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Abstract: In this paper, we investigate some set-valued contractappimgs in partial Hausdorff metric spaces and prove treenxce
of fixed point of this set-valued mappings in partial Haufidmetric spaces. We also give an example as support of outtses
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1 Introduction

In 1920, Banach introduced and proved the famous Banachr&ioin Principle. The fixed point theory in metric
spaces is an important part of functional analysis sincedag and many researchers have introduced new contraction
mappings and new fixed point theorems. Matthews introdulcedhbtion of a partial metric space iftf][ He extended
Banach contraction principle in the setting of completdipametric space in the same study. After, further studeseh
been made by many authordg]([11],[12], [9], [8], [2], [3] and [13)]). In [5], they proved the some generalized versions
of the fixed point theorem of Matthews and established a hopyatesults. Based on the partial metric on aXg [7],

they presented a notion of partial Hausdorff metric onghg (X). Besides, inT], they studied of fixed point theorem
for multi-valued mappings on a partial metric space usirggghrtial Hausdorff metric and generalized Nadler’s fixed
point theorem. Further, in6], he introduced the notion of Banach G-contractions. Themynauthors extended the
Banach G-contraction different from Jachymadi§][ [1€], [17] and [19].

The aim of this paper is to prove some fixed point theorems ébvalued mappings in Hausdorff metric spaces.
Throughout this papef2® (X) is the family of all nonempty closed and bounded subsets aftgbmetric spacéX, p).

Firstly, the following definition of partial metric spacecisome related results that are will be needed in the pragress
is given by Matthews ().

Definition 1. [1] Let X be a nonempty set. A mappingXx X — R™ is a partial metric on X, if for all xy,z€ X. We
have

(P1) p(%,x) = p(y,y) = p(xy) ifand only if x=y,
(P2) p(x,x) < p(xy),
(P3) p(x,y) = p(¥,x),

(P4) P(%,2) < p(XY)+ P2 —P(YY).
The pair(X, p) is then called a partial metric space. If{(p,y) = 0, then p1) and p2) imply that=x y. But the reverse does
not satisfy always.
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Example 1.[1] Let X = {[a,b] : a,b € R,a < b}, that is,X = Q¢ (R) and define a functiop : X x X — R™ is defined
asp(x,y) = p([a,b],[c,d]) = max{b,d} —min{a,c}, then(X, p) is a partial metric space.

[1] Every metric space is a partial metric space. Each partetimp on X generates dp topology 1, on X with as a
base the family of the opeprballs { B, (x,€) : x € X, & > 0}, whereBy (x,€) = {y € X : p(X,y) < p(x,X) + £}.

Definition 2. [1] Let(X, p) be a partial metric space. Then:

(a) A sequencéxn) in (X, p) converges to a point& X with respect tay, if and only if p(x,X) = liMnp_ew P (X, Xn).

(b) A sequencéx,) in (X, p) is called Cauchy sequence if there exists and is flmg m—e. P (Xn, Xm)-

(c) A partial metric spacéX, p) is called a complete partial metric space if every Cauchysege{x,} in X converges
with respect tarp to a point xe X.

Remark][1] Let (X, p) be a partial metric space. Then the functiyt X x X — [0, ) defined by

dp(Xy) =2p(%y) — p(X,X) — P(Y;Yy)

is a metric orX. Let (X, p) be a partial metric space, a sequefig in (X,dp) is said to be convergent to a poine X
if and only if

p(xX) = im p(xXs) = lim_p (o, ¥e).
Lemma 1[7] Let (X, p) be a partial metric space. Then:

(a) A sequencéx) in X is a Cauchy with respect to p if and only if it is Cauchy wibpect to ¢.
(b) A partial metric spacéX, p) is complete if and only if the metric spa¢, dp) is complete.

Now, let us give the definition of partial Hausdorff metricasp and reletad results. First, we remember and state the
definition of Hausdorff metric for metric spaces.

Let (X,d) be a metric space an@c (X) denotes the collection of all nonempty closed and boundbdets ofX. For
AB € Q¢ (X), define

H(AB) = max{supd (a,B),supd (b,A)} ,

acA beB

whered (x,A) = inf{d (x,a) : a€ A} is the distance of a pointto the setA. We know thatH is a metric onQ¢ (X),
called the Hausdorff metric induced by the mettic

[7] In a partial metric space closedness is taken f(&nT,) and boundedness is given as followss a bounded subset
in (X, p) if there existxg € X andM > 0 such that for alh € A, we havea € By (Xo,M), that is,p(Xo,a) < p(a,a)+ M.
Again in [7] following nations are defined. Fa@y,B € QF (X) andx € X,

p(x,A) =inf{p(x,a),ac A} andd, (A B) =sup{p(a,B):acA}.
From here for the functiong, : QF (X) x QF (X) — R* andHp : Q8 (X) x Q8 (X) — R, we have the following

Remark[5] Let (X, p) be a partial metric space a#dbe any nonempty subset ¥f then

ac Aifand only if p(a,A) = p(a,a).
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Proposition 1.[7] Letdy: Q8 (X) x QF (X) — R*. For all A,B,C € Q8 (X), we have the following:

(I) 6D(A5A):Sup{p(ava) :aEA}a
(i) Op(AA) < (AB),
(i) Jp(A,B) = 0implies that AC B,
(iv) op(A,B) <&p(A,C)+ 9, (C,B)—infeec p(c,c).
Proposition 2.[7] Let (X, p) be a partial metric space. For any,B,C € Qé’ (X), we have

(1) Hp(A,A) <Hp(A,B),
(2) Hp(A,B) =Hp(A,B),
(3) Hp(A,B) <Hp(A,C)+Hp(C,B)—infeec p(c,c).

We know that a multi-valued mappirig: X — Q¢ (X) is said to be contraction if
H(TxTy) <kd(xy)

for all x,y € X and for somé € [0, 1). After above definition Nadler (inl{4]) was proved the following theorem.

Theorem 1.[14] Let(X,d) be a complete metric space and X — Q¢ (X) be a contraction mapping. Then, there exists
x € X such that > Tx.

Lemma 2.[7] Let (X, p) be a partial metric space, /8 € QF (X) and h> 1. For any ac A, there exists b= b(a) € B
such that
p(a,b) <hH,(A,B).

Theorem 2.[7] Let(X, p) be a complete partial metric space. It X — Q¢ (X) is a multi-valued mapping such that for
allx,y € X, we have
Hp (TX Ty) <kp(x,y)

where ke (0,1). Then T has a fixed point.

2 Main results

In this section, we give some fixed point results for multivesl mappings on a complete partial metric space.

Theorem 3.Let (X, p) be a complete partial metric space and let X — Qcp (X) be a set-valued map such that

14+ p(x TX)] }

1+p(xy) @)

Hp(TxTy) < amaX{ PXY),p(y,Ty)

for all x,y € X wherea € (0,1) . Then T has a fixed point.

Proof. Letxg € X andx; € T X. By using Lemma, we havex, € Tx such that

1
P(X1,%2) < —=Hp(Tx, Tx).
va

for \/—15 > 1. From (1) and above inequality, we get

p(x1,X2) < %a max{p(xo,xl),p(xl’Txl) %} < vamax{p(xo,X1),p (X1, %2)}.

© 2019 BISKA Bilisim Technology


www.ntmsci.com

313 BISK A H. Bozkurt: Fixed point theorems under some contractiveditmms in partial Hausdorff metric spaces

Now, if max{p(Xo,X1),p(X1,X2)} = p(X1,%2), then we get a contradiction. Thus, m@{Xo,X1), p(X1,%X2)} = p(Xo,X1) -
So, we have

P (X1, %2) vVap(Xo,X1).

Again from (1), for xp € T X, there existsz € T x such that
(x x)<iH (Txg, Tx)
p 2,A3) > \/a P 1, 2) -

From (1) and above, we get

[1+p (X, Tx)]

1+ p(X1, %) } < Vamax{p(x,xe), p (%2 Xs)} -

1
PO ) < —=amax{ pla. ) PR T)

Now, if max{p(x1,X2), p(X2,X3)} = p(%2,X3), then we get a contradiction. Thus, ma@(x1,X2), p (X2, X3)} = p(X1,X2) .
So, we have

P (X2, X3) V& p(X1,X2) .

Continuing this process, we get,} C X andx,_1 € T %, such that

P (Xn,Xn+1) < vVap(Xn_1,X%,) forallne N.

From here we obtaip (xp,Xn1+1) < (\/E)n p(Xo,x1) for all n € N. Using this and the property (p4) of a partial metric, for
anym e N, we have

P (%n, Xn+m) < P (Xn, Xn41) + P (Xn+1,Xn42) + - + P (Xnrm-1, Xn+m)
(V)" p(xo,x1) + (va) " p(xo,x1) + .. + (V@)™ ™ p(x0, %)
((Va)"+ (Vo)™ o (Va) ") po)
(va)"
1-Va

since 0< a < 1. This shows tha{x,} is a Cauchy sequence {iX, p%). Since(X, p) is a complete partial metric space,
by Lemmal, (X, p®) is a complete metric space. Therefore, the sequérgeconverges to somee X with respect to
the metricp®, that is, limh_,« p°(Xn,X) = 0. Again from Remarkl, we have

IN

IN

p(Xp,X1) — 0 asn — +oo

p(X, X) = I’llmo p(Xl’hX) = n.mw p(XnaXm) =0. (2)

Now, we show thap (x, Tx) = 0. On the contrary, suppose thatx, T x) > 0. By using the (p4) inequalitylf and @), we
have

P(XTX) < pP(X,Xn+1) + P (Xntr1, TX) — P(Xnt1, Xn+1)
< P(XXnt1) +Hp (Tx, TX)

1+ p(xn,Txn)}

< p(x7xn+1)+amax{p(xn,x),D(XaTX) 1+ p(Xn, X)

lettingn — oo, we get
POXTX) <ap(xTX).
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But, this is impossible foor < 1. Thus,p(x,Tx) = 0. Therefore, we have
P(XTX) =0=p(xXx),

which from Remarkl implies thatx € Tx.

Example 2.Let X = {0,1,3,7} andp(x,y) = max{x,y} for all x,y € X. Itis clear tha{X, p) is a complete partial metric
space. LeT : X — Qc, (X) be defined by (0) =T (1) = {0}, T (3) = {0,1} andT (7) = {0, 3}. It is easy that the subsets
{0},{0,1} and{0,3} are bounded. So, ¥ {0,1, 3,7}, then we get

x€ {0} & p(x {0}) = p(xX) & P(x,{0}) =x = x & {0}.

Also,
xe{0,1} & p(x,{0,1}) = p(x,x) & min{p(x,0),p(x,1)} = x < x e {0,1}.

And,
x € {0,3} < p(x,{0,3}) = p(x,x) & min{p(x,0),p(x,3)} = x <= x € {0,3}.

Hence {0},{0,1} and{0,3} are closed with respect to the partial mefpidNow, we will show that, for alk,y € X, the
contractive conditionX) is satisfied witha = % To see that it is sufficient to consider the following fouresis

If x,y € {0,1}, then () trivially holds.

If xe {0,1} andy = 3, then

Hp(TxTy) = 1< amax{p(x,y),p(y,Ty) %}
If xe {0,1} andy = 7, then

Hp(Tx Ty) =3< amaX{p(x,y),p(y,TW %}
If X,y € {3,7}, then

Hp(TxTy) =3< armax{IO(X,)/),IO(YaTy> %}'

Thus, all the conditions of Theore®ware satisfied and= 0 is a fixed point ofT.

Now, we state another fixed point theorem on a complete paré&ic space.

Theorem 4.Let (X, p) be a complete partial metric space and let X — Qg (X) be a set-valued map such that

Ho (TX Ty) < a{p(x Tx) p(y, Ty)}? 3)

for all x,y € X wherea € (0,1). Then T has a fixed point.

Proof. Letxg € X andx; € T X. By using Lemma, we havex, € Tx such that

p(X1,X%2) < %Hp(Txo,Txl). (4)
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for % > 1. From ) and @), we obtain

1
2

p (X1, %) < \/iaa{p(xO,TXo) PO Tx1)}2 < Vap(x0.x1)? plxa,%)? < ap(xo,%)
Continuing the same way, we gpt,} C X andx,_1 € T X, such that
P (Xn,Xnt1) < ap(Xn—1,%n) < azp(xn,z,xn,l) <...<a"p(xg,x) forallneN.
Using this and the property (p4) of a partial metric, for amg N, we have

P (Xn, Xnrm) < P (%0, Xt 1) + P (Xnt1,%n42) + -+ P Knym-1,Xn4m)
< a"p(xo,x1) + ™ p(Xo,X1) + ... + ™™ (%0, X1)
= (a"+ o™ 4+ a™ ™) p(xo,x1)

n
< 0
< 1_ap(Xo,X1)% asn — oo

since 0< a < 1. This shows tha{x,} is a Cauchy sequence {iX, p%). Since(X, p) is a complete partial metric space,
by Lemmal, (X, p®) is a complete metric space. Therefore, the sequérgeconverges to somee X with respect to
the metricp®, that is, limy_,. p°(Xn,X) = 0. Again from Remarkl, we have

p(xX) = lim p(xn.x) = lim_p(xn,¥m) =0. (5)
Now, we show thap (x, Tx) = 0. Assume this is not true the from (p4) inequaliB), &nd 6), we have

P(X%TX) < P(X,Xn+1) + P (Xntr1, TX) — P(Xnt1s Xnr1)

S p(XaXn+l)+ HP(TXnaTX)
< (% Xns1) + @ {P O, Tx) P, TX)}E

Passing to limit ag — oo, we get
p(x,Tx) <O0.

which is a contradiction. Thug(x, Tx) = 0. Thus, we get
P(XTX) =0=p(xX),

andxe Tx

We can give the following another two fixed point theoremsdet-valued mapping defined in complete partial metric
spaces.

Theorem 5.Let (X, p) be a complete partial metric space and let X — QF (X) be a set-valued map such that

HP(TX’TY)Sa{p(X7TX)p(x,Ty)+p(y,Ty)p(y,TX)} ©6)

PXTy)+p(y, Ty)

wherea € (0,1) and p(x, Ty) + p(y,Ty) # Ofor all x,y € X. Then T has a fixed point.
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Proof. Letxp € X, x1 € Txg andp(x, Ty) + p(y, Ty) # 0. By using Lemm&, we havex; € Tx; such that
(x x)<iH (Txo, TX1) (7)
p 1,A2) > \/a p XO) 1) -

for \F > 1. From ) and (7), we have

1 P (X0, TX0) P (X0, TX1) + P (X1, Tx1) p(X1, TX%0)
Pla,%) < ﬁ“{ (0. Tx0) + P(x1. T%1) }
P (Xo,X1) P(X0,X2) 4 P (X1,X2) P(X1,X1)
S\/a{ P (X0, X2) + P (X1,X2) }

<Vap(xo,x1)

Continuing this process, we obtafr,} C X andx,_1 € Tx, such that

D (X0, Xn41) < VAP (o1, %) < VAP (Xn2:Xn-1) < ... < /A" P(%o,x1) forallne N

Using this and the property (p4) of a partial metric, for amg N, we have

P (Xn, Xnm) < P (X, Xn11) + P (Xnt1,%n42) 4 - + P (Xnrm-1,Xnem)
< Va"p(xo.xe) +va" p(xo,x1) + ..+ VA" (x0,%1)
< va©
“1-Va
since 0< a < 1. This yields that{x,} is a Cauchy sequence (X, p%). Since(X, p) is a complete partial metric space,

by Lemmal, (X, p®) is a complete metric space. Therefore, the sequérgeconverges to somee X with respect to
the metricp®, that is, limh_. p°(Xn,X) = 0. Again from RemarkL, we have

p(Xo,X1) — 0 asn — +oo

p(xX) = lim p(xe.x) = lim_p (k. xm) =0.
From (p4) inequality andg), we have

P(X%TX) < pP(X,Xn+1) + P (Xntr1, TX) — P(Xnt1s Xnr1)
S p(XaXn+l)+HP(T)(TTaTX)
P (X, T%) P (X, TX) + P (X, TX) p(x,Txn)}

<
< p<x’x”“)+“{ P TX) + PO, T

Lettingn — o, we get
p(x,Tx) <O.

But, this is impossible. Thug(x, Tx) = 0. Therefore, we get
P(XTX)=0=p(xX),

which from Remarkl implies thatx € Tx.
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Theorem 6.Let (X, p) be a complete partial metric space and let X — QF (X) be a set-valued map such that

(8)

P, TX) PXTy) + [P(x,Y)]*+ P(X,TX) p(Xy)
H"(TX’TY)SG{ POCTY) +p(xy)+p(XTY) }

wherea € (0,1) and p(x, TX) + p(X,y) + p(x,Ty) # Ofor all x,y € X. Then T has a fixed point.
Proof. Letxp € X, X1 € Txg andp (X, TX) + p(X,y) + p(x, Ty) # 0. By using Lemm&, we havex; € Tx; such that
(x x)<iH (Txo, Tx) 9
p 1,A2) > \/a P )@7 1) -

for \/_ > 1. From @) and Q), we obtain

1 p(x0, Tx) p(xo, Txa) + [P (X0, Xa)]* + P (X0, TX0) P (X0, X2)
p(xl’XZ)S\/Ea{ P (%0, TX0) + P(x0,x1) + P (0, Tt) }

Sﬁ%mmmmMm )%+ %MWWﬂ?

[p(xo
2p (X0, X1) + P(Xo
<Vap(xo,x1).

On repeating this process, we det} C X andx,_1 € T x, such that

P (Xn, Xnt1) < VAP (Xn_1,%n) < \/Ezp(xn,z,xn,l) <...<Va'p(xo,x) forallne N.

Using this and the property (p4) of a partial metric, for amg N, we have

P (Xn, Xntm) < P(Xn, Xn+1) + P (Xnt1, Xn2) + ... + P (Xn+-m—1, Xn+m)
< Va"p(xo,x1) +va" o (x0,31) + . +v/a@" ™ p(x0,%0)
< \/an
~1-Ja

since 0< o < 1. This shows tha{x,} is a Cauchy sequence {iX, p%). Since(X, p) is a complete partial metric space,
by Lemmal, (X, p®) is a complete metric space. Therefore, the sequérgeconverges to somee X with respect to
the metricp®, that is, limh_,. p°(Xn,X) = 0. From Remark., we have

p(Xp,X1) — 0 asn — 4o

P(x,X) = lim p(xn,x) = lim_p(Xn,Xm) = O.

Now, we show thap(x, Tx) = 0. Now, we shall show thatis a fixed point ofT. For anyn € N it follows from (p4) and
(7) that

P(XTX) < P(X,Xni1) + P (Xns1, TX) — P(Xnt1,%ns1)
S p(Xa XnJrl) + HP(TXanX)

P00, T%0) P (%0, TX) + [P (%0, X)]° + P (0, T %0) P (¥0, )

< P(XXne1) +
< P06Xni) D Gt T 50+ P O X) + P Ot T

Lettingn — oo, we get
P(x,Tx) <0.
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which is a contraction. That if(x, Tx) = 0. Thus, we obtain
P(XTX) =0=p(xXx),

which from Remarkl implies thatx € Tx.

3 Conclusions

In this study, we investigate some contraction mapping itigldHausdorff metric space and prove the existence of fixed
point of this mapping in partial Hausdorff metric. Furtheg also give an example in support our result.
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