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Abstract: In this paper we introduce an iterative scheme for approximating a common element in the set of solution of split monotone
variational inclusion, mixed equilibrium problem and common fixed point for finite families of demicontractive mappings. We prove
a strong convergence theorem for the sequence generated by the scheme. The results presented generalize and improve some recently
announced ones.
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1 Introduction

Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let S : C — C be a map. A point x €C is called a
fixed point of S if Sx = x, and the set of all fixed points of S is denoted by F(S) := {x € C: Sx = x}. The mapping S is said
to be quasi nonexpansive if F(S) # @ and ||Sx —x*|| < ||x —x*|| for all x € C and x* € F(S). S is said be k-demicontractive
if fork € (0,1),

|8 — x| > < |]x —x*||* +k[|Sx — x||* Vx € Cand x* € F(S). (1)

We can easily see that (1) is equivalent to

1—k
(Sx—x*,x—x*>§|\x—x*||2—T||Sx—x||2. 2)
Let F : C x C — R be a bifunction and A : C — H be a nonlinear mapping. The mixed equilibrium problem (MEP) is:
Find x € C such that

F(X»Y)+<Ax7y—x> 207 VyEC (3)

Mixed equilibrium problem (MEP)(3) was first studied by Moudafi and Thera [17]. The set of solution of MEP(3) is
denoted by Sol(MEP(3)). If F = 0, then MEP(3) reduces to the classical variational inequality problem (VIP), which is to
find x € C such that

(Ax,y—x) >0, VyeC. (@)

The (VIP) was introduced and studied by Hartmann and Stampacchia [11] . If A = 0, MEP(3) reduces to the equilibrium
problem (EP): find x € C such that
F(x,y) >0, VyeC. 5)
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which was introduced and studied by Blum and Oettli [2]. The set of solutions of the equilibrium problem (5) is denoted
by Sol(EP(5)).

Numerous problems in optimization, economics and physics reduce to finding a solution of equilibrium problems. Some
methods have been proposed to solve equilibrium problems in Hilbert spaces, for example Blum and Oettli [2],
Combettes and Hirstoaga [8]; Tada and Takahashi [22,23]. Takahashi and Takahashi [21] obtained weak and strong
convergence theorems for finding a common element in the set of solutions of an equilibrium problem and a set of fixed
points of nonexpansive mappings in a Hilbert space.

It is known that if H is a Hilbert space, then for every point x € H, there exists a unique nearest point in C denoted by
Pcx such that
[l — Pex|| < [[x— 3|, WyeC.

The mapping Pc is called the metric projection of H onto C. It is a common knowledge that Pc is nonexpansive and
satisfies
(x=y,Pex—Pey) > ||Pex — Pey||?, Vx,y € H.

Further, for x € H the following always hold
<X—ch»y_PCx>§07 vy€C7

which implies that
e =II* > [lx — Pex| >+ |ly— Pex|?, Vx€H, yeC. (6)

Definition 1. A mapping T : H — H is said to be

(1) Monotone, if
(Tx—Ty,x—y) >0, Vxy€H,

(2) a-inverse strongly monotone, if there exists a constant & > 0 such that
(Tx—Ty,x—y) > &||Tx—Ty|[*, Vxy € H;
(3) B-Lipschitz continuous, if there exists a constant 3 > 0 such that
[ Tx =Tyl < Bllx—yll, vxyeH.

Remark. If T is o-inverse strongly monotone mapping, then 7 is monotone and éLipschitz continuous.

Definition 2. A multi-valued mapping M : H — 28 is called monotone if for all x,y € H, with u € Mx and v € My,
{(x—y,u—v) >0 hold.

Definition 3. A monotone mapping M : H — 28 is maximal, if the graph G(M) of M is not properly contained in the graph

of any other monotone mapping define on H.

It is known that a monotone mapping M is maximal if and only if for (x,u) € H x H,(x —y,u —v) > 0, for every (y,v) €
G(M) implies that u € Mx.
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Definition 4. Let M : H — 21 be a multi-valued maximal monotone mapping, then the resolvent mapping Jﬁ” :H—H
associated with M and A is defined by

Jx)=(I+AM)"'x, x€H, 1 > 0. (7

Remark. [12] The resolvent operator Jﬁ‘f is single-valued, nonexpansive and firmly nonexpansive.

Let H; and H, be real Hilbert spaces. Let f : H — Hy, g : Hy — Hj be inverse strongly monotone mappings and
M : Hy — 2 M5 : Hy — 22 be maximal monotone mappings.

Let B : Hi — H; be a bounded linear mapping. The split monotone variational inclusion problem(SpMVIP) is to find
x* € Hy such that
0€ f(x") + M (x), (3)

and
y* = Bx* € Hy solves 0 € g(y*) + My (y"). )

If we consider (8) separately, we have a monotone variational inclusion problem (MVIP) with its solution set
Sol(MVIP(8) and (9) is a monotone variational inclusion problem (MVIP) with its solution set Sol(MVIP(9).

The solution set of SpMVIP(8)-(9) is denoted by Sol(SpMVIP)= {x* € H : x* € Sol(MVIP(8) and Bx* € SolMVIP(9)}.

Censor et al. [5] introduced the following split variational inequality problem (SpVIP): Let f : Hy — H;, g : H» — H> be
nonlinear singled-valued mappings and let B : H; — H, be a bounded linear operator with its adjoint operator B*. Let C
and Q be nonempty, closed and convex subsets of H; and H; respectively. The SpVIP is then formulated as follows: Find
a point x* € C such that

(fx*,x—x"y >0, VxeC, (10)

and such that
Y =Bx" € Q and solves 0 € (g(y"),y—y") >0, ¥y € Q. (11)

The solution set of SpVIP(10)-(11) is denoted by Sol(SpVIP(10)-(11))= {x* € C : x* € Sol(VIP(10)) and Bx* €
Sol(VIP(11))}. SpVIP(10)-(11) is a special case of SpMVIP(8)-(9).

From SpVIP(10)-(11), if C = H;, Q = H>; and letting x = x* — f(x*) € H; and y = Bx* — g(Bx*) € H, then the result
reduces to split null point problem (SpNPP)which was introduce by Censor ez al. [5]. It is to find x* € H; such that
Ff(x*)=0and g(Bx*) =0.

Moudafi [18] introduced and studied the iterative method for solving SpMVIP(8)-(9) and noted that SpMVIP(8)-(9)
include as special cases SpVIP(10)-(11), split null point problem, the split fixed point problem and split feasibility
problem see [3,4,6,7,8,18]. These have been studied by several authors and applied to modelling of intensity-modulated
radiation therapy treatment planning. Also for modelling of inverse problems arising from phase retrieval and many real
life problems; for example in sensor networks in computerized tomography and data compression.

If f =0 and g = 0 the SpMVIP(8)-(9) reduces to the following split null point problem (SpNPP): find x* € H; such that

0€ M (x) (12)
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and
¥y =Bx" € Hy solves 0 € Ma(y"). (13)

Byrne et al [3], introduced the following iterative scheme and obtained weak and strong convergence theorems for solving
SpVIP(12)-(13); for a given xo € H, the sequence {x,} was generated by

Xoi1 = I (x, + yB*(J¥2 —1)Bx,),  for A >0.

Motivated by the work of Byrne et al [3]. Kazmi and Rizvi [13] under some appropriate conditions, introduced and
studied the following iterative scheme for approximation of solution of SpVIP(12)-(13) and fixed point of a nonexpansive
mapping in the framework of real Hilbert space.

Uy = Jj{/ll (xn + yB* (Jf{/lz — I)an) ,

(14)
Xnt1 = O h(xy) + (1 — 04)Suy.

Recently Shehu and Ogbuisi [20] introduced and studied the following iterative scheme for approximating a common
solution of a fixed point problem for strictly pseudocontractive mappings and SpMVIP(8)-(9) without f and g being
necessarily zero and obtained a strong convergence result under some appropriate conditions imposed on the sequences

{o} and {B,},
wp = (1 —04)x,
¥ =L (= A f1) (- ¥B* (132 (I = A f2) —1)Bw, (15)
Xnt1 = (1= Bu)yn+ BuSyn, ¥n>0.
Very recently Kazmi et al. [12] studied a hybrid-extragradient iterative method and approximated a common element of
the set of solutions of split monotone variational inclusion, mixed equilibrium problem and fixed-point problem for a

nonexpansive mapping. They studied under certain appropriate conditions imposed on {r,},A and {, }, the convergence
of the sequence define by the following scheme;

Xo=x € H,

Yn = Iy (I = A f)xn,

In=J}*(I—Ag)Byn,

zn = Fc[yn +YB*(In — Byn)],

wp =T, (I — r,A) 2z, (16)
Un = OpXy + (1 = 0uSu T, (20 — rnAwn),

Co={ze Hy: 2l < b 212},

On={z€H: (xy—2,x—x,) >0},

Xnt1 = Fe,n0,x, n>1.

Motivated by the above mention results, we introduce an iterative scheme for approximating a common element in the
set of solution of SpMVIP(8)-(9), (MEP(3)) and fixed point problem for demicontractive mappings. Furthermore a
strong convergence theorem is established. Our result extends, generalized and improve the work of Kazmi [12] and
many results announced recently.
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2 Preliminaries

We present some important results needed in the sequel.

2.1 Asumption

The bifunction F : C x C — R is required to satisfies the following conditions:

(A) F(x,x)=0,Vx€C;
(B) F is monotone, i.e.,F(x,y)+F(y,x) <0 Vx,y€C;
(C) limsup,_,,F(x+1(z—x),y) < F(x,y), Vx,3,z€C;

(D) The function y — F(x,y) is convex and lower semi-continuous.

2.2 Asumption
For the bifunction F : C x C — R the inequality

F(x,y)+F(y,z) +F(z,x) <0, Vx,y,z € C,holds.

a7

Lemma 1. [8] Let C be a nonempty closed convex subset of Hy. Assume that F : C X C — R satisfies (Al-A4). For r > 0

and for all x € Hy, define a mapping T, : Hy — C as follows:

1
T,(x) = {zeC:F(z,y)—&-;(y—z,z—x} >0, VyeC},

then the following hold:

(i) Foreachx € Hy, T,(x) # 0;
(i) T, is single-valued;
(iii) T is firmly nonexpansive;
(iv) Fix(T,) =Sol(EP(5));
(v) Sol(EP(5))is closed and convex.

Remark. From Lemma 1 (i)-(ii) we have
rF(T.y)+ (Tx—x,y—T,x) >0, Vye C, x € Hy.

Again, Lemma 1 (iii) implies
| Tx = Toyl| < [be—yl| Vx, y € Hi.

Furthermore, inequality (19) implies

172 = yI[* < |l =y = [|Tox = x>+ 2rF (Tx,), ¥y €C, x € Hy.

(18)

19)

(20)

2
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Lemma 2.[9,10] Let H be a Hilbert space and T : H — H a nonexpansive mapping then for all x,y € H,
1
(0 =Tx) = (y=T), Ty = Tx) < S ||(Tx—x) = (Ty =y)| (22)
and consequently if y € Fix(T) then
1
(x—Tx,Ty—Tx) < §||Tx—x|\2. (23)

It is well known that a real Hilbert space H; satisfies the following identities

(D) [lx+y[* < [Ix[|*+2(y.x+y), Vx,y€H.
@) [Jax+ (1—a)y|[* = allx]*+ (1 — a)||y|]* — a(1 — a)|[x — y|[*. Vx,y € H and & € (0, 1).

Lemma 3.[16] (Demiclosedness principle) Let C be a nonempty,closed and convex subset of a Hilbert space H. Let
T : C — C be k-strictly pseudocontractive mapping. Then (I —T) is demiclosed at 0, i.e., if x, — x € C and (x, — Tx,) — 0,
then x = Tx.

Lemma 4. [19,24] Assume {a,} is a sequence of nonnegative real numbers such that
a1 < (1 - ’}/n)an'i"yném n>0,

where {Y,} is a sequence in (0,1) and {6,} is a sequence in R such that

(D Yoot =0
(2) limsup,_,., 6, <O.

Then lim,,—a, = 0.

Lemma 5. [14] Let M : H — 2" be a maximal monotone mapping and f : H — H be a Lipschitz continuous mapping,
then G =M + f : H — 2" is a maximal monotone mapping.

A mapping T : H — H is said be averaged if and only if it can be written as average of the identity mapping and a
nonexpansive mapping. i.e

where 8 € (0,1) and S: H — H is a nonexpansive mapping and / is the identity mapping on H. Every averaged mapping
is noneexpansive and every firmly nonexpansive mapping is averaged. Also since the resolvent of maximal monotone
operators are nonexpansive, then they are averaged and therefore nonexpansive see [1,4, 16, 18].

3 Main results

Theorem 1. Let H; and H, be real Hilbert spaces and B : Hi — H, be a bounded linear operator with it’s adjoint
operator B*. Let F : C x C — R be a bifunction satisfying assumption 2.1((Al),(A2),(A3) and (A4)) and assumption 2.2;
let My : Hy — 281, M, : Hy, — 2™ be the multi-valued maximal monotone mappings; let A:C — Hy, f: H — Hy and
g : H, — Hj be respectively o,01,0,-inverse strongly monotone mappings and let S; : C — C for i = 1,2,...,N be finite
family of ki-demicontractive mappings such that Q = Sol(SpMVIP) N Sol((MEP) N (MY F(S;) # 0, k = mini<i<n{ki}.
Let the iterative sequences {x,}, {yn}, {ln}, {zn}, {ta} and {u,} be generated by the following algorithm:
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xo=x€C,
_ M
Yn =3 (L= Af)xn,
L, ZJ?L/IZ (I—Ag)Byy,
2n = FPclyn + ¥B* (I, — By,)], 24
Wy = Trn (I* rnA)Zm
up = (1= 0)xn + S T, (20 — rnAWn),
Xn+1 :(1*Bn)un+ﬁns[n]una I’lZ 13

for i = 1,2,...,N where [n] = n(mod N), {r,} C [a,b] for some a,b € (0,6), A C [a,b] for some a ,b € (0,8), where
6 :=min{6,,6,)} and y € (0, W) Let {a, } and {B,} be real sequences in (0, 1) satisfying the following conditions;

(1) lim,yea, =0, Z::] ap =,
(2) 0 < liminfB, < limsup B, < 1 — k.

Then the sequences {x,},{y,} and {z,} converges strongly to p € Q.

Proof. The proof is divided into four steps.
Step I. We first show that the sequences {x,}, {yn}, {ln}, {zn}, {t.} and {u,} are bounded. Let ¥ € Q then ¥ €

Sol(SpMVIP) therefore & = J;' (I — A f)% and B = J; (I — Ag)B, we have
[y = %% = 3" (on = Afn) = T3 (F— A f5)|?
< 1 = %) = A(fxn = f)|?
= [} — [+ A2|| fra — f5|* — 22 (% — %, fxu — f)
< |n = [[> = 2260 = )| foxn — 5 (25)
< [, — 2. (26)

|| — Bx|* = ||J;2 (I — Ag)By, — J}> (1 — Ag) B>
< ||By, — B%||* — (26, — 1)||gBy, — gBx]|* 27)
< ||By. — B||*. (28)

|20 — %[> = [|Pclyn + YB* (I — Byn)] — ||
< |lyn+¥B* (I — By)] — &||*
= |lyn — %[> + |[YB* (I, — Byn)||>
+2Y(yn — X, B (1, — Byn))
< lyn — %>+ 7*||B*[1*[|1n — Byal?
+2Y(B(yn —%),1n — Byn)
= [lya = %> = ¥(1 = YIB*|*)[[1, — Byal[? (29)
<y = < [ — 2> (30)
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[ — 2|2 = [|T5, (20 — raAzn) — T, (% — raAT)|
< |[(zn — % — ra(Azy — AT
= ||zn — X/ |* — 270 {2y — X,Az, — AX)
+r2|| Az, — A]|?
< |lzn —&||* = ra(20 — 1) ||Az, — A%

< lzn =2 < [ — 2.
Using (21) with t,, = T}, (z4 — rnAwy,) and the fact that X € Q, we have the following estimates.

([t _XHZ = ||Trn(Zn — rnAwy) _f||2
< |lzn — rnAwy _X”z —||ta — (2n —”nAWn)H2
+2r,F (ty, %)
= ||z — &> = [t — 2l |?
+2r (Awp, X — ty) + 21, F (£, %)
= |lz0 = &|[* = |[tn — zal >
+2r, [(Aw,, — AX, X — wy,) + (AX, X —wy,)
—(Awp, by — wp) ] 421, F (tn,%). (31)

Applying (19),(3) and monotonicity of A in (31), we have

[t == < (120 = 5> = |ltw = 2al [* + 27 (AW, W — 1)
+2r, [F (%, wn) + F (4, %))
< HZn_sz_ ||z _Wn”2 —[wn _tn”2
—2(zp — Wiy Wy — ty) + 21 (AW, Wy, — 1)

+27, [F (%, W) + F (t,%)]

= ||Zn_x”2_ ||Zn_Wn||2_ Hwn_tn”2
—2(Wp — (2n — 10AZn) sty — Wn)
+2r{Azy — Awy, 1 — W)
210 [F (%, wn) + F (tn,%)]
= ||Zn_x”2_ ||Zn_Wn||2_ Hwn_tn”2
+2rp{Azy — Awy, ty — wy)
+2ry[F (%, W) + F (Wy, 1) + F (tn, %)) (32)

Using Assumption 2.2 and the fact that A is é-Lipschitz continous in (32) we obtain

tw — 2| < |20 — X/ = |20 — wal|* = [wn — ta*
AHMQmemmfwn (33)
< ||Zn_)z||2_||Zn_Wn||2_Hwn_th2
1w =1l 4 ()2 = wal

< b =3 = (1= ()7 llew = wall (34)
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since r,, € [a,b], we have
10—/ < ||z =& < [1yn =5 < [0 — 7|

For n large enough we have

||“n_f||2 = ||(1 —(Xn)xn—F(XnS,,tn—in
[n]

=1 7(1”)()(”7)2)4»(1"(5[,1]1‘"7)2)”2

= (1= )| pon — &I + 03 |Spuy 0 — [
+20,,(1 — ) (xn —f,S[n]l‘n —X)

< (1= )| lw — %>+ 053 [| |1 — 5[
k[t = Spytal 7] +206(1 — o) {Hxn —x|)?

1—

k
~ =Sy

= (1—20,+ 02)||x, — 7|
+ 0ty [|n — %[> + K[|t — Sppytal ]
+20,||xn ff||2 72a3||xn ffﬂz
+0 (1= 0) (1= K)||tw — Spjtal >
= ||xn _fHZ
+ ok — o (1= ) (1= k)] [[tn — Spaytal |
= |t — X/ + o [+ &t — 1] |[tn — Spuytal|*

<l — I,

s 1 = 10 B+ B 51
= 110~ B =)+ B Sy I
= (1 Bl — 2+ B Sy~
+2B, (1 = By) (tn — %, Spyytty — X)
< (1 Bl — 7+ 2 [l 5
=Syl + 28,01 o) o =51

1—-k

||Mn—5[n]un|]
= (1=2Bu+ B |t — %> + B un — x|
kB |14 — Spajan| I*] + 2|1t — %I
—2B7 | — %I
—Ba(1 = Ba) (1 = k)t — S| |*
= [[un — %[>
+ Bk = Ba(1 = Ba) (1= k)] ||t — Spjuenl [
= [[ttn — Z[|* + Bulk + Bu — 1]/ ttn — Sppg

< ot —7* < [on — 2.

(35)

(36)

37

(38)
(39)
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Step II. We show that lim, e ||Xp1 — X||7 = lim, e |20 — X[ > = iMoo ||ttn — Xa|[? = limyyseo||Xn — ¥|[> =
1My oo | Xy — tn]|* = limyyse0 || ST, — 1,]]* = 0.
From (38) we have

Bu((1 = k) = B)llttn — Spujueal > < [ — 7[> — |t — 5[, (40)

thus, as n — o

|[Spnttn — tn| — 0. 41)
Since {||x, — ||} is Cauchy for any k € N we have,
[k = Xall = b5 — 21| = [bu — 5| = 0 a5 1 —> o,
and in particular,
lim [l ]| = 0. 42)
From (63) and (41) we have
|21 —un|| = [|(1 _ﬁn)“n‘f'ﬁns[n]un — ]|
:Bn”S[n]Mn—MnH—)OaSn—)W. 43)

Since

ttn — x| < |ttn = X1 [| + | [Xn1 — 2]
then using (42) and (43) we have
lim ||u, — x,|| = 0. (44)
n—soo
Substituting (34) in (36) and simplifying we get

- 1-1
oo =il < |a2(1=(2)°)] (o1l 517

_ 'ag(l_(@z):luxn—xu

—lutn = 21) (| ln =[] + [ — 7]}

- 11
)
a&(l—(”)z) = a1 ([ — 51

(o

IN

+ ||t —]).

But {x,} and {u, } are bounded and taking the limit as n — oo in the above inequality we have

lim ||z, — wy|| = 0. (45)
n—yo0
Using the same argument as in (33), we have
[t = 2| < llzn =5 = llza = wall> = [[wa —al|?
1
+21n— |20 — wal[|tn — wa|
(e2
<z —Z[? = l1z0 = wal * = [[wn — 1>
n\2
JFHZn*WnHZJF(En) ||tn*WnH2
_ In\2
<l =512 = (1= (207l =P (6)
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Substituting (46) in (36) and simplifying we get

112 112 2 Tny2 2
o =51 < Iy =1~ 2 (1= (2)° ) =l

N

- 1-1

o=l < [0 (1= (2)7) | (=517 = o —51P)
- 1-1

- a3<1—(2;’)2> (| n — |

= 511 (1o =7+ e — 51

- 1-1
)
a,%(l—(")z) o — sl ([ — 51

(o

IA

+[un — 3]
Again, {x,} and {u,} are bounded and taking the limit as n — oo in the above inequality we have
lim ||t, —wy|| = 0. (47)
n—oo
Substituting (35) in (36)and then substituting (25) in the result, simplifying we get
[t =% < [0 —/* — 07 2.(261 — A)||.fx — £,

which gives
o5 — fEI? < (022260 — )]~ (lln — 512 — [l — 5| )
= 022261 = )] " (Il — 5|
ot — 2] (| n — | + ||t — E]])
< [a2A (201 = A)] " [l — | (|}n — 5]
+|[un — £]).

But {x,} and {, } are bounded and taking the limit as n — oo in the above inequality we have
lim || fx, — f%|| = 0. (48)
n—soo
Substituting (35) in (36) and then substituting (29) in the result, simplifying we get
[t — 3% < [n ]| = o3 v(1 = 11[B*(1?)[ln — Byul P,

which gives

1w = Byl < [o27(1 = AIB* )] ™" (| — P — [0 —51[?)
= [o2n(1 =B [)] " (Il — |
e = 511) (| w5 + |16 —51])
< [2y(1 = 7I1B*1A)] ™ w — all (Il — ]
+H”n_f|‘)'
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But {x, } and {u,} are bounded and taking the limit as n — o in the above inequality we have
lim ||I, — By,|| = 0. (49)
n—soo
Furthermore, it follows from (27) that
110 — B3|[? < [|By, — B> — A(26, = 1)||gByn — B3|,
which gives
\|gByn — gBE||> < [A(26—A)] " (|| By, — B> — ||I,, — BE|?
= [A(26:-2)] ' (||By, — B2
~[[tn — B |*)(||Byn — BX|[* + |1 — Bx[|*)
-1 -
[ 262_ } |Byn_ln||2(||BYn_Bx||2
+ltx — BH[)
But {x, } and {u,} are bounded and taking the limit as n — o in the above inequality we have
lim [|gBy, — gBX|| = 0. (50)
n—yoo
By the firmly nonexpansivity of Jﬁ/[' and the arguments in (26), we have
[lvn = > = (13" (T = 2 f)xen =I5 (I = A f)H[
SAU=AS)xn = (I = Af)X, 30 —X)
1 _ -
= S [T = 200 =P +1[(1 = A=yl
=20 = yalP = (I = A f)5
1 -
= 1= Afp = (=25
+|[yn —sz — [Jxn _)’n“z
+2 (0 = Y, fotn = %) = A2|| f — f3| ]
1 _ -
< S [llon =5+ {1y = & = [0 =yl
22 (60 = Yo, fn = f3) = A fon = £ ]
1 _ -
< 5 [l =51+ llyn =51 = Il — P
+2A =yl [[[.fxn — £31]
which gives
1y =52 < w2 = [xn =yl
22 — Yl [ — f5| Sy

Substituting (35) in (36) and then substituting (51) in the result, simplifying we get

[t =2 < [ — 7> = 07| s — vl I* + 22 063 [0 =y []| fom — £,
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which gives

[ =yl < (0) ™ {1 — 2 = [t — 7|
+22. 0250 = yul [ fn — £
= (&)™ [(Ilw = 51 = o — 211 (| — 5]
i — 5[+ 2202 s — vl fa — £
< (@) [(11xa — teal | (|1 — 7| 4 [t — )
+22. 02560 — vl [ fon — F5].

But {x,} and {u,} are bounded and taking the limit as n — oo in the above inequality we have

lim ||x, — yu|| = 0.
n—soo

Using the firmly nonexpansivity of Pc, we have
||zn —XI[> = ||Pclyn + ¥B* (I — Bya)] — x|
< <}’n + ’}/B* (ln _Byn) —X,Zn _i>

1 = * _
3 10w+ = By )IP 41 = 51P

—|yn+yB*<zn—Byn>—x—zn+x||2]

1 - - x
= 2[IlynXIZHIZn)€||2+||7’B (I — Bya)II®

+2y(By, — BX,l, — By,)

e z,,wB*(anyn)ﬂ
< 3 [ lon =512+ e 17

1 27|1Byn— B3| 1 — By

—|yn—zn||2—2y<yn—sz*<ln—Byn>>],

which gives

llzn = &> < [[ya = Z[* = 1yn = 2l |> +2¥|[Byn — BE|| ||1n — Bya|

=2Vl[Yn = zul | IB"[| ||Zn — Bynl|

IN

—[1B"[| 11yn = zull)-

Substituting (35) in (36) and then substituting (54) in the result, simplifying we get

it =512 < |l =51 = 2Ly — 20l
+2y62 |11y — Byall (|[Byn — B3]

— 18| 1y — 1),

|1y = 5I* = Ly = zul[* + 271l — Byul| (||Bya — Bi|

(52)

(53)

(54)
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which gives
= al? < (@) ™l = 3112 = s — 52

270211, — Byal| (I[By — B

1B Il 2l

= (08) ™[ (b = 711 = lltn — 711) Iy —

-+t —x|) + 2083 [1n — Byul| (|1Byn — Bl|
18" 1 1lya =2l
(02) ™" {110 = a1 b — 511+ 10 — 1)
270211, — Byal| (I[By — B

1B v — zall) ]

IN

But {x,}, {yn}.{zs} and {u, } are bounded and taking the limit as n — oo in the above inequality we have,

322”)’,1 —2za|| =0.
From (53) and (55), we have

lim ||x, —zx|| = 0.

n—yoo

Also, from (45) and (56), we have
lim ||w, —x,|| = 0.
n—

From (47) and (57), we have
lim ||, — x,|| = 0.
n—oo

(55)

(56)

(57)

(58)

Since {x,} is bounded, u, — x* for some x* € H. By Lemma 3 and (44) x* € F(S},]) Vn € N. From this we get x* €

(MY F(S;). Consequently {x,}, {yn}, {lu}. {20}, {wn} and {z,} converge weakly to x*.
Step III: We show that {x,} converges strongly to %,

(w1 = x*|* = [1(1 = Ba)ttn + BuS Poun — x|
<l — 5|2
= /(1 _O‘n)(xn_X*)"‘O‘n(S[n]PCtn_X*)HZ
< (1= o) [l = 2|+ 07 |10 — 7|

+k”tn—S[n]Pctn||2}
F20,(1— o) [|xn—x*||2

11—k
_THI,, —S[H]Pcl‘n||:|

IN

(1= o) — |2+ 04 [an|rn—x*||2
+(Xnk||tn—S[n]Pcth2

+2(1= o) ([ — x|

1-k
2|tnS[n]PCtn||>]7
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Hence, by Lemma 4, we have x,, — x* as n — oo.
Step IV: Now we show that x* € Sol(SpMVIP). From (63) we have

((xn_yn)_)“f(xn)) € My, (59)

> =

Taking the limit as n — oo in (59) and using the fact that f is eil-Lipschitz continuous mapping, then by Lemma 5 we
conclude M (x*) + f(x*) is maximal monotone, therefore we have

0€ M (x")+ f(x"),

which implies that ¥ € Sol(SpMVIP(8).
Since ||y, — xu4|| = 0 as n — o we have that By, converges weakly to Bx* and by (49), using the fact J 2(I—Ag) is
nonexpansive and Lemma 3, we have

0 € Mp(Bx™) + g(Bx™),

which implies that Bx* € Sol(SpMVIP(9).
Next, we show x* € MEP(3). From (63) we obtain

1
F(Wm)’) + <AZn7y_Wn> + 7<)’_Wnawn _Zn> Z 07 Vy € C

n

Using the fact that F' is a monotone operator, we have

1
<AZnay_Wn> + 7<y_wn7wn _Zn> > F(van)7 Vy eC.

n
Lety, =ty+ (1 —1¢)x* € C. fort € (0, 1] using the inequality above, we have
<yt —wmAy;) > <)’t —wn,Ayt> - <yt _anAZn>
In—2Zn
>+F(yl7tn)
n
= <yt — Wa, Ay, _AWn> + (yt — Wy, Aw, _AZn>
z
n>+F(yt7Wn)’

7<yl‘ —In,

_<yl‘ — Wh,
n

Since ||w, —z,|| — 0 as n — oo and A is Lipschitz continuous, then ||Aw,, — Az, || — 0 as n — oo. Again, since A is monotone
and F is convex and lower semicontinuous,

1= — 0 as n — oo and w, converges weakly to x*, we obtain as n — e
e =X, Ayr) > F(y,x"). (60)

Again, we have

0= F(y,y)
S F(yy) + (1= 1)F (y,,x7)
S F(y,y) + (1 =1)(yr —x7, Ayr)
= tF(yi,y) + (1 =)ty —x", Ayy),
(61)
therefore

0 < F(yny)+ (1 =1){y—x",Ay).
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For each y € C and setting t — 0" we have
F(x"y)+ (1 =1){y—x",Ax") > 0.

This implies that x* € MEP(3). Hence x* € Q.
This completes the proof.

Corollary 1.Let H| and H, be real Hilbert spaces and B : Hy — Hp be a bounded linear operator with it’s adjoint
operator B*. Let F : C x C — R be a bifunction satisfying assumption 2.1((Al),(A3) and (A4)) and assumption 2.2; let
M, : Hy — 281 M, : Hy — 2H2 be the multi-valued maximal monotone mappings; let A : C — Hy, f : H — H, and
g : Hy — Hj be respectively ©,01,0,-inverse strongly monotone mappings and let S; : C — C fori = 1,2,...,N be a finite
family of nonexpansive mappings such that Q = Sol(SpMVIP) N Sol(MEP) N (NY_,F(S;) # 0. Let the iterative
sequences {x,}, {yn}, {In}, {zn}, {tn} and {u,} be generated by the following iterative algorithm:

xo=x€C,

Yu =T (1= A f)n,
ln=J)*(I—Ag)Byy,

2n = Pclyn +YB* (I, — Byn)],

Wy =T,,(I — 1,A)zp,

tn = (1= )Xy + 04 Sy Ty, (20 — rnAwy),
Xnt1 = (1= Bu)un + BuSppttn, n>1.

fori=1,2,...,N where [n] = n(mod N) and {r,} C |a,b] for some a,b € (0,0), A C [a ,b] for some d ,b € (0,0), where

6 :=min{6;,6,)} and and y € (0, W) {0, } and {B,} are real sequences in (0,1) satisfying the following conditions

(1) 0 <liminff, <limsupf, < 1—k,

(2) hmn%oo ap = Oa Z::l ap = o,

Then the sequences {x,},{yn} and {z,} converges strongly to p € Q.

3.1 Application

In this section we present some application of Theorem 1

3.1.1 Split variational inequality problem, mixed equilibrium problem and common fixed point for finite families of

demicontractive mappings

Theorem 2.Let Hy and H; be real Hilbert spaces and B : Hi — Hj be a bounded linear operator with it’s adjoint operator
B*. Let F : C x C — R be a bifunction satisfying assumption 2.1((Al),(A3) and (A4)) and assumption 2.2; let A : C — H,,
f:H| — H| and g : Hy — Hj be respectively ©,0,,0,-inverse strongly monotone mappings and let S; : C — C for i =
1,2,...,N be a finite family of k;-demicontractive mappings such that Q = Sol(SpVIP) N Sol(MEP) N (NY_,F(S;) # 0.,
k=min|<;<y{ki}. Let the iterative sequences {xn }, {yu}, {In}, {zn}, {tn} and {u,} be generated by the following iterative

algorithm:
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xo=x€C,

yn=Pc(I = A f)xn,

In = Fc(I — A8)Byn,

2n = Pcyn + ¥B* (I, — Bya)], (62)
wy =T, (I = r4A)zp,

up = (1= 0)xn + S T, (20 — rnAWn ),

Xni1 = (L= Bu)un+ BuSppyttn, n>1.

fori=1,2,...,N where [n] = n(mod N) and {r,} C [a,b] for some a,b € (0,0), A C [ ,b] forsome a ,b € (0,6), where
6 :=min{6;,6,)} and and y € (0, W) {0y, } and {B,} are real sequences in (0, 1) satisfying the following conditions

(1) 1imn—)°°an = 07 Z;T:] ap = >,
(2) 0 < liminff, <limsupf, < 1—k,

Then the sequences {x,}, {y,} and {z,} converges strongly to p € Q.
Proof:By setting M, = dIc and M, = dly in Theorem 1.

3.1.2 Split null point problem, mixed equilibrium problem and common fixed point for finite families of demicontractive
mappings

Theorem 3.Let H) and Hj be real Hilbert spaces and B : H — H, be a bounded linear operator with it’s adjoint
operator B*. Let F : C x C — R be a bifunction satisfying assumption 2.1((Al),(A3) and (A4)) and assumption 2.2; let
My : Hy =291 M, : Hy = 2M2 be the multi-valued maximal monotone mappings; let A : C — Hy, f : Hi — H, and
g : Hy — H, be respectively ©,01,0>-inverse strongly monotone mappings and let S; : C — C fori=1,2,...,N be a finite
family of ki-demicontractive mappings such that Q = Sol(SpNPP) N Sol(MEP) N (N F(S;) # 0, k = mini<i<n{k:}.
Let the iterative sequences {x,}, {yn}, {l.}, {zn}, {ta} and {u,} be generated by the following iterative algorithm:

xo=x€C,
yn :JIIWIXVH
M,
L = J\"2By,,
2 = Pc[yn + VB (I, — Byn)], (63)

wy, =1, (I - rnA)Zn’
U, = (1 - an)xn + anS[n] Trn (Zn - rnAWn),
Xn+1 :(1—Bn)un+ﬁns[n]una n= L.

fori=1,2,...,N where [n] = n(mod N) and {r,} C [a,b] for some a,b € (0,0), A C [ ,b] forsome a ,b € (0,6), where
6 :=min{6;,6>)} and and y € (0, W) {0y, } and {B,} are real sequences in (0, 1) satisfying the following conditions

(1) 1imn—>°°an = 07 Z:’:I ap = o,
(2) 0 < liminff, <limsupf, < 1—k,

Then the sequences {x,},{y,} and {z,} converges strongly to p € Q.

Proof By setting f = 0 and g = 0 in Theorem 1.

4 Numerical Example

We give the following numerical example to justify Theorem 1
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Example 1. Let H; = H, = R with an inner product defined by (x,y) = xy, Vx,y € R, and induced norm |.|. Let C = [0, 1]
and Q = (—o0,0]; Let F : C x C — R be a bifunction defined by F(x,y) = x(y —x), Vx,y € C; Let M1,M, : R — R be
defined by M) (x) = 2x and M(x) = 4x Vx € R Let the mapping A : C - R,B: R — R and S : C — C be defined by
A(x) =2x, B(x) = —2x and S(x) = 5 Vxc R and let f : R — R and g : R — R be defined by f(x) =0 Vx € R and
g(y) =0Vy € R. Clearly F is a bifunction satisfying Assumption 2.1 and Assumption 2.2 M; and M, are maximal
monotone; A is %—inverse strongly monotone, S is k-demicontractive mapping and B is a bounded linear operator with its
adjoint B* such that ||B|| = ||B*|| = 2. The iterative sequences {x,}, {vn}, {In}, {zu}, {ta} and {u,} generated by 63 are
reduced to the following iterative scheme.

Yn = %xn;
Iy = %Zyn;
0, ifx<O,

in = 1, if.x > l,
[y +0.4(l, —2y,)] otherwise;

Wn = Zn;
Up = ( - n+1)x” (%) (Zn _Z)Wn;
Xn+1 = (1 - m) ( n+1)

where o, = nl?, Bn = 5,57 and r, = 1. Then {x, } converges strongly to 0 € Q = {0}

Next, using Matlab software we have the following figures which shows that the sequence {x,} converges to strongly to
0.

01 F B

02F 4

03 F 4

L.6F B

L.8r e

0.7F 4

Vaiue of the sequence x(n+1]

_1 1 1 1 1 1 1

0 5 10 16 20 26 30 35
No. of iterations for the initial values x(0)=-1

Fig. 1
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0.e8r B

0.6F B

o4t .

0a3r B

VYaiue of the seguence x(n+1)
=]
o
1

D2k e

01 F B

0 5 10 1% 20 25 30 35
No. of iterations for the initial values x{0)=1

Fig. 2

4.1 Conclusion

In our work, we removed C,, and Q, in the scheme of Kazmi et al. [12] and still obtain strong convergence theorem.
Corollary 3.2, generalized the result of Kazmi et al. [12]. Hence our result improved, extends and generalized the result
of Kazmi et al. [12] and many others.
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