5+ ...

z
= 1+ z+ z2+z3+z4+z5+ · · · ;

z f
′
(z)

f (z)
=

z 1
(1−z)2

z
1−z

=
1

1− z
= 1+ z+ z2+z3+z4+z5+ · · · ;

f
′
(z) =

1

(1− z)2
= 1+2z+3z2+4z3+5z4+6z5+ · · · .
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f (z) is asked upon the assumption that classK has a function. Reaching the repetitive application of the Schwarz

Lemma, the reel parts are in the|z|< 1 grater then1
2 range in the form of f (z)

z and z f
′
(z)

f (z) [5].

The transformation of classesK andSt into distortion and rotation sets; The main part is the result f (z)
z and z f

′
(z)

f (z) for

selected function of classK.

Theorem 1. w = f (z) = z
1−z and |z| < 1 is regular, we know that Re f (z) ≥ 0 is in unit disk D = {z ∈ C : |z|< 1} . Then

|z0| ≤ R < 1. and f (z0) located inside diameter of closed circular disk unit 1−R
1+R ...

1+R
1−R w-plane within the real axis.

Proof. If we choosef (z) = z
1−z = z+ z2+ z3+ z4+ z5+ ... then

w1= f 1(z) =
f (z)−1
f (z)+1

taking|z|< 1 from the unit disk, we havef1(z)≤ 1 . Becausef1(0) = 0 and f1(z) fulfills the requirements of Schwartz’s

Lemma. From heref1(z) is in w1 ≤ R. Therefore

w1= f 1(z) =
z

1−z −1
z

1−z +1
= 2z−1.

Then we take

w =
1+(2z−1)
1− (2z−1)

=
z

1− z

as shown in the proof shown on the circle. These functions areproved by return to the w-plane.

Theorem 2. w = f (z) = z
1−z = z+ z2+ z3+ z4+ z5+ ... function is in class K. Then

w = h(z) =
f (z0)− f

(

z0−z
1−z0z

)

f ′(z0)
(

1−|z0|
2
) (2)

in class K. Here is the point z0 where an arbitrary point |z|< 1 .

Proof. Linear functionξ = z0−z
1−z0z , converts|z|< 1 to |ξ |< 1, this obtainedz0 = z andξ = 0. z = 0 and we take thatξ = z0.

This function

w1= f (ξ ) = f

(

z0− z
1− z0z

)

,

|z| < 1, w = f (z) is based on the area that appears with G, which is caused by theletter |z| < 1 . Hence we obtained that

z = 0 andw1 = f (z0) . For the functionw = h(z) it will be h(0) = 0 . If we take derivative

h
′
(z) =

f
′
(

z0−z
1−z0z

)

f ′(z0)
(

1−|z0|
2
) , (3)

thush
′
(0) = 0. Finally,w = h(z) the resulting|z|< 1 pictorial field G inw = h(z) also appears with an extension of twist

and rotation, so that G is univalent and convex. The result ish(z) in classK.

Theorem 3. (Main Theorem) Let’s choose w = f (z) = z
1−z = z+ z2+ z3+ z4+ z5+ ... in class K;

Re

(

z f
′
(z)

f (z)

)

≥ 2−r and |z|< 1,

(

0≤ 2−r ≤
1
2

)

.
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It is obtained in

Re

(

f (z)
z

)

≥
1

4(1−2−r)
≥ 2−r

,

form for class K functions.

Proof. Let w = f (z) = z
1−z = z+ z2+ z3+ z4+ z5+ ..., function is in classK; let z0 have an arbitrary but fixed point in

|z|< 1 and|z0|< R < 1 . Consider thew = h(z) function in (2) next to f(z). Forz = z0 in (2) and (3)

h(z0) =
f (z0)

f ′(z0)
(

1−|z0|
2
) . (4)

h
′
(z0) =

1

f ′(z0)
(

1−|z0|
2
)2 . (5)

From Theorem 2, Sincew = h(z) is a function of class K , it must be|z|< 1

Re

(

zh
′
(z)

h(z)

)

≥ 2−r
. (6)

As a result, the process performs the following statements

g(z) =

(

1
1−2−r

)

(

zh
′
(z)

h(z)
−2−r

)

=

(

1
1−2−r

)(

1− z
1−|z|2

−2−r
)

=

(

2r

2r −1
.

1− z
1−|z|2

)

−

(

2r

2r −1
.

1
2r

)

=

(

2r

2r −1
.

1− z
1−|z|2

)

−
1

2r −1
,

So that we obtained

1
2r −1

(

2r (1− z)
1−|z|2

−1

)

,

g(0) = 1 and Reg(z)≥ 0 with |z|< 1 we took Theorem 1. Accordingly, the real lineg(z0),
1−R
1+R ...

1+R
1−R located on a circular

disk as a diameter above the distance. So thatz0h
′
(z0)

h(z0)
. The diameter of the axis of the real axis

(

1−2−r) 1−R
1+R

+2−r
...
(

1−2−r) 1+R
1−R

+2−r

is located on the disc. Where

Re

(

.
1−|z|2

1− z

)

≥
1

(1−2−r) .
(1+R

1−R

)

+2−r
≥

2r (1−R)
(2r −2)(1+R)

=

(

1−
2

2r −2

)(

1−R
1+R

)

, (7)

is located. Now we use (4) and (5)

f (z0)

z0
=

1
1−|z0|

.





1

z0
h′ (z0)
h(z0)



 (8)
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from (7) and (8) we obtained from the following

Re

(

f (z0)

z0

)

=
1

1−R2 Re





1

z0
h′ (z0)
h(z0)





≥
1

(

1−R2
)

1

(1−2−r) .
( 1+R

1−R

)

+2−r

=
1

(1−2−r) (1+R)2+2−r
(

1−R2
)

=
2r

2r (1+R)2−2R(1+R)

≥
1

(1+R) (2−2.2−r)+R2 (1−2.2−r)

=
1

2r+2r .2R−2R+2rR2−2R2

2r

=
1

2r(1+R)2−2R(1+R)
2r

=
2r

(R+1) [2r (R+1)−2R]
. (9)

We put it on the following theorem

F(R) = 1+R(2−2.2−r)+R2(1−2.2−r) =
(R+1)[2r (R+1)−2R]

2r

so,

F
′
(R) = (2−2.2−r)+2R(1−2.2−r) = 2+2R−

1+2R
2r−1 > 0 for 0≤ R ≤ 1 and 0≤ 2−r≤

1
2
.

ThereforeF(R)≤ F(1) in 0≤ R ≤ 1. If so, from (9) we obtained that

Re

(

f (z0)

z0

)

>
1

(1+R)(2−2.2−r)+R2(1−2.2−r)
=

1
4(1−2−r)

=
1

2r+2−4
2r

=
2r

2r+2−4
≥

1
2r .

Finally, it is known to be applicable to any real 2−r value inequality

4.2−r (1−2−r)=
2r+2−4

22r ≤ 1, (2r −2≥ 0, r ≥ 1) .

Therefore our claim is proved that|z|< 1 an arbitrary pointz0. The proof is completed.
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