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Abstract: In this study, it is proposed a new general fixed point iteration method for approximation of fixed point of contraction
mappings in Banach spaces. Next, it has been proven that this iteration method is faster than the AK, S-Picard, Thakur, Vatan two-
steps fixed point iterative methods recently described in the literature. Moreover, it is shown that the convergence of Mann fixed point
iteration method is equivalent to the convergence of newly defined fixed point iteration method. Also, numerical examples are given to
support the analytic proofs. Finally, the data dependence of this fixed point iteration method has been proven.
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1 Introduction and preliminaries

The fixed point theory is well-known in the current literature because it provides useful tools for solving many problems
with applications in the different fields such as engineering, chemistry, game theory and economics. However, once we
have decided on the existence of a fixed point of a certain mapping, finding the fixed point of mapping is not an easy task,
S0 we use iterative process to calculate of them. Then, it is necessary to develop an iterative process which approximate
the solution of nonlinear equations that has a good rate of convergence. Over the years, many researchers have efforts to
develop iterative processes having faster the rate of convergence than others. In this direction, some of notable studies
were conducted by Mann, Ishikawa, Noor, Suantai, Karakaya, Gursoy, Dogan, Yildirim, Karahan, Sainuan, Agarwal,
Rhoades and Khan [1-17]. In addition, the fixed point mappings were studied as much as studies on the iterative methods.
Different varieties of these mappings are available in the literature. The well known of them are contraction mappings,
nonexpansive mappings and generalizations of them. Therefore, in this study, a new fixed point iterative method (7) is
constructed and well-known contraction mapping has been studied such that

ITx =Tyl <& |x—y M
for o € (0,1).

In 1953, Mann [4] introduced a new iterative method known as Mann iterative method to approximate fixed point as

{moEC @)

follows:

M1 = (1 —G,) my+ G, Tmy, for all n € [0,0)

In 2018, Dogan and Karakaya [22] introduced the following new iterative method known as S-Picard iterative method to
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approximate fixed point of contraction maps:

ko € C initial point

kny1 = (1 - gn) Try+¢Td,
dy=(1—1,)Tky+1,Try
rn = Tky, for all n € [0,00).

3

In 2016, Karakaya et al. [21] introduced the following iterative process known as Vatan two-step iteration process to
approximate fixed point of 7', defined by:

vo € C initial point
Vpt =T (1= Gu) kn + G T (ki) “
ky=T((1—1) v+ T,T (vy)), for all n € [0,00).

Thakur et al. (2016) used a new iterative process termed Thakur iterative method for approximation of fixed points, defined
by:

ko € C initial point

wn = (1= Gp) un + GuTuy

v =T((1 —T) tty + Tywy)

Uny1 =T (vn), forall n € [0,00).

&)

Recently, Ullah and Arshad [24] introduced the following new iterative method termed AK iteration process to
approximate fixed point, defined by:
xp € C initial point
20 =T((1=61) %0+ G Tx)
v =T((1 =) 20+ 7 Tzn)
Xni1 =T (yu), forall n € [0,00).

(6)

When the iteration methods described above are discussed in this article, it is seen that there is a race among researchers to
identify the fastest iteration method. This race has made important contributions to the fixed point theory. For this reason,
it was defined the following iteration method in this study.

po € C initial condition
pur=(f7) (1 -chon s (@)

0 = (II_)II T) ((I—Tn)%n'i'THT(%")) "

2y = (f[ T) (pn), foralln € N.
k=1
where ¢,, 7, € [0,1], T(p) xT(p) =T (T (p)) and m, p, t € N.

In this iteration method, different iteration methods can be obtained by giving value to the representations of m, p and t.
The iteration method at the lowest rate of convergence of these iteration methods corresponds to the speed of the AK
iteration method known as the fastest three-step iteration method in the literature. Therefore, the new iteration method
has an important status in terms of speed.

Definition 1. [25] Let B be a Banach space and T, T : B — B two operators. if

|Tx—Tx|| <€ (8)
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for all x € B and some € > 0. Then T is an approximate operator of T

Theorem 1. [26] Let B be a real Banach space, let E C B be a nonempty convex and closed set, and let € > 0 be a fixed
number. If T : E — E is a contractive operator with the fixed point a and T : E — E is an operator with a fixed point b,

and the inequality (8) is hold. Then, we have
€

—b|| < —.
la—bll < =

Definition 2. [25] Let {a,}, _, and {b,},_, be two sequences of real numbers which converge to a and b, respectively.

Also, assume that
a,—a

i
im by b

n—soo

-t

In which case
o If | =0, then it is clear that {ay},_, converges faster to a than {by},  to b

o If0 <[ < oo, then it is clear that {a,},_, and {b,}, _, have the same rate of convergence.

Definition 3. [25] Let {v, },_, and {u,},_ be two fixed point iteration methods both converging to the same fixed point p*
with the error estimates ||v, — p|| < an and |\u, — p|| < by, where {ay},_, and {b,},_, be two sequences of real numbers
converging to 0. If {ay},_, converges faster than {b,}, . then {v,}, _, converges faster than {u,}, _, to p*.

Lemma 1. [26] Let {a, } be a nonnegative sequence for which one supposes there exists ng € N such that for all n > ny.

Foreg, € (0,1)VneN, f &, =0 and b, > 0, let’s assume that the inequality

n=1

apy1 < (1 _En)an+8nbn

is provided. Then

0 < lim supa, < lim supb,.
n—oo n—oo

Lemma 2. [20] Let {a,},_, and {b,},_, be nonnegative reel two sequences satisfiying the following inequality:
ap+-1 S (1 - gn)an +bm

where €, € (0,1) foralln €N, ):;":()gnzooandg—: —0asn— oo, then a, — 0 asn — .

2 Convergence Analysis

Theorem 2. Let E be a nonempty closed convex subset of a Banach space B and T : E — E be a contraction mapping.
Suppose that {p,}, _ is an iterative sequence generated by (7) with {G,},_o, {Tn}n—o C [0, 1] satisfying ¥, Ty = oo.

Then the iterative process {p,},_ converges to a unique fixed point p* of T.

Proof. Theorem guaranteeing the existence and uniqueness of fixed point p* of contraction mapping is the well-known
Banach contraction theorem. Thus, it will be shown that lim,,_,.. p, = p*.
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By using the iterative sequence (7) and the contraction mapping (1), we have

[Pnt1—p*| = H (ﬁT> (1= 6n) @+ G T (@) —p*

< 8" [[(1—6u) @+ G T (@) — p*||
< 8" (1= |lon—p* || + 6" |IT (@) — p*||
<8"(1-6(1-9))[lwn—p~

(HT> Tn) %0+ GT (56)) — p°

<8P (1= (1= 8) [|(1 =) 20+ T (35) — p*||

<SM(1—g(1—&

gsmﬂ’(l—( = 8))(1=%) [ — P +8" 7 (1= 60 (1= 8)) 5 | T (1) — ]

< (1- G (1-8)(1-5(1-8)) H (ﬁ T) (Pu)=p"
k=1

<" (1-6(1-8)) (1= (1-8)) [pa—p”|-

Hence, we have
1ot — | < 8™ (11— G, (1 8)) (11 (1-8))lpu—p"]|.

By using induction, we obtain

n

1w —p° Il < (8™ 7) [T (1~ G (1-8) (1~ %1~ 8))] o — "

(=}

s I

< (8" )" [T =5 (1=8) llpo—p"]|-

I§
=}

By using the facts that 1 — 7;(1 —0) < 1 for 6 € (0,1), 7;,6; € [0,1] and 1 —x < e~ for x € [0, 1], we have

T G
Hanrl_p ” < ( (1)5) T

Taking into account of the inequality (11), the following result can be easily reached.

lim p, = p*.

n—yoo

Consequently, the iterative process (7) converges to a unique fixed point p* of T'.

&)

(10)

(1L

Theorem 3. Let E be a nonempty closed convex subset of a Banach space B and T : E — E be a contraction mapping.

Suppose that {p,},,_, and {m,}, _ are two iterative sequences, which have the same fixed point p*, defined by (7) and

(2), respectively, such that {G,},—_o, {Tn}n_o C [0, 1] satisfying ¥ s_o TiG; = eo. In which case, The following statements are

verified.

(i) The iterative process {p,},_ converges to a unique fixed point p* of T,

(i) The Mann iterative process {my}, _, converges to a unique fixed point p* of T.

Proof. (i) = (ii) : Let’s assume that the iterative method {p, },_, converges to a unique fixed point p* of T'. Then, it will

be proved that lim,,_,eom, = p*.
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By using iterative processes (7), (2) and the contraction mapping (1), it is obtained

o =masil= | (f7) (1= @) 0+ 67 @)~ (1= Gy .7

(iﬁl T) (1= ) @+ G T (@) — ('"nll T) (1= 1) @+ GuT (@)

+ (r:ﬁll T) (1 =6p) Oy + 6T (@) — (1 = Gy) my — G, Ty,
(

(]

5" (1= IT (@) — @l + T (1 - 6) @+ T (@) T (@n)]

IN

—s

IN

m—1
r)-son st ) - (1) 01-g)0,+ o @)

3
|
LN

Il
=

T) ((1 - gn) wn + gnT (wn)) - (1 - Grt)mn - GnTmn

IN

¥ (HT> (1=G) @+ G T ()~ (1 = Gy — G Ty

<& (1— G (1-8)) 1T (on) — @l +

<HT> 1_9’ 0, + G, T ( n))_(l_gn)mn_gnTmn

< (5"1*1 4 m2 g gmd +...+52+5) (1= (1—8)) ||Ton — o]

HIT (1 =62) T (560) + GuT (@) — (1 = Gu) mn — Gu Ty |

g(5m—1+5m—2+5m—3+...+52+5) 1= (1—8)) | Teon— |
+ T =gy @+ aT (@)~ (1-6) @ — 6T (@) + (1= ) 0+ T (@) = (1= G)my — G Ty
< (8148248 8248 ) (16 (1-9)) ITo, — o

+||T((1_gn)wn+gnT(wn)) (1=6) 0y — G T (wn)H+||(1_gn)wn+§nT(wn)_(l_gn)mn_gnTmn”
< (5'"*1 +5m72+5m73+...+52+5) (1= ¢ (1—8))|T@n— an

+ (1 =) IT (1= 6) O+ 6T (@) — wn||+§n5||T(wn) |

+ (1 =gu) [lon —my|| + G | T (@) — Ty ||

< (5"1*1 —&—5"1*2—&—6’"*3—1—...—&—52—&—6—1—1)(l—gn(l—S))HTa)n—w,,H

+<1_gn<1_6))”wn_mn”~ (12)

Again, from iterative processes (7), (2) and the contraction mapping (1) we have

~
—

‘ =1
H ) =17 (pa) + kI_IlT(Pn)_mn

(|60 — mn| <
k=1
' -1 -1
< T (pn) — HT(Pn) + HT(p”)im”
k=1 k=1 k=1
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t—1 t—2

t—2
<817 (pa) —pull+ | TT7 (o) - T(pn>+][11T<pn>—mn

k=1 k=1

t—1 t—2 —2
§5t71|‘T(Pn)_an+ HT(pn)_ T(p H — My

k=1 k=1 k=1

<8 NT (pa) = pull + 82T (Pa) — pull +

ﬁ

<8 MNT () = pull+ 8" 1T (Pn) = Pull + 8" IT () — pul
+6t74 HT(pn) _an +..+0 ”T(pn) _pn” =+ HT(pn) _mn” (13)
< (8828 48+ 1) T (pn) — pall + | on — ma|-

Similarly

I~

@ — mn| =

T) (1 = 1) 500 + T T (5¢0)) — My

g

(P T) (1= %) 560+ T (350)) — 1y
j=1

IN
T =~

Jj=1

T) (1= ) 30+ 5T (35)) — ('ﬁf) ((l—r,,)%n+1:nT(%n))||

< (877 +8772) (1 — 1y (1= 8)) || T 50 — 50| +

—_

(HT) (1—1,) 260 + T, T (56,)) — my,
<]‘[ ) (1= ) 360+ 5T (54)) — min

< (8P 48724873 (1 -1, (1-8)) || T 560 — e | +

<P T 48P 48" 44 8) (1 -7 (1 - 8)) | Totn — sl + [T (1= T) 50+ Tl (30)) — ]| (14)

< [(SP—I +87 24873+ 4+8)(1—-1,(1—8))+ (8T, + 1)} (T 560 — san | + || 560 — ma| -
Substituting the inequality (13) in the inequality (14) we obtain

@ — | < [(5/7*1 +5P*2+5ﬂf3+...+5) (1ffn(175))+(8’cﬂ+1)} 1T 560 — 322

+ (818248 841 ) IT (pu) = pull + o = (1s)
Furthermore, if we write inequalities (15) under the inequality (12), then we have

[Pnr1 —mps1[| < (1= (1—8)) [[pn —mal
F (8" "I 82+ 8+ 1) (1-6,(1-8)) T, — | (16)
[(51)71 +5P*2+5Pf3+...+5) (1=, (1= 8)) + (85, + 1)} ||T%,,—%,,||]

+(1-6,(1-96))
+ (88248 48+ 1) ([T (pn) — pall-

Since {6, }_o. {Tn} 0 C [0, 1], we have
(1-a(-8)<1.

© 2020 BISKA Bilisim Technology



(_/
NTMSCI 8, No. 1, 71-85 (2020) / www.ntmsci.com BISKA 77

If the notations in the Lemma 2 are defined as follows:

& =6 (1-9)

an = ||pn — my||

and
by = (6’"*1+5’"*2+6’"*3+...+62+6+1) (1— G (1—8)) | Twn — an

e (1—8) “(5pl+5p2+5p3+...+5) (I—Tn(1—5))+(51n+1):| ||T%,,_%n||]

+ (8T 824+ 8+ 48+ 1) ([T (pn) — pall-

Owing to the facts that lim, .. p, = p* and Tp* = p*, we also obtain

1 (756, 50| = lim |70, — @] = lim [T (p,) — paf| =0

Then, it yields hm,Hoo 2 = () as n — oo. Since all the conditions provided, Lemma 2 is applicable. Thus, we get
JET;||Pn_mnH =0. a7

If triangular inequality is applied to ||m, —

[lmn =Pl = llmn = pn+ pn = 7| < |10 = Pl + [P0 = p7|| = Oas n — oo,

Hence, it is concluded from (17) that lim,_,« ||m, — p*|| = 0. That is, the Mann iterative process (2) converges to the
fixed point p* of T.

(if) = (i) : Let m,, — p* as n — oo. Then, will be proved that the iterative process {¢,}, _, is convergence to p*.

By using iterative processes (7), (2) and the contraction mapping (1) we have

s =pusil= | (1= +m = (11 7) (15 v a7 (@) |

<(1-g) mn—<ﬁ )((l—gn>wn+gn (@)]| + [T (ﬁr) <<1—gn>wn+gnT<wn>>’
i=1 i=1
<(-g)|lm 1} T+ [1 Ty — (gl T) (1— ) @+ T (@ H

+g,,5Hmn— f[lenJr f[ T, — ( ﬁlT) (1= G0) @ + T (@) H
i= i=1 i=1

m

ﬁTmn<I_IT> lfgn wn+gn ( ))
i=1
m—1
I_Ile”_<HT> (1= 6n) 0 + 6T (a2 ))‘

m—1

— HTmn

i=1

+ 6" (1= Gu) llmn — @y || + 6o 8™ ||my — T (@) ||

+(1—6) +6:6

H Tm,

m
< (1=6y) ||mn =[] Tmn
i_

+6,0

<(1—-¢)|m + 8" my — Ty | + .8 |m,

m—2
— H Tmy,
i=1
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m—2
< (1= (1= 8)) m— [T Toma| |+ (872 48" 1) iy = T |+ 8" (1= G,) 1 = @all + 628" 1o — T (@)
i=1
< (8" 48" 482k 5+ (1= 6 (1-8))) = Toma |+ 8™ (1= G, (1= 8)) [ — @n|. (18)

Again, from iterative processes (7), (2) and the contraction mapping (1) we have

([my — @yl =

my— 11 Tmy+ 11 Tm, — (ﬁ T) (1= ) 360+ 5T (50)) H
j=1 j=1 Jj=1

p p p
< Amn =[] Tmn|| + | ][ Trn — (HT) ((1 —rn)%n—l-r,,T(%,,))H
j=1 j=1 j=1
< (2u8P + 8P 4 8P 2 4 8) [ — Ty || + 87 (1=, (1= 8)) || — 3] (19)
Similarly, we obtain
! 1 !
[y — 50| = {|mn — [ [ Trn+ ] T =[] T ()
k=1 k=1 k=1
! 1 !
< mn—HTmn + HTm,,fHT(pn)
k=1 k=1 k=1
< (51’71 + 82 +.o.t 5) ||my, — Tmy|| + o [ — pal| - (20)

Furthermore, if we write inequalities (20) and (19) under the inequality (18), then we have

Mgt — Prst|| < (5m+5m—1 F8" 2 48+ (1—g(1— 5))) 1 — Ty | + 8™ (1 — Gu (1 — 8))
X [(1287 + 87"+ 872 4+ 8) ||y — Ty ||]] + 8™ (1 — g, (1 - 8))
X (1=7,(1=8))[(87 '+ 872 +..+8) |lmy— Tm,||]
+ 8" (1= 6, (1-8)) (17, (1= 8)) [[mn — pall

or

71 = P | < 8" P (1= Gy (1= 68)) (1= T (1= 8)) [lm —

S48 24 48+ (1—6,(1-9))
+ +8"(1— 6, (1—8)) x (1,67 + 6P 1 +8P2+...+6) llmy, — Tmy||.
+8"P (16 (1-8)) (1 -7, (1-8)) x (87" + 877 +...+8)

if the notations in the Lemma 2 are defined as follows:
& =6 (1-90)
an = ”mn _an
and

848" 424 +8+(1—6,(1-9))
by, = +8™(1—6, (1= 8)) x (1,67 + 871 + 8P 2+ ...+ 5) lmy — Tmy||.
+6™P (1=, (1-8)) (1 -7, (1=8)) x (67 ' +87 2 +...+9)
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Due to the facts that lim,..m, = p* and Tp* = p*, we also obtain
lim ||Tm, —my,| = 0.
n—soo

Then, it yields lim, e %’1‘ =0 as n — oo. Since all the conditions of Lemma 2 provided, Lemma 2 is applicable. Thus, we
get

lim [, — p, | = 0. @1

If triangular inequality is applied to ||p, — p*||, then we have

o0 —p* || = [P0 — mn+my —p*| (22)
< lpn —mnl| + [lmn — p*|| = 0

Hence, it is concluded from (22) that lim,_,. ||p, — p*|| = 0. That is, the iterative process (7) converges to the fixed point
profT.

Corollary 1. Let B be a Banach space, E be a nonempty, closed, convex subset of Band T : E — E be a contraction
mapping satisfying condition (1) with a fixed point p*. If the initial point is the same for all iterations, then the following
assertions are require each other:

(1) S-Picard iterative process (3) converges to the fixed point p* of T,
(2) Vatan two-steps iterative process (4) converges to the fixed point p* of T,
(3) Thakur iterative process (5) converges to the fixed point p* of T,
(4) Ishikawa iterative process [6] converges to the fixed point p* of T,
(5) S* iterative process [17] converges to the fixed point p* of T,
(6) Mann iterative process (2) converges to the fixed point p* of T,
(7) Noor iterative process [7] converges to the fixed point p* of T,
(8) SP iterative process [12] converges to the fixed point p* of T,
(9) VKF iterative process [14] converges to the fixed point p* of T,
(10) AK iterative process (6) converges to the fixed point p* of T,
(11) Picard-Mann iterative process [16] converges to the fixed point p* of T
(12) Picard-S iterative process [18] converges to the fixed point p* of T.

Theorem 4. Let E be a nonempty closed convex subset of a Banach space B and T : E — E be a contraction mapping.
Suppose that {p,}, o (7), {kn}ro 3), {Vatneo (4), {tn},—o (5) and {x,},_ (6) are five iterative sequences having the
same fixed point p* and initial condition such that {G,}, o, {Tn}n_o C [0, 1] satisfying Y TiGi =00, 0 <1 < 1, < l and
0< ¢ <¢ <1, forall n € N. In which case, the iterative sequence {p,},_ (7) converges faster than the all of {k,},
(3), {vatneo (4), {un},—o (5) and {x,},_ (6) iterative processes,respectively.

Proof. From the definition of the iteration process (7), we have

n
* n+1 *
a1 —p [ < (&™) [T =5 (1=8)) lpo—p|-
i=0
From iterative method (6) which is converge to unique fixed point p* (see [24], Theorem 2), we have

lener =" < & VTT =5 (1= 8)] xo—p"]|.
i=0
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Taking into account the facts that T < 7, < 1 and ¢ < g, < 1, we get

lpast—p* < (87" T(1=5(1-8)) o —p°|

i=0
= (&™) (1= (1= 8))] " [lpo—p7|

and

xnst —p*| < ST — 7 (1 —8)]lxo—p*

=0
=81 —2 (1= 8))" Vo —p”|.

Define

ay = (8™ (1 =7 (1-8))]"V [lpg — |
and

by = 83D [1—£(1-8)]" ) ||xo — p*||
then
m+p+1\nt1 . . (n+1) *
@, — an _ (6 ) [(1—7(1-9) )] ||P0 Pl _ (5m+p+t—3)("+1)_ (23)
bn S0 [1—7(1-8)]" |lxg — p7|

By using the ratio test, we have

(5m+p+t—3) (n+2)

@
lim —*L — fim

— 6m+p+t73 <1
n—eo P, nee (§metpti— 3)("+1) ’

which implies that Z @, < co. Then, we have

n=0

llm ||pn+1 _p H

" im dn _ lim &, =0,
n—es || x40 — p*|| noe by

n—yoo
it yields that the iterative scheme {p,}, _,, is faster than the iterative scheme {x,}, . Since the iterative scheme {x,}
converges faster than the iterative processes {ky },_ (3), {va}n—o (4), and {u,},,_, (5), the new iterative method {p, }_,
is even faster than them. Moreover, for m, p,t = 1, the new iterative method {p,},_, reduces to

po € C initial condition

Snt1 =T (1= Gu) rn+ G T (1))
rn=T((1—1,) 20+ 0, T (50))
stn =T (s,), forall n € N.

(24)

Hence, we also get

n n

Iswet —p Il < (8" ) T -5 (1=8)lpo—p*l = (83)" ' TT11 —%(1-8)]llpo—pII-
i=0 i=0

If the processes are repeated under conditions mentioned above, it is easy to see that the iterative schemes (24) and (6)
converge to the operator’s fixed point with equal convergence speed.
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Now, we will show that the correctness of the rate of convergence by some examples.

Example 1. For initial point xo = 0.5, we consider the non-linear quation f(x) = x> +4x> — 10 = 0. If this equation is
written in the form of fixed point method, then we have Tx = (10/(4 +x))'/2. The numerical solution of this equation is
1,365230013414100 for fifteen decimal. The following table and graphs show the correctness of the solution.

1.388

—— AK

—4+— Nl mpt=1
—— S-Picard

H Thakur

: = “atan two steps

1.366 -

1.364 -

w
e}
R

Walues of Iteration Steps
o
&

Change of [teration Steps

1388

——AK
— Ml m,pt=1
—— S-Picard
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Fig. 1: The convergence rate comparison of fixed

point iteration methods AK, NI ( m, p, t = 1), Fig. 2: The derivative comparison of fixed point
S-Picard, Thakur and Vatan two-steps for the iteration methods AK, NI (m, p, t=1), S-Picard,
solution of f(x) = x> +4x> — 10 = 0 nonlinear Thakur and Vatan two-steps for the solution of
equation. f(x) = x> 4+4x> — 10 = 0 nonlinear equation.

Table 1: Comparison of fixed point iteration methods for the solution of the nonlinear equation given in Example 1

Iteration AK NI m,p,t=1 S-Picard Thakur Vatan two steps
X0 0,5 0,5 0,5 0,5 0,5
X 1,3652...8670  1,3652...7280 1,3606...9320  1,3641...5350 1,3652...4140

X2 1,3652...1780  1,3652...4640 1,3652..8780 1,3652...502920 1,3652...7650
X3 1,3652...4100 1,3652..4100 1,3652..6050  1,3652...1310 1,3652...4200
X4 1,3652..4100 1,3652..4100 1,3652...7600  1,3652...2090 1,3652...4100

X6 1,3652...4100 1,3652..4100 1,3652...4090 1,3652...4100 1,3652...4100
X7 1,3652...4100 1,3652..4100 1,3652...4100 1,3652...4100 1,3652...4100

Example 2. For initial point xo = 0.1, we consider the non-lineare quation f(x) = x> 4+ 5x —5 = 0. If this equation is
written in the form of fixed point method, then we have Tx = (5 —x3) /5. The numerical solution of this equation is
0,868830020341475 for fifteen decimal. The following table and graphs show the correctness of the solution.

Theorem 5. Let E be a nonempty closed convex subset of a Banach space B and T,T : E — E be two contraction
mappings such that T is an approximate operator of T. Suppose that {Pn},_o and {ﬁ,,}::zo are two iterative sequences,
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Table 2: Comparison of fixed point iteration methods for the solution of the nonlinear equation given in Example 1

Iteration

AK NI m,p,t=1

S-Picard

Thakur Vatan two steps

X0 0,1 0,1
X1 0,8738...3874  0,8680...6244

0.8688... 0.868S...

X6 1393 1475
X7 0,8688...1475  0,8688...1475
X9 0,8688:...1475 0,8688:...1475
X15 0,8688:...1475 0,8688:...1475
xig 0,8688:...1475 0,8688:...1475

0,1
0,8271...4353

0.8688..9513
0.8688..9117

0.8688...6972
0.8688...6972

0.8688...1475

0,1
0,8176...9455

0,1
0,8575...7045

0.8688..4038  0.8688...

1818
0,8688...8736  0,8688...1327
0,8688:...8355 0,8688:...1475
0,8688:...1475 0,8688:...1475
0,8688:...1475 0,8688:...1475

which have the fixed points p* and p*, defined by (7) and (25), respectively, such that {G,},,_o, {Ta}no C [0,1] and

gn Z 1/2 Satisfying Z;ozo gn = oo,

mﬂz(qf

Wy

)
Il
K\

~

My —

<N

3~ g~
~k N«

~—

Po € C initial condition
) ((1 —Gn) Oy + 6T ((T),,))

(1= 10) 320 + 1T (52))

(25)

(Pn), foralln € N.
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In which case, the following claim holds:
6¢e
_ < T
lp*=p"I < =5

where € is a constant in the positive real numbers.

Proof. By using (7) and (25) iterative processes, we have

n%—%-—<ﬁf%pw<ﬁf%m>
k=1 k=1
OT&@M(tT>@>+ Oiﬂom<ﬁf>@»
k=1 k=1 k=1 k=1
< 8" [|pn — Pul| +&. (26)

Considering the inequality (26), we obtain

jam pS
ﬂ

(| @ — @, || =

) ((1=1) 500+ T, T (55)) —

) (1= 5) 0+ 7T (300)) — (ﬁ T> (1= 1) 52+ 5d () ‘

IN

N N
s
ﬂ

j=1 j=1
p 5 P y

+ (H T) (1= ) 520 + 7T (5)) — (n T> (1 —Tn)ﬁn—kfnT(%,))‘ 27)
j=1 j=1

<87 ||(1=5) st + T (300) — (1 — ) 320 — 0T (32) || + €

< of (l—‘L‘n)||%n—%,,||—|—5anHT ) — T(%)H—i—s

<8P (1 —1) ||560 — 32| + 6P T || T (56n) — T(%,,)||+5P‘L'n||T (52n) — T(JA{”)H—i—S

<87 (1—=1,) (8" lpn— Pull + &) + 8777, (8" lpw — Pull + &) + 87 T2 + £

=87 (1= (1= 8)) [P — Pull + (87 [(1 = 7 (1 - 8)) + 7] + 1) &.

Similarly, using the inequality (27), we obtain

T) (1= 61) @+ 6T (@) —

G=F

|mﬂmﬂn\(

<

+‘ ( T) ((1-6) Bu+ T (@) -

<&"[|(1= ) O+ GuT (@) — (1 —y)

s

T) ((1 - Gn) wn"’GnT(wn)) -

S Tes Tes
~N
N— — " 0
—~
g
|
&)
8
_|_
0
—
=

=>
+ —
O
~«
&
+
oM

s

< 8" (1= i) o — @l + 8" | T (0n) = T ()| +&
< 8" (1= i)l — @ul| + 8" IT (@n) = T (@) || + 8" [|T (@) = T (@,)[| + &

<" (1= (1-9))||@, — @y 48" gie + ¢

87T (1= 1, (1= 8)) || pn — Pull
+(O[(1-m(1-8) +n]+1)e

:6m+p+r(1_gn(1_5)>(1—T,1 1-6 )Hpn ﬁn”

<6 (l—¢,(1-9)) +0"g.e+¢€
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+8"(1-6,(1-8)) (8" [(1 -7 (1-8)) + 7] +1)e+8"Ge +e
<P (1—6,(1-8)) (1= 7 (1—8)) [|pw — Pl +66, (1 8)

€
(1-6)
Since {Gi}io. {Tu}no C [0,1] and g, > 3, we have
(I1-G(1-8)) <1

and

6" (1-6,(1-6)) (67 [(1 =t (1-6))+ | +1)e+8"ge+€ <66 (1-96)
Hence, we obtain

[ns1 = Paytl| <8P (1 =6, (1-8)) (1 =7, (1—8))[|pn — Pull + 66, (1)

< (1 =6 (1=8))lpn —Pull + 6, (1—93) (1?5)'

(28)

Define
an = |lpn—Pall
& =G (1-9)
and 6e
b, = (i—o)

By Lemma 2 together with the inequality (28), we get

0 < Tim sup [|pn — Pu]| < li o¢
_ng)rolosup le le _ngl;losup(l—(g)
From Theorem 2, we have lim,, e, p, = p* and lim,, ... p, = p*. This implies that

~ 6¢e
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