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Abstract: We show that the class of permutative semigroups (medial semigroups) satisfying the homotypical identity [axy = axay] is
saturated and, as a corollary, we found that an externally commutative semigroup satisfying the identity [ax = axa] is saturated. Next,
we show that the variety [xy2 = xy, xyz = yxz (xyz = xzy)] of left (right) commutative semigroups satisfying the identity [xy2 = xy] is
saturated.
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1 Introduction

Let U , S be semigroups with U ⊆ S. Following Isbell [14], we say that U dominates an element d of S if for every
semigroup T and for all homomorphisms β ,γ : S→ T , uβ = uγ for all u ∈U implies dβ = dγ . The set of all elements of
S dominated by U is called the dominion of U in S and is denoted by Dom(U,S). It can be easily verified that Dom(U,S)
is a subsemigroup of S containing U . We say that U is closed in S if Dom(U,S) =U and absolutely closed if it is closed
in every containing semigroup S. We call a variety of semigroups absolutely closed if each of its member is absolutely
closed. A semigroup U is called saturated if Dom(U,S) 6= S for every properly containing semigroup S. A class (resp.
variety) V of semigroups will be called saturated if every member of V is saturated.

A morphism α : A→ B in a category C is called an epimorphism (epi for short) if for all C ∈ C and for all morphisms
β ,γ : B→C, αβ = αγ implies β = γ . It is easy to check that a morphism α : S→ T is epi if and only if the inclusion
i : Sα→ T is epi. Also it can be easily seen that for any subsemigroup U of any semigroup S, the inclusion map i : U → S
is epi if and only if Dom(U,S) = S. In such a case, we say that U is epimorphically embedded in S. We also note that
every onto morphism is an epimorphism, but the converse is not true in general in the category of all semigroups.

2 Preliminaries

A most useful characterization of semigroup dominions is provided by Isbell’s Zigzag Theorem.

Result 2.1([14, Theorem 2.3] or [12, Theorem VII.2.13]). Let U be a subsemigroup of a semigroup S and let d ∈ S. Then
d ∈ Dom(U,S) if and only if d ∈U or there exists a series of factorizations of d as follows:

d = a0y1 = x1a1y1 = x1a2y2 = x2a3y2 = · · ·= xma2m−1ym = xma2m, (1)
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where m≥ 1, ai ∈U (i = 0,1, . . . ,2m), xi,yi ∈ S (i = 1,2, . . . ,m), and

a0 = x1a1, a2m−1ym = a2m,

a2i−1yi = a2iyi+1, xia2i = xi+1a2i+1 (1≤ i≤ m−1).

Such a series of factorization is called a zigzag in S over U with value d, length m and spine a0,a1, . . . ,a2m.

We refer to the equations in Result 2.1, in whatever follows, as the zigzag equations.

Result 2.2 ([16, Result 3]). Let U be any subsemigroup of a semigroup S and let d ∈ Dom(U,S)\U . If (1) is a zigzag of
minimum length m over U with value d, then xi, yi ∈ S\U for i = 1, 2, . . . ,m.

In the following results, let U and S be any semigroups with U dense in S.

Result 2.3 ([16, Result 4]). For any d ∈ S \U and k any positive integer, if (1) is a zigzag of minimum length m over U
with value d , then there exist b1,b2, . . . ,bk ∈U and dk ∈ S\U such that d = b1b2 · · ·bkdk.

We shall use standard notations and refer the readers to Clifford and Preston [4] and Howie [12] for any unexplained
symbols and terminology. Further, in whatever follows, bracketed statements or notions are dual to the other statements
or notions.

An effort has been made to identify the saturated classes of algebras in semigroup theory, ring theory, and elsewhere [3].
For example, B.J. Gardner [5, Theorem 2.10] had shown that any class of regular rings is saturated in the class of all
rings whereas P.M. Higgins [9, Corollary 4], in contrast, had shown that not all regular semigroups are saturated.
However, in [8], P.M. Higgins had shown that any class of generalized inverse semigroup is saturated. A necessary
condition for any semigroup variety to be saturated is that it admits an identity, not a permutation identity, of which at
least one side has no repeated variable [10, Theorem 6]. However, the determination of all saturated varieties of
semigroups is still an open problem, although the question has been settled for commutative varieties (Higgins [11];
Khan [15]) and for heterotypical varieties. These varieties do not contain the variety of all semilattices [10]. However,
there are semigroups of each of the following types which are not saturated; commutative cancellative semigroups (the
injection of the natural numbers into the integers provides an example), subsemigroups of finite inverse semigroups [14],
commutative periodic semigroups [11] and bands, as Trotter [19] has constructed a band with a properly epimorphically
embedded subband.

In [1], the authors had shown that the class of all left[right] quasinormal bands was closed within the class of all
left[right] quasinormal bands while, in [2], authors had generalized this result and had shown that the variety
V = [axy = axay] of semigroups was closed. In this paper, we extend both of the above results by showing that the
varieties [axy = axay (xya = xaya), axyz = ayxz], [xy2 = xy, xyz = xzy] of semigroups are saturated.

For more details and other related results, one may refer to [7], [8], [13] and [17].

3 Main Results

Definition 3.1. A semigroup identity u = v is the formal identity of two words u and v formed by letters over an alphabet
set X .
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Definition 3.2. A semigroup is said to satisfy an identity if for every substitution of elements from S for the letters
forming the word of the identity, the resulting words are equal in S.

Definition 3.3. The class of semigroups, in which a finite or an infinite collection u1 = v1, u2 = v2, . . . of identical
relations is satisfied, is called the variety of semigroups determined by these identical relations, and the list of identical
relations is called a presentation of the variety, denoted by [u1 = v1, u2 = v2, . . .].

We shall take Birkhoff’s Theorem for (semigroup) varieties for granted.

Result 3.4 [5, Ch. 1 section 26, Theorem 3]. A non-empty class V of semigroups is a variety if and only if
(a) every subsemigroup of a semigroup in V is in V ;
(b) every homomorphic image of a semigroup in V is in V ;
(c) the direct product of a family of semigroups in V is in V .

Definition 3.5. An identity
u(x1,x2, . . . ,xn) = v(x1,x2, . . . ,xn)

in the variables x1,x2, . . . ,xn is called homotypical if C(u) =C(v) and heterotypical otherwise.

Definition 3.6. A semiqroup is called medial if it satisfies the identity xaby = xbay.

Recall that a band B (a semigroup in which every element is an idempotent) is called left[right] quasi-normal if it
satisfies the identity axy = axay [yxa = yaxa] (see [18]).

We shall use the following remark and proposition to prove the result.

Remark 3.7. Let U be any proper subsemigroup of a semigroup S such that Dom(U,S) = S and let d ∈ Dom(U,S) \U .
Take any d ∈ Dom(U,S)\U . Then, by Result 2.1, we may let (1) be a zigzag in S over U with value d of minimal length
m. As (1) is of minimal length, by Result 2.2, xi, yi ∈ S\U for all i = 1,2, . . . ,m. Therefore, by Result 1.3,

xi = ziui, yi = viti (2)

for some zi, ti ∈ S\U and ui,vi ∈U (i = 1,2, ...,m).

Proposition 3.8. Let U be any proper subsemigroup of a semigroup S such that Dom(U,S) = S. If U satisfies the
identities xyz = xyxz, xyzt = xzyt, then, for any a,b ∈U and x,y ∈ S \U , xay = xacay and xaby = xbay, where x = x′c
and y = dy′ for any c,d ∈U .

Proof. For ai,a j ∈U and xi, yi ∈ S\U , i = 1,2, . . . ,m, we have Now

xay = x′cady′ (by hypothesis)
= x′cacdy′ (as a,c,d ∈U)

= x′cacady′ (by hypothesis))
= xacay
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and
xaby = x′cabdy′ (by hypothesis)

= x′cbady′ (by hypothesis as a,b,c,d ∈U)

= xbay (by hypothesis as),

as required.
Theorem 3.9. The variety V = [axy = axay, axyz = ayxz] of semigroups is saturated.

Proof. Let U ∈ V and suppose to the contrary that U is not saturated. Then, there exists a semigroup S containing U
properly such that Dom(U,S) = S. Take any d ∈ Dom(U,S)\U . Now

d = a0y1

= x1a1y1 (by zigzag equations)
= x1a1u1a1y1 (by Proposition 3.8, where x1 = x′1u1 for some x′1 ∈ S\U and u1 ∈U)
= x1a1u1a2y2 (by zigzag equations)
= x1a2a1u1y2 (by proposition 3.8)
= x2a3a1u1y2 (by zigzag equations)
= x2a3a1u1a3y2 (by Remark 3.7)
= x1a2a1u1a4 (by zigzag equations)
= x′1u1a2a1u1a4 (by Remark 3.7)
= x′1u1a2a1a4 (by Proposition 3.8)
= x′1u1a1a2a4 (by Proposition 3.8)
= x1a1a2a4 (by Remark 3.7)
= a0a2a4 (by zigzag equations)

= (
1
∏
i=0

a2i)(a3y2)

...

= (
m−2
∏
i=0

a2i)(a2m−3ym−1)

= a0a2a4 · · ·a2m−4(a2m−2ym) (by zigzag equations)
= x1a1a2a4 · · ·a2m−4a2m−2ym (by zigzag equations)
= x1a2a1a4 · · ·a2m−4a2m−2ym (by Proposition 3.8)
= x2a3a1a4 · · ·a2m−4a2m−2ym (by zigzag equations)
= x2a4a3a1 · · ·a2m−4a2m−2ym (by Proposition 3.8)
= x3a5a3a1 · · ·a2m−4a2m−2ym (by zigzag equations)
...
= xm−1a2m−3a2m−5 · · ·a5a3a1a2m−2ym

= xm−1a2m−2a2m−3a2m−5 · · ·a5a3a1ym (by proposition 3.8)
= xma2m−1a2m−3a2m−5 · · ·a5a3a1ym (by zigzag equations)
= xma2m−1a2m−3a2m−5 · · ·a5a3a1(a2m−1ym) (by proposition 3.8)
= xm−1a2m−2a2m−3a2m−5 · · ·a5a3a1a2m (by zigzag equations)
= xm−1a2m−3a2m−2a2m−5 · · ·a5a3a1a2m (by proposition 3.8)
= xm−2a2m−4a2m−2a2m−5 · · ·a5a3a1a2m (by zigzag equations)
= xm−2a2m−5a2m−4a2m−2 · · ·a5a3a1a2m (by proposition 3.8)
= xm−3a2m−6a2m−4a2m−2 · · ·a5a3a1a2m (by zigzag equations)
...
= x2a3a1a4 · · ·a2m−4a2m−2a2m
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= x1a2a1a4 · · ·a2m−4a2m−2a2m (by zigzag equations)
= x1a1a2a4 · · ·a2m−4a2m−2a2m (by proposition 3.8)
= a0a2a4 · · ·a2m−4a2m−2a2m (by zigzag equations)

=
m
∏
i=0

a2i ∈U.

a contradiction, as required. Following proposition is immediate.

Proposition 3.10. For a variety of semigroups V = [xy2 = xy,xyz = xzy], if U ∈ V and S is any semigroup containing U
properly such that Dom(U,S) = S. Then, for any a,b ∈U and x ∈ S\U such that x = x′u for some u ∈U and x′ ∈ S\U ,

xa = xa2, xab = xba.

Theorem 3.11. The variety V = [xyz = xzy,xy = xy2] of semigroups is saturated.

Proof. Let U ∈ V and Suppose to the contrary that U is not saturated. Then, there exists a semigroup S containing U
properly such that Dom(U,S) = S. Take any d ∈ Dom(U,S)\U . Now

d = a0y1

= x1a1y1 (by zigzag equations)
= x1a1a1y1 (by proposition 3.10)
= x1a1a2y2 (by zigzag equations)
= x1a2a1y2 (by proposition 3.10)
= x2a3a1y2 (by zigzag equations)
= x2a3

2a1y2 (by proposition 3.10)
= x1a2a3a1y2 (by zigzag equations)
= x1a1a2a3y2 (by proposition 3.10)
= a0a2a3y2 (by zigzag equations)
...
= a0a2a4 · · ·a2m−4(a2m−3ym−1) (by zigzag equations)
= x1a1a2a4 · · ·a2m−4(a2m−2ym) (by zigzag equations)
= x1a2a1a4 · · ·a2m−4a2m−2ym (by proposition 3.10)
= x2a3a1a4 · · ·a2m−4a2m−2ym (by zigzag equations)
= x2a4a3a1 · · ·a2m−4a2m−2ym (by proposition 3.10)
= x3a5a3a1 · · ·a2m−4a2m−2ym (by zigzag equations)
...
= xm−1a2m−2a2m−3a2m−5 · · ·a5a3a1ym

= xma2m−1a2m−3a2m−5 · · ·a5a3a1ym (by zigzag equations)
= xma2m−1a2m−1(a2m−3a2m−5 · · ·a5a3a1)ym (by proposition 3.10)
= xma2m−1(a2m−3a2m−5 · · ·a5a3a1)(a2m−1ym)(by proposition 3.10)
= xm−1a2m−2a2m−3a2m−5 · · ·a5a3a1am (by zigzag equations)
= xm−1a2m−3a2m−2a2m−5 · · ·a5a3a1am (by proposition 3.10)
= xm−2a2m−4a2m−2a2m−5 · · ·a5a3a1am (by zigzag equations)
= xm−2a2m−5a2m−4a2m−2 · · ·a5a3a1am (by proposition 3.10)
= xm−3a2m−6a2m−4a2m−2 · · ·a5a3a1am (by zigzag equations)
...
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= x2a4a3a1 · · ·a2m−4a2m−2a2m

= x2a3a4a1 · · ·a2m−4a2m−2a2m (by proposition 3.10)
= x1a2a4a1 · · ·a2m−4a2m−2a2m (by zigzag equations)
= x1a1a2a4 · · ·a2m−4a2m−2a2m (by proposition 3.10)
= a0a2a4 · · ·a2m−4a2m−2a2m (by zigzag equations)

=
m
∏
i=0

a2i ∈U.

This is a contradiction, as required. As a corollary, we have:

Theorem 3.12. The variety of semigroups V = [xyz = zyx, ax = axa] is saturated. In otherwords, Externally
commutative semigroup satisfying an identity [ax = axa] is saturated.
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