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Abstract: In this study, by using an integral identity together with both the Holder integral inequality and the power-mean integral
inequality we establish several new inequalities for fourth-times differentiable arithmetic-harmonically-convex function. Also, some
applications are given for arithmetic-harmonically convex functions.
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1 Introduction

Definition 1.A function f: 1 C R — R is said to be convex if the inequality

flx+(1=1)y) <tf(x)+(1—1)f(y)

valid for all x,y € I andt € |0, 1]. If this inequality reverses, then f is said to be concave on interval I # @. This definition

is well known in the literature.

Convexity theory has appeared as a powerful technique to study a wide class of unrelated problems in pure and applied
sciences. For some inequalities, generalizations and applications concerning convexity see [2,3,17,19,20]. Many papers
have been written by a number of mathematicians concerning inequalities for different classes of convex functions see for

instance the recent papers [5,6,7,8,10] and the references within these papers.

Theorem 1.Let f : I CR — R be a convex function defined on the interval I of real numbers and a,b € I with a < b. The
following inequality

f(a;b)gblajf@MW' v

holds.

This double inequality is known in the literature as Hermite-Hadamard integral inequality for convex functions. See [5,
9,11,12,13,14,18], for the results of the generalization, improvement and extention of the famous integral inequality (1).
It was firstly discovered by Ch. Hermite in 1881 in the journal Mathesis (see [15]). But this result was nowhere mentioned

in the mathematical literature and was not widely known as Hermite’s result. E. F. Beckenbach, a leading expert on the
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history and the theory of convex functions, wrote that this inequality was proven by J. Hadamard in 1893 [1]. In 1974,
D. S. Mitrinovic found Hermite’s note in Mathesis [15]. Since (1) was known as Hadamard’s inequality, the inequality is

now commonly referred as the Hermite-Hadamard inequality.

Definition 2([4]). A function f : I C R — (0,00) is said to be arithmetic-harmonically (AH) convex function if for all

x,y € I and t € [0,1] the equality
J(x)f ()

tf () + (1 =1)f(x)

holds. If the inequality (2) is reversed then the function f(x) is said to be arithmetic-harmonically (AH) concave function.

flax+(1—1)y) < @

Theorem 2(Holder Inequality for Integrals [16]). Let p > 1 and Il, + 5 = L. If f and g are real functions defined on
[a,b] and if | f|?, |g|? are integrable functions on |a,b] then

[ieniecs (/b f <x)'pdx> % </h |g(x)|qu> i’

with equality holding if and only if A|f(x)|” = B|g(x)|? almost everywhere, where A and B are constants.

Theorem 3(Power-mean Integral Inequality ). Let g > 1. If f and g are real functions defined on |a,b] and i

are integrable functions on [a,b] then

[ irweeias< ([ elas) ([ vellewrra) "

In this study, in order to establish some new inequalities of Hermite-Hadamard type inequalities for arithmetic

harmonically convex functions, we will use the following lemma obtained in the specials case of identity given in [14].

Lemma 1.Let f : I C R — R be a fourth-times differentiable mapping on I° and f® € L [a,b], where a,b € I° with a < b,
we have the identity
bf(b)—af(a) b*f'(b)—d’f'(a) bf"(b)—d’f"(a)
1! - 2! * 3!

A" (b)) — a* b 1 b
_ f ()4!af (a)_/a f(x)dx:_a/a x4f(4)(x)dx.

3

where an empty sum is understood to be nil.

By using above Lemma together with Holder and power-mean integral inequalities, we derive a general integral
identity for differentiable functions in order to provide inequality for functions whose fourth derivatives in absolute value
at certain power are arithmetic-harmonically-convex functions.

Let 0 < a < b, throught this paper, we will use

a+b
A(a,b) =
\ﬁ
)+17a+l
p+l - ,p;é—l,O
lnb lna’ =-1
bb a, p=0.
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for the arithmetic, the geometric and generalized logarithmic mean for a,b > 0O respectively. In addition, we will use the
following notation for shortness:

bf(b) —af(a) _bf'(b)—d’f'(a)  bf"(b)—a’f"(a)

Iy(a,b) = 1! 2! 31

OGS gL [ g0

2 Main results

In this section, we will obtain our main results by using the Lemma 1.

q
Theorem 4.Let f : I C (0,00) — (0,00) be a fourth-times differentiable mapping on I°, and a,b € I° with a < b. If ‘f(4)‘

is an arithmetic-harmonically convex function on the interval [a,b), then the following inequality holds:

D If ‘ 7@ (a)‘q - ‘ 7@ (b)‘q £ 0, then

p—alipab)@ (|| Fw))
[Ir(ab)| < = ; ; )
Lo (|f9 @ [r@ @)
i) If ’ @ (a) "’ - ’ f<4)(b)’q — 0, then
17(a.0)| < =29 0)| L, (a.0),
where
_ — @@l =&
Bus = Bys(ab) = |fV(a)| = |19
o )| ~al W a)|
Cq:f = Cq-,f(a7b) = B )
9.f
and % + % =1
Proofi) Let ‘ YA ‘ ' @ ‘ #0.If ‘ Y ‘q for ¢ > 1 is an arithmetic-harmonically convex function on the interval
[a,b], then using Lemma 1, well known Holder integral inequality and the following identity
q q
’f<4)(x)‘q B ‘f( ) (b L x—ab> 4 < (b—a) ‘f(4)(a)‘ ‘f(“)(b)‘
N b—a  b-a )| T (b-2)|fOO) +x—a)|fD (@)
we obtain
1 b 7 b i
P q
[Ir(a,b)| < a (/ x4pdx> </ f(4)(x)’qu>
1
< 1(/b 4Pd)11) K (b a‘ ‘ ‘f ‘ d ' (5)
=a\LTY) e e[ + c—a [P )
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Since
0<=2)|0)[ + (-a) |V @] =By (x+Cpy).

we can write the following inequality:

(b—a)L},(a,b) ’ W (a) ‘f @ (b)‘ 1 b1 7
— | ——dx | .
41 (Bq,f / x+Cqr )

‘ q

If(a,b) <

It is easily seen that
IR 79 -
ByyJa x+Cyy a By s ‘f(4)(b)‘q B L(|f(4)(a)|q, |f(4)(b)|q)

(©)

Therefeore, we have

b

oy <t s )
NGO =75 Lé(’f“)(a)q,’f(“)(b)‘q)

where .
/ x*dx = (b— a)LiZ(aJa).
a

ii) Let ‘f(4) (a)‘q — ’f(“)(b)’q = 0. In this case, by substituting ’f(“) (a)
inequality:

q (4) q . . .
‘ = ‘f (b)‘ in (5) we obtain the following

1(ab)] <

|| Ly (a.b). ™

This completes the proof of the Theorem.

Theorem 5.Let f : I C (0,00) — (0,00) be a fourth-times differentiable mapping on I°, and a,b € I° with a < b. If

q
‘ f (4)‘ ,q > 1 is an arithmetic-harmonically convex function on the interval |a,b), then the following inequality holds:

i If ‘ ™ (a)

‘- ’ f(“)(b)’q £ 0, then

- ) |ro| o)
4!

13 o prk _ Ak C; f
. [qukzb(_l) Cq'f( 4—k >+L(!f<4>(a) o))

i) If ‘ F@(a) ‘q - ‘ 7@ ) ‘q — 0, then

l1y(a,b)| < @®)

where

q
)

Bus = Byylab) =¥ @] = 1 b)
oo ~a|r@
By y .

Cor = Cq,f(aab) =

(© 2020 BISKA Bilisim Technology
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Proofii) Let ‘f ‘ ’f

q q
)‘ #£0.If ‘ f (4)‘ for ¢ > 1 is an arithmetic-harmonically convex function on the interval

[a,b], then using Lemma 1, well known power-mean integral inequality and

q b—x
o (e

we write the following ineqaulity:

IN

q (bfa)’f(‘l) a
~(b—x)[fW(b)|*

q
4 b)’

+(r—a)[f@ (a)|

x—a
b
b—a >

&)

-

|
=
#[‘4
—~
|
Q=
S~—
—
L
S
N—
N
>
—
IS
~—
h
>
—~
S
il
7N
=~
>
S
=
<
<
=

) o || o) (

Since

b 4
[ e
a X+Cqy

Il
_
- HMw :\v
e
?v‘
Q
g

b4k

k
(-1
we have the following inequality:

(b— a)Lj<17$)

NG
a=a)[fO @[

1
q

By

3—k 4
dx+C /
/ £ x+cqf

(a.b) |1¥(a)| | £

T —a) /@ rqu>

1
b 4 q
[l
a x+Cq’f

ka 3— kdx+/ qf _Sal 4,
X+

Cor

dx

—k _ Ak o
2 % 7[1
4—k >+ q’f/a oy

b)’

|I¢(a,b)| < a0

1 3
X lB Y (-1t

a:.f k=0

ii) Let ’ @ a))qf ’ @

[I¢(a,b)| <

This completes the proof of the Theorem.

Pk gk ct f g
( 4—k )+L(!f<4>(a)|57!f(“)(b)\q)]'

q
b)’ = 0. By using the inequality (9), we obtain

(b—a)Li(ab) |Fb)
41

(10)

(© 2020 BISKA Bilisim Technology
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Corollary 1.If we take g = 1 in (8), we get the following inequality:

(b—a)G? (| (a)|,|f (b)
|If(a,b)|§ (‘ 1 D
i 3 ke pA—k _ Ak C4
XlekZo( Ve (=) + ol e |

Theorem 6.Let [ : I C R— (0,0) be a fourth-times differentiable mapping on I°, and a,b € I° with a < b. If ’f<4)‘ is an

arithmetic-harmonically convex function on the interval [a,b], then the following inequality holds:

i) If ‘ f(4)(a)‘ - ‘ @ (b)‘ £ 0, then

(b—a)|f®(a)| | (b) 13 Pk Ak c4
|If(a’b)| < ‘ 4! H ‘ le Z(_l)kC;< n—k ) + L(‘f(“)(a) qjj f(4)(b)|")] ’ (I

ii) If ‘ @ (a)‘ . ’ @ (b)‘ — 0, then

where
B = By(a,b) = ’f<4> a ’—‘f(“)

b| 7O b)| —a| (@)
By ‘

C Cf(ab

Proofii) Let ‘ £ (a)‘ - ’ f W(b)‘ #0.If ’ f (4>‘ is an arithmetic-harmonically convex function on the interval [a, b], using

Lemma 1 and

B _ (b—a )| |FD
o] = (e 5=2) | < ot ) [+ <H—a>\f<i><a>|

we get

|If(a,b)|
<4 [l

| b x*(b—a ‘f(4)(a)Hf(4)(b)‘
Si/(b x)‘f‘” ‘—an’f“ ’X

(b—a)| f (@) [fP (b )

‘ 41 H ‘/ (b—x) [F®( |ix a) [ F( |dx' (12)

Since

0< (b= |fH )|+ (x-a) |9 @) = B (x+Cy).

we can write the following inequality:

b—a ’f ’ ‘f ‘ b4
1 < . 1
r(a,b) < B, /a . Cfdx (13)

(© 2020 BISKA Bilisim Technology
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Sample calculation give us that
/b X / i DiCEd*d Jr/ Sy 14
dx = X X
a x+Cy a j— X Cf
2 k ~k b 3—k 4
= Hkc “dx+C d
k;()( ) f/x x+ fL X+C-x
3 4—k _  A4—
b
_ DECk /
k;)( rG ( ) e x +Cf
From the inequalities (12), (13) and (14), we get the desired inequality.
ii) Let ’ ’ - ‘ @ )‘ — 0. Then, by substituting ‘ @ a)‘ - ’ @ (b)( in (12), we obtain
(b-a) |1 )| [fH®)| @
I(a,b; < / d
i) a GG+ G-l
(b—a)| @ (p)
= L} (a,b). (15)

41

This completes the proof of theorem.

3 Applications for special means

We know that if p € (—1,0) then the function f(x) = x”,x > 0 is an arithmetic harmonically-convex function [4]. By

using this function we obtain following propositions related to means:

Proposition 1.Let a,b € (0,) witha < b, ¢ > 1 andm € (—

L

1,0). Then, we have the following inequality:

i L} (a,b)G¥ (a,b)

m+4( a,b) <

[L(a,b) Ly~ (a.b)]

Q=

Proof. The assertion follows from the inequality (4) in the Theorem 4. Let

) = 1

x4 xe(0,00).

q
Then ‘ f@ (x)’ = x™ is an arithmetic harmonically-convex on (0, ) and the result follows directly from Theorem 4.

(§+ 1) (%Jrz) (2 +3)(2 +4)

(© 2020 BISKA Bilisim Technology
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Proposition 2.Let a,b € (0,00) witha < b, ¢ > 1 and m € (—1,0). Then, we have the following inequality:

1

Lgi:(a,b) < Lj( q)(a,b)GZTm (a,b) (16)

A(a,b)A(a*,b?) +

m+1 L"(a,b) <2A(a2,b2) +G2(a,b)>

1
X9 m—1 m—1 3
mmel (a’ b) m mel (a7 b)

m+1\* [ L(a,b) Lo me1) Ly(a,b) ’
waen) (") (L,’,';}(a,m) (") (szi@ab))

1

4 1

m+1\* [ L"(a,b) 1 !

+ m mel b Lia. b mel b :
m—l(a’) (Cl, ) m—](a7)

Proof.The assertion follows from the inequality (8) in the Theorem 5. Let

- : K e (0,00).
O ) ) e e

q
Then ’ @ (x)‘ = x™ is an arithmetic harmonically-convex on (0, ) and the result follows directly from Theorem 5.
Proposition 3.Let 0 < a < b and p € (—1,0). Then we have the following inequalities:

G* (a,b) 1 m+1 L™a,b) (2A(a?,b*)+G?(a,b)
L’ (a,b) < Ay A(a,b)A(a*,b? m = i ’
pral@b) < aP — bp mL\(a,b) (@.b)AW %) + m L™ 1(a,b) 3

m—1
N pan) L (meN (i) )
m a, m ma,
+A(a,b) ( > m’il + ( > .
m Lm_l (a’ b) m Lm—l (a’ b)
1
A 1
+<m+1)“ L"(a,b) 1 !
m L"N(a,b) ] L(a,b)L""}(a,b) [

ProofLetbe p € (—1,0). Then we consider the function

( ) xp+4
flx)= , x>0.
(p+1)(p+2)(p+3)(p+4)
Under the assumption of the Proposition
@) =

is an AH-convex on (0,0). Therefore, the assertion follows from the inequality (11) in the Theorem 6, for f : (0,c0) —
x1)+4
R, () = Grgre e

4 Conclusion

In this work, we established several new inequalities for fourth-times differentiable arithmetic-harmonically-convex
function and obtained some new Hermite-Hadamard type inequalities connected with means. Similar method can be

applied to the different type of convex functions.

(© 2020 BISKA Bilisim Technology
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