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Abstract: In this artical, we introduce a robust method for solvingregsiar fractional telegraph equation, called Laplac tiams
decomposition method (DLDM).This method is combining betw double Laplac transform method and the Adomian decdtigros
method . In this mthod,the fractional derivative is consideCaputo sense. Some illustrative example to show thab(dLis rigorous
and effective.
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1 Introduction

Fractional partial differential equations are focus byentists in different fields of science such as engineerihgsies

and mathematics. This focus comes from the significance ecuracy of fractional calculus. Many events in finance,
signal analysis, control theory and biomedical science aiér science can be described successfully by using
fractional calculus. Telegraph equation is hyperbolidiphdifferential equation that is pertinent in severalasuch as
engineering, signal analysis and wave propagatignIp recent years, many authors convert telegraph equation
fractional telegraph equation and solved as linear, nealilhomogeneous and nonhomogeneous by different methods
and given exact and approximate solution, in the literamuwthors used powerful methods, For exam@gUsing
Laplace transform method®][suggested Laplace variational iteration method to olethithe approximate solution, the
author H] obtained the approximate solution of the telegraph equdby using double laplace transform meth8H,[
Homotopy perturbation techniquélradial basis functions and’] introduced the Mixture of a new integral transform
and homotopy perturbation method (HPM). Recently, the robjactive of the present work is to provide the application
of the double Laplace decomposition method to take out aqipiatte solution of singular fractional telegraph equation
(Bessel operator).

2 Definitions

In this section, we set up some basic definitions and preéiminsed in this article.

Definition 1. [8] The Euler Gamma functior (z) is defined by the integral:

r(z= /Om et ldt, R(z >0. 1)
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Definition 2. [8] A two-parameter function of the Mittag-Leffler type is defthby the series expansion:
E (z)—mL (a>0,8>0) @)
C(yB k; ,— (ak+ B)) ) .
Definition 3. [8] The Riemann-Lioville fractional integral operator> 0 of a functionf (t) is defined by:
—p 1 t p71
D; f(t):—/ (t—1)P L (1)dr . @3)
a

r(p).

Definition 4. [8] The left Riemann-Lioville fractional derivative is defihas:

Definition 5. [8] The Right Riemann-Lioville fractional derivative is dedith as:

t
/ (t—1) P (n)dr, (k-1<p<Kk). (4)

a

k
tDﬁf(t)ﬁ<%) /tb(tfr)k’p’lf(r)dr, (k=1< p <Kk). (5)

Definition 6. [8] Caputo fractional derivative of order > 0 of function an absolute continuodi&),t > 0 is defined as:

t f(1)d
I'(alfn) fO (t,rg?im n—1l<a<neN
oDf f(t) = ©)
(?TI:‘f(t)v a=necN.

where the functiorf (t) has an absolute continuous derivative up to ofder 1).

Definition 7. [9] The Laplace transform of a functiof(t) defined as:

00

S[f(t)](s) = F(9) = /O e S f(t)dt, 7)
wheret > 0.

Definition 8. [8] The double Laplace transform for the partial fractionapQ@ derivatives as:

a n-1 k
Lx Lt [a ‘;‘g’t)} =s'U(p,s) — kzos“*k*%)( [a ‘;if’o)} : (n—1<a<n). (8)

Definition 9. [9,10] The inverse double Laplace transfonﬁtglsgl [F (p,s)] = f(x,t) is defined by the complex double

integral formula:
leclF f L eoapt [T (pg 9
SX E’[ [ (p,S)] - (X7t)_ E oo € pﬁ deioo € (p,S) S, ( )

whereF (p,s) must be an analytic function for gl andsin the region defined by the inequaliti#t&(p) > ¢ andRe(s)
>d, wherec andd are real constants to be chosen suitably.

Definition 10.[11] The Adomian Decomposition Method is defined as:

G Qimiﬂm' (10)
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3 Proposed fractional double Laplace decomposition metho(FDLDM)

In this section, we derive the main idea of fractional doubfdace decomposition method to solve a singular (Bessel
operator) fractional telegraph equation.

Theorem 1. We consider singular fractional telegraph equation withrimtary condition as follows:

D2%u(x,t) =

P

(tDru(x,1)); +u(x,t) +h(xt), 0<a <1 andx,t >0 (11)

Subject to boundary conditions,
u(0,t) = fy(t) anduy(0,t) = fa(t), (12)

Where%L (tDru(x,1)), is the Bessel operator aifx,t) is a continuous function.

Then the solution of Eql(l) is given by

Uo(x.t) =G(x,t) = ZzH (x,t) + $F1(8) + F2(s)
(13)
Unra(x,t) =2 1et [p%aﬂxst [DttUn(X,t) + Dtun(X,t) + un(x,t)] |, n>0

Proof. In order to obtain the solution of EQ.]), we apply the fractional double Laplace transform of @édudierivatives
for equation Eq11), we get

pZGU (p,S) - pzailu (Oa S) - p2a—2UX(O, S) = EX'St [DttUn(X,t) + %Dt Un(th) + U(X,t) + h(X7t>] ) (14)
using the single Laplace transform for boundaryl condgigwg.(2), we have,

£ [U(O,t)] =% [fl(t)] = Fl(s)

(15)
L [ux(0,1)] = L [f2(t)] = Fa(s),
by substituting EqX5) in Eq.(14), use the property of the double Laplace transform and siynpd, we obtain
U(p,9) = ok S8 [Duu(x,t) + DX t) +Un(x, )] + A H(x 1) + 3Fa(s) + S Fa(9), (16)
whereH (x,t) is double Laplace difi(x,t). Taking inverse double Laplace transform to B)( we get,
101 1 1
U(X,t) = G(X,t)+£x St WSX& DttU(X,t)+?DtU(X,t)+Un(X,t) ) (17)

whereG(x,t) is the function comes from continuous function and initiahdition. The solution of Eql(7) can be written
as infinite series terms (Adomian decomposition method) sisc

u(x,t) = iun(x,t), (18)

n

then Eq.L7) become

[ee]

T Un(x,t) = G(x,t) + £ tert [p% £t {% DitUn(X,t) + 1 § Dun(X,t) + § un(x,t)”, (19)
n=0 n=0 n=0 n=0
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Eq.(19) can be written as
Up+uUp+Up+...= G(X,t)+2;1£{1 p%f/xﬁt [Uott + Uagt + ...+ % [Uot + Uzt +...] + [ug+ur + ]:| , (20)

the method suggests that the zero compoungit) is identified by terms that are not included unﬁgﬁ-S{l in Eq.0).

UO(th) :G(Xat) = pTlaH (Xat) + %)F]_(S) + éFZ(S)

(21)
Unp1(xt) =€ 18t {pTll,EXSt [Untt + Lue + un(x,t)” .n>0

Note that the inverse double Laplace transform of each terrie right side of Eq41) exists.

4 Numrical examples

In this section, we demonstrate the applicability and $itgluf our method by applying numerical examples
Example 1.We consider the following singular fractional telegraplatipn:
D20u(x,t) = £ (tDLu(X,t)) + u+ 2t% — 4x2 — x2t2,

(22)
x,t>0andO<a <1

Subiject to the initial condition:
u(0,t) =0, ux(0,t)=0. (23)

Solution 1.
Appling the double Laplace transform on both sides of E2).{o get,

PPIU(p,s) — p?* U (0,5) — P** AUx(0,5) = 2.5 — 45 — 2Z + 8.8 [Dyu(x,t) + {Du(x ) +un(x )], (24)

p3s

taking single Laplace transform to EB3j and substitute in EqR4) gives,

U(p.S) = 2t — dmiss — mards T o Oxt [Dri(xt) + $Du(xt) + Un(x1)] (25)

using the inverse double Laplace transform for E§).(ve have,

XZ(I
F2a+1)

x20+2
(2a+3)

¥20+2

2P gt [pTlasxst [Duu(xt) + LDu(x ) + un(x,t)” , (26)

u(x,t) =2 t?— 8-

now we define the function(x,t) by the decomposition series,

U(X,t) = un(xvt)a (27)
2,
insert EQ.R27) into both sides Eq26) gives
* 2a 2a+2 2a+2
nzoun(xvt) = 2r(§a+1)t2 — 8 a3 — 2[')((20+3)t2
(28)

+£;1£{1 |:pTlor£X£t |: EOUmt(X,t) +% § Unt(X,'[) + §0Un(X,t):|:| ,
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by using the Eq48) we find a few terms of the series ofx,t) as
20 20+2 20+2 2
Uo(X,t) = 275yt — 8ty — 2rizarat’
(29)
Unpa(x,t) =21t [Elﬁsxst [Sh_oUnt(X,t) + 1 Si o Unt(X,t) + oo un(x,t)]} , n>0,
then X4a X4or+2 X4or X4a+2
t) =8 —16 2 t2-2 t 30
w8 e Yraasa T F@arD  F@a+d) (30)
x8a x60+2 X80 x6a+2
t) =16 24 2 t2-2 t 31
U =) 2T ea+3) T STatD)  2r(ea+d) (31)
therefore, the (FDLDM) give us the series solution of Eg) (s,
u(X,t) = up(X,t) + ug(X,t) + ua(X,t) + uz(X,t) + ...
2a 20+2 20042 xaa yaa+2 xaa
= 2r(§a+1) — 8¢y —2 )((20+3)t2 +8raarn — 16F(aars) T 2rarnt t? (32)
yAa+2 2 6042 ¥Ba 6a+2 o
—2raargt +16F (ea+1) — 285 t+ 2r(6a+1) —2F st
If we take(a = 1) then we get exact solution of standard telegraph equation as
u(x,t) = x2t2. (33)
Example 2.Consider the following singular fractional telegraph etipra
D2%u(x,t) = £ (tDyu(x,t)), +u—xIn(t),
(34)
xt>0and Oa <1
Subject to the initial condition:
u(0,t) =0, ux(0,t) =In(t). (35)
Solution 2.
Appling double Laplace transform for E§4) we get,
pZGU (p7 S) - p2071U (Oa S) - pZszux(O, S) = In(ps%/ + 'SX'St [Dttu(xvt) + %Dtu(xvt) =+ Un(xvt)] ) (36)
taking single Laplace transform E§5) and substitute in E(3) gives,
U(p,9) = M5 1 IOV 4 L 28 [Dru(xt) + $Dulxt) + un(x,1)] (37)
using the inverse double laplace transform transform fo(I&ywe have,
201 1 —
U(X,t) = Xln( ) F(ZO:LZ) I (t) + 2;12t ! [EJ-E'SX& [Dttu(xvt) + %DtU(X,t) + Un(th)” ’ (38)
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now we define the function(x,t) by the decomposition series,

uxt) =3 un(xt), (39)
2"
insert Eq.89) into both sides of Eq3Y) gives,
S Un(xt) = xIn(t) — 222 In(t) + 218 | L 648 | T Dutn(t) +1 3 Ditn(xt) + 3 Un(xt)| |,  (40)
n=0 r(2a+2) P n=0 t n=0 n=0

by using Eq.40) we find a few terms of the series ofx,t),

20+1
Up = xIn(t) — /')((Ttra In(t),
(41)
Unpa(x,t) =21t {plﬁsxst [DitUn(X,t) + £Dtun(X,t) + un(x,t)ﬂ , n>0,

x2a+1 x2a+3
ur(x,t) = F2a+2) In(t) — Fa<d) In(t), (42)

x2a+3 x20+5
t)=———In(t) - —— In(t 43
Uz(X, ) r(za+3) n( ) I'(20!+6) n( )7 ( )

¥20+5 x20+7
=———In(t) - ——— In(t). 44
) = oa 5 "V Farg "V (44)

therefore, the (FDLDM) give us the series solution of Bd) (s,
u(x,t) = up(X,t) + up(X,t) + ua(X,t) + uz(X,t) + ...
2041 2041 2043 2043
u(xt) =xIn(t) - 2o IN(t) + 27 IN() — Faargy IN(0) + Pz N (45)
20+5 20+5 20+7
—Faate N + Fzarg N — Fagrg INO + -
The solution of Eq34) is equal to the exact solution of standard telegraph eguétivhena = 1 ):

u(x,t) = In(t*) (46)

5 Numrical results

In this section, we shall illustrated the accuracy and e&fficy of the fractional double Laplace decomposition method
(FDLDM).Figure () discuss the exact solution and approximate solution afnga(1) we get infinitesimal error equal
(2.7755575615628%1 ") that means the present method is forceful and accurateljaddtigure 2) approximate
solution of examplg1) the behavior of the function with various values of fraciba = 0.94,0.96,0.98 and 1, we see
that the functioru(x,t) increasing whemr is decreasing with increasing tihet the value of = 1. Table @), tells us the
absolute error for exampld) by compering the exact solution and approximate solutipobtained by the (FDLDM) at

a =1 and different values of. In example 2). The exact solution and approximate solution are equ@f)rby
canceling the noise terms, notice that the solution is eefifi Eq.84) whena = 1.

(© 2019 BISKA Bilisim Technology



NTMSCI 7, No. 3, 320-327 (2019)wWww.ntmsci.com

uix 1)

“.H T T T T T T T T T ’)
Exact Sol.
O Appr.Sol.
02+ e
015 .
D1t -
005 - =
mu 1 1 1 1 1 1 1 1
L[] o 01 015 02 025 03 03 04 045 05

Fig. 1: The graph of Exact and approximate solutions of u(x,t) foafEple 1.

t

Exact Solution

Approximate Solution
a=1

Eg(u) = |u— ug|
fora=1

0.2

0.01000000000000

D 0.010000000000000

1.734723475976807e-1

0.4

0.04000000000000

D 0.040000000000000

0

0.6

0.09000000000000

D 0.090000000000000

1.387778780781446e-1

0.8

0.16000000000000

D 0.160000000000000

2.775557561562891e-1

1.0

0.25000000000000

D 0.250000000000000

2.775557561562891e-1

Table 1: Exact Solution and Approximate Solutionufx,t) for Example 1 withn = 51 ata = 1.

6 Conclusion

We have successfully applied double Laplace transform dndhéan decomposition method to obtain the approximate
solutions of the fractional telegraph equation.The (FDLDOWe us small error and high convergence. As seen in Table

1, this techniques lead us to say the mathod has high acandtefficient solutions.
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Fig. 2: The approximate solutions of u(x,t) for Example 1 toe= 0.94,0.96,0.98 and 1.
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