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Abstract: Let Cy, My andD be the composition, multiplication and differentiationeogtors defined bZ,f = fop, My f = ¢f
andDf = f’ respectively. In this paper, we study the boundedness amgpactness of the sandwich weighted composition operator
DMyCyD on the weighted Hardy spaces by using the orthonormal batie eveighted Hardy spaces.
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1 Introduction

Let @ be an analytic self-map of the open unit di3én the finite complex plan€ andH (D) be the set of all complex
valued analytic functions ofd. By dD we denote the boundary &F; HP the classical Hardy space and the splce
consists of all bounded analytic functiofisn the discD. Let 3 = {fn};_o be the sequence of positive numbers such
thatBp = 1 and limy e % = 1. Then{Bn}_, is called a weight sequence. FoKlp < «, the weighted Hardy space
HP(B) is the Banach space of all analytic functidnen the open unit dis® defined by

HP(B){f:zﬁnianz” st ||f||ap(ﬁ)ni)|an|PBrf’<oo}

where||.[4p(g) is @ norm orHP(B). If B = 1, thenHP(B) becomes the classical Hardy sp&te Forp=2,H?%(B)is a
Hilbert space w.r.t the inner product

<f,g>=Y an.byB>
2
wheref,g € H2(B). For a detailed discussion ¢P(3) one can seelf).

Associated withyp, the classical linear operatGy, : H(D) — H(DD) is defined byf — fog and this operator is called the
composition operator induced by self-magp Let ¢ be an analytic function from the open unit diBcto C, then
associated withy the multiplication operatoMy f is defined byf — /f and the produciMyC, of composition and
multiplication operators is called weighted compositigerator is defined ab — .(fog). Let D be the differentiation
operator defined by — f’ and the product of composition operay and differentiation operatdp is written asCyD
andDC,, which are defined ab — f'op andf — (fog)’ respectively, for functiorf analytic in the disd®. Similarly, the
product of multiplication operatoMy and differentiation operatob are defined ad — (¢.f’) and f — (¢.f)'.
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Weighted composition operatbt,,C, followed and preceded by differentiation operabois denoted bypM,C,D and

is defined ad — (y.f’o0@)". The operatobMy,CyD is known as sandwich weighted composition operator andlitées
many other operators. For exampleyifz) = 1, thenDM,,C,D = DC,D, called sandwich composition operator while if
®(z) = z then we get the sandwich multiplication operadyD. It has been known that the composition oper&igr

is bounded on almost all spaces of analytic functions forrgta see %], [3], [9] and D is usually unbounded on spaces
of analytic functions. Recently, the above defined opesat@ve received the attention of many researchers see, for
example 8], [10],[1]] for composition operator and], [12], [15], for weighted composition operator.

In [4], Hibschweiles and Portony defined the prodGgD andDC, and studied the boundedness and compactness of
these operators between Bergman and Hardy spaces by usir@atteson-type measure, whereas8h fhe author
studied the boundedness and compactne€gbfandDC, between Hardy type spaces.

This paper is organised as follows. In the second sectiondig@uss the boundedness of the oper&ibt,C,D on
weighted Hardy spaced?(B). In the third section, we study the compactness of the opeitl ,CyD on weighted
Hardy space#i?(B) and in the final section, we give necessary and sufficientitiondor the operatoDMyCyD to be
the Hilbert-Schmidt operator on weighted Hardy spaces.

2 Boundedness of the operatobMyCy,D

In this section, we characterize the boundedness of thewseimdveighted composition operat@MCyD on the
weighted Hardy Spaces. Recall that a linear operhton a Hilbert spac& is bounded if it takes every bounded sekin
into a bounded set iX.

Theorem 1.Let@: D — D be an analytic self-map @ andy : D — C be analytic such thaft(n—1)@.@"2¢/ + ¢/ .¢"*:
n> 1} is an orthogonal family. Then the sandwich weighted coniposoperator DM,C,D : H2(B) — H2(B) is bounded

iff
M.Bn
n

[(n=D.¢" 2@ + ¢/ . 0" (5 < forall neN.

Proof. Suppose that the operadMyCyD : H?(B) — H2(B) is bounded. Thea +ve number M such that
IDMyCyDf|lp2(g) < M|| |25y V f € H2(B). 1)
Let f(z) = 2". Thenf € H2(B) and so from (1), we have
IDMyCyD f (|2 = IDMyCyD(Z) [l12(s) = IN.D(W.0" Y lz() = Nl @-(n— 1)@" 2@ + &' . 0" *|lpy2p)
L N(n=DY.0" 20 + ¢ 0" 2y < M| |2 = M.Bn

That is
M.Bn

n

forall n eN.

[(n=1)@.¢" 2@ + ¢ . 0" Yz <

Conversely, assume that

M.Bn
n

[(n=1)@.¢" %0 + @' . 0" Y|z < (2)
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Then, we have to prove th@MyCyD is bounded. Letf € H?(B) s.t f(2) = I ganz". Since{(n—1)y.¢"2¢ +
Y'.¢"1:n> 1} is an orthogonal family, we have

IDMyCoDf 225 = || S anD(n.0.0" )25,
n=1

=13 nanlin- 10920+ 0.0 g

8

< 3 el (- D.g" 2 + g2
n=1

) MZ. 2 0
< 5 flanP =N S el
n=| n=

This implies that|DMyCyDf [425) < M||f|[42(5) and so the operat@MyCyD is bounded.

Corollary 1.Let @ : D — D be an analytic self-map d s.t {¢" : n > 0} is an orthogonal family. Then the sandwich
composition operator DgD : H2(B) — H2(B) is bounded iff

M.Bn

N2, <P > 2.
0" %0 |l2(p) < nn—1) forn>2

Proof. The result following by puttingy(z) = 1.

Corollary 2. Lety : D — C be an analytic such thgt(n—1).en_>+ /'e,_1 : n > 1} is an orthogonal family. Then the
sandwich multiplication operator DYID : H2(B) — H2(B) is bounded iff

M.Bn
n

[(n—1)Y.en2+ Pen 1| < foralln>2.

where @ : D — D is defined asgz) = 7.

Proof. The result following by putting(z) = z Now we give an example of analytic functiops D — D andy : D — C
st{(n—1)Y.9"2¢ + ¢'¢"1:n> 1} is an orthogonal family.
Example 1.Defineg: D — D as@(z) = ZX andy : D — C asy(z) = 2" fork,me N. Then

(N=D)Y.¢" %0 + ¢'" V)(2) = (n— )" 22 k&1 4 m 1 A1)
— (n _ 1)kz”n+kn7kfl + mi’njtknfkfl
= (nk— k+m)Zmkn-k-1

This implies that{ (n— 1).¢"?¢ + ¢/.¢"1: n> 1} is an orthogonal family.

Theorem 2. Let ac C and B(n) = (n)%. For ¢(z) = az andy(z) = az, the sandwich weighted composition operator
DMyC,D is bounded iffa| < 1.
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Proof. We have

. n+1)D(y.@"
| (DMyCD) iz = ||%|Hz@
(n+1)

= m”nw-q’n*l‘ﬂﬂL V'@ nzp)

(n+1) n—1n-1 n
=5 laznd™ 2" ".a+a.a"2||z g

= (n+1)%1a"2ly2g)
(n+1)%a™|.Bn
Bn+l

_ |an+1|

Hence the Theorem.

3 Compactness of the operatoDMyCyD

Recall that a linear operator A on a Hilbert space H is calleehgact if A takes bounded sets into sets with compact
closures. This definition is equivalent to the statemerittttmimage of every bounded sequence under A has a convergent
subsequence. In this section, we study the compactness optratoDMyCyD on weighted Hardy spade?(B). For

this, we need the following Lemma.

Lemmal.Letg:D — D and ¢ : D — C be analytic mapping. Then the sandwich weighted compasitferator
DMyCyD : H2(B) — H2(B) is compact iff for every bounded sequefiég}_, converging to zero uniformly on compact
subset o), we have

|[DMyCyD fnl[ly2(5) — O.

Proof. We first suppose that the sandwich weighted compositionabpedM,C,D is compact orH?(B). Further,
suppose thaf f,} is a bounded sequenceHt?(8) with f, — 0 uniformly on compact subsets Bt Then{f.} and{f/}
converge to zero uniformly on compact subset®aind sincedMy,C,D is compact{(DMyC,D) fn} has a subsequence
which converges irH?(B). That is {(¢.¢/ f/op + ¢'.flop)} has a subsequence which converge$if{B). Since
{p(2)} is a compact set, f/(¢(z))} and so{y/'(z).f/(¢(2))} converges to zero for eace D and the limit function is
necessarily zero. Similarlj@(2).¢/(2).1}/(p(z))} also converges to zero for eaehe D and the limit function is
necessarily zero. Hendéy(2).¢/ (2) ;) (¢(2)) + @' (2) fo(9(2)) } converges to zero for eacte D and the limit function
is necessarily zero. But this is true for any subsequendeeofis, we see that the limit of (¢.¢/.f/o@p+ /. f/ o)} in
H?(B) is zero. Hence for every bounded sequefitg which converges to zero uniformly on compact subset® of
{(DMyCyD) fn} converges to zero iH?(3).

Conversely we assume that wheneyés} is bounded inH2(B) and f, — O uniformly on compact subsets Bf, then
(DMyCyD) fn — 0 in H2(B). We have to show th&M,C,D is compact orH?(3). Let {gn} be a bounded sequence in
H2(B). Since{gn} is a normal family we may extract a subsequefigg } converging to zero uniformly on compact
subsets ofd to some functiorg. It is easy to check thay € H?(B8) and {gn, — g} is a bounded sequence H?(3)
converging almost uniformly to zero. Therefore, by hypstag(DMyCyD)gnk — (DMwC(pD)gHHz(B) — 0. Thus image
underDMyC,D of every bounded sequence ?(B) has a convergent subsequence. Heldbky, Cy,D is compact on

HZ(B).
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We are now in a position to prove the necessary and sufficigtdria for compactness of sandwich weighted
composition operator oH?(f3).

Theorem 3.Let ¢ : D — D andy : D — C be analytic mappings such thétn — 1)@.¢"2¢/ + ¢/.¢" 1 :n>1} is an
orthogonal family. Then the sandwich weighted composijeerator DM,C,D : H2(B) — H?(B) is compact iff

. n -2 -1 _
M‘mml(n—l)dtco” @+ 4" lnzp) =0

Proof. Let us suppose th@MyCyD : H?(B) — H?(B) is compact. Now the sequen¢§a};°:1 converges uniformly to
zero on compact subsetsibf so by

Lemmal A
HDMquoD{E}HHZ(B) —0as n— oo.
Hence
lim, % [(n—=1)@.¢"2¢ + ¢ .¢" Y|2(5) = 0.
Conversely, suppose that n
. 5 I(n—1)@.0" 2¢ + ¢ .¢" Y25, = 0.

Then for given an¥ > 0, there exists +ve integer m, such that

;1 N
I(n—1)y.¢" %0 +¢'.¢" lIIE <evnxzm

Now, letf € H2(B) s.tf(2) = Siv_panz". Define an operatdf, onH?(B) as

k

Zon.an[(n — Y. g + ¢ ™Y

n=!

k
Tof = Z)an(DMwC(pD)z” =
Nn=

ThenTy is a finite rank and so a compact operatoH#{3). Since{(n—1)y.¢"2¢ + ¢/'.¢" 1 :n> 1} is an orthogonal
family, fork > m

[ee]

(OMCD ~ Tl =l 3 nanl(n=1ug" 20+ 46" ey
n=k+1

[«

< Y alPln- g2+ ¢ g R
n=k+1

< zolanlz-ez-ﬁﬁ = zolanlz-ﬁn2
n= n=
= &) fllZa(p:

This implies that| DMyCy,D — Ti|| < € V k> mand so the operat@M,C,D is compact.

Remarklt is worthwhile to remark here that the necessary part ofith@ve Theorem is true even{ifn — 1)@.¢"2¢ +
¢'.¢"1:n> 1} is not an orthogonal family.
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Corollary 3. Letg: D — D be an analytic self-map @f such thaf ¢" : n> 1} is an orthogonal family. Then the sandwich
composition operator DD : H2(B) — H2(B) is compact iff

. nh-1 _
im "2 g7 2z =0

n—oo

Proof. The result following by puttingy(z) = 1.

Corollary 4. Lety : D — C be an analytics.{(n—1).en_2+ 'en_1: n> 1} is an orthogonal family. Then the sandwich
multiplication operator DMD : H2(B) — H?(B) is compact iff

. n
r'ﬂl, B [(n—=1)g.en2+ ‘,Ul-enleHZ(B) =0.

where @ : D — D is defined asgz) = Z".

Proof. The result following by puttingp(z) = z. We now give a sufficient condition for sandwich weighted poisition
operatoDM,C,D to be compact oi?(3).

Theorem 4.Let B = {Bn} o be the sequence of positive numbers suchfat 1, limp_,e BE“ =landfB, <1V n

n

Further, letg: D — D andy : D — C be analytic mappings such thip||. < 1and ¢/, ¢’ and are bounded. Then the
sandwich weighted composition operator R&},D is compact on R(B).

Proof. Suppose| f,} is a bounded sequencelit? () converging to zero uniformly on compact subseilofin view of
Lemma 1, to show thaDMyCyD is compact, it is sufficient to show th@tDMyCyD) fn |25y — 0 as n— . Since
@l < o, @(D) is relatively compact subset &f and sof, — 0 uniformly ong(D). Therefore, the sequencég,} and
{1 also converge to zero uniformly @s(D). SinceB, <1 V n, H?(D) C H?(B). ButH® C H?(D). ThusH® C H?(B),
which implies that

[[(DMyCqD) fnllz(g) = ID(W-T209) (1425
= [[@(fr00) + @' T100ll 2 g
<@ 17000 |lw2(g) + |- 1200 12 5
<N Wlleoll @]l T 0Pl 2 (g) + ([ [l FrOP] 2 )
< Wlleo| @ lles | fy OPlles + (|4 oo | FrOWP|eo
< | @lleo]| ¢/ [l eo SUP| (£709) (2)| + [[ [l 0 SUPI (frOP) (2)]
2D 2D

<Yl @llo sup [fy(W)]+[[¢ |l sup [fo(w)
wep(D) wep(D)

—0asn—

HenceDMyCyD is compact orH?(3).

Corollary 5. Let@: D — D be analytic. Ifp(ID) C D, then sandwich weighted composition operator D is compact
on H?(B).

Proof. Suppose thaf f,} is a bounded sequence afid— 0 uniformly on compact subsets . Since@(D) C D, it

follows that f, — 0 uniformly ong(D) and sof f\} and{f/} also converge to zero uniformly agn(D). Hence, as in the
proof of above theoren|(DMyCyD) fn|y2(5) — O as n— «. This implies thaDMyCyD is compact.

Example 2.Let o = 1 andB, = 774,n > 2. Further, letp: D — D andy : D — C be defined ag(z) = 5 andy(z) = P(2),
a polynomial of degree n. Then cleaiBf < 1, ||¢]|o < 1, ¢/(2) = % andy, ¢/’ are bounded. Hence by Theorem 4, the

sandwich composition operatbiMyC,D is compact
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4 Necessary and Sufficient Condition for the operatoDMy,Cy,D to be Hilbert Schmidt
operator on H?(B)

In this section, we give a necessary and sufficient conditiothe operatoDMy,C,D to be Hilbert Schmidt operator on
H?(B). Recall that a linear operatdron Hilbert spaced is said to be Hilbert-Schmidt operatoryf;_, || Ten||? < o for
some orthonormal bas{®,} of H.

Theorem 5.Let ¢ : D — D be an analytic such thafi(n — 1)@.¢"2¢/ + ¢'.¢"~* : n> 1} is an orthogonal family and
¢ : D — C be analytic map. Then the sandwich weighted compositioratgreDM,C,D is Hilbert-Schmidt operator on

H2(B) iff
%BZH nf QU(Pn anler (pn 1HHZ <™

Proof. Since{% :n> 0} is an orthonormal basis fét2(B). The operatoDMyC,D is Hilbert Schmidt operator

if f ZO|\DM4,C¢ HHz < oo,
if z 15 (-0 G 4y < o
if z BZH (=100 20 + 0" gy

This completes the proof.

Corollary 6. Let ¢ : D — D be an analytic self-map db such that{¢" : n > 1} is an orthogonal family . Then the
sandwich composition operator RO : H2(3) — H2(B) is Hilbert Schmidt operator iff

ZoBZH D" (g <

Proof. The result following by puttingy(z) =

Corollary 7. Let ¢ : D — C be an analytic such th&t(n—1).e,_2 + 'eqn_1 : n > 1} is an orthogonal family. Then the
sandwich multiplication operator DYID : H2(B) — H2(B) is Hilbert Schmidt operator iff

Z)BZH D.en o+ Y en1l[fz 5 <

where @ : D — D is defined asgz) =

Proof. The result following by puttingp(z) =
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