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Abstract: In this paper, we give some fixed point theorems for satisfying different contractive conditions on complete partial Hausdorff
metric spaces. Also, we prove some fixed point theorems for two operators that do not necessarily commute with each other to have a
common fixed point as in metric spaces. We also state an example in support of our conclusions.
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1 Introduction

The notion of a partial metric space has been firstly introduced by Matthews, [9]. In [9], he extended Banach contraction
principle in the setting of complete partial metric space. Then, further fixed point theorems of partial metric space given
by many authors ([2],[6],[7] and [4]). In [3], they proved the some generalized versions of the fixed point theorem of
Matthews and established a homotopy results. Based on the partial metric on a set X, in [1], they presented a notion of
partial Hausdorff metric on the Q¢ (X). Besides, in [1], they studied of fixed point theorem for multi-valued mappings on
a partial metric space using the partial Hausdorff metric and generalized Nadler’s fixed point theorem.

Let Qg (X) be the family of all nonempty closed and bounded subsets of a partial metric space (X, p). The purpose of

this paper is to investigate two mappings 7 : X — .Qg (X) ( for a partial metric space X ) which satisfy the following
contractive definitions:

Hy (Tx,Ty) <ap(x,y) +b[p(x,Tx)+p(y,Ty)| +c[p(x,Ty) + p (3, Tx)]

and

2
+bmax{p (x,Tx),p(»Ty)} +clp(x,Ty) +p(y Tx)]

H,(Tx,Ty) <amax {p (x,y),p(x,Tx),p (0, Ty), p(x,Ty)+p(y,Tx) }

where for all x,y € X, where a,b,c are nonnegative real numbers such that a +2b+2c <1 and a+b+2c < 1,
respectively. Also, another purpose of this study is to prove common fixed point theorems for two set-valued mappings
defined in a partial Hausdorff metric space.

Firstly, we recall some definitions and some related results from partial metric space.
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Definition 1./9] Let X be a nonempty set. A mapping p : X x X — R is a partial metric on X, if for all x,y,z € X. We

have

(D p(x,x)=p(yy)=p(x,y) if and only if x =y,
(P2) p(x,x) < p(x,y),

®3) px,y) =p(x),

@4 p(x,2) <pxy)+p»mz)—p(,y).

The pair (X, p) is then callad a partial metric space.

If p(x,y) =0, then p1) and p2) imply that x = y. But the reverse does not satisfy always.

Example 1.[9] Let X = {[a,D] : a,b € R,a < b}, that is, X = Q¢ (R) and define a function p : X x X — R™ is defined as
p(x,y)=p([a,b],[c,d]) = max{b,d} —min{a,c}, then (X, p) is a partial metric space. [9] Every metric space is a partial
metric space. Each partial metric p on X generates a T topology 7, on X with as a base the family of the open p-balls
{B,(x,€):x€X,e >0}, where B, (x,) ={y € X : p(x,y) < p(x,x) +€}.

Definition 2./9] Let (X, p) be a partial metric space. Then:

(a) A sequence (x,) in (X, p) converges to a point x € X with respect to T, if and only if p (x,x) = 1im,_e p (X, Xy).
(b) A sequence (x,) in (X, p) is called Cauchy sequence if there exists and is finite 1imy, jn—sco P (Xn, X ).
(¢) A partial metric space (X, p) is called a complete partial metric space if every Cauchy sequence {x,} in X converges

with respect to Ty to a point x € X.

Remark.[9]Let (X, p) be a partial metric space. Then the function d), : X x X — [0,0) defined by
dp (x,y) =2p(x,y) = p(x,x) = p(y.y)
is a metric on X.
Let (X, p) be a partial metric space, a sequence {x,} in (X,d,) is said to be convergent to a point x € X if and only if

p(x,x) = lim p (x,x,) = Hm p (xp,%n). 1

n—oo n,m—c

Lemma 1./7] Let (X, p) be a partial metric space. Then:

(@) A sequence (x,) in X is a Cauchy with respect to p if and only if it is Cauchy with respect to d,.
(b) A partial metric space (X, p) is complete if and only if the metric space (X ,d,) is complete.

Now, let us give the definition of partial Hausdorff metric space and reletad results. First, we remember and state the
definition of Hausdorff metric for metric spaces.

Let (X,d) be a metric space and Q¢ (X) denotes the collection of all nonempty closed and bounded subsets of X. For
A,B € Q¢ (X), define

H(A,B) = max {supd (a,B),supd (b,A)} ,
acA beB

where d (x,A) = inf{d (x,a) : a € A} is the distance of a point x to the set A. We know that H is a metric on Q¢ (X),
called the Hausdorff metric induced by the metric d.

[1] In a partial metric space closedness is taken from (X, 7,) and boundedness is given as follows: A is a bounded subset
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in (X, p) if there exist xo € X and M > 0 such that for all a € A, we have a € B, (xo,M), that is, p (xo,a) < p(a,a)+M.
Again in [1] following nations are defined. For A,B € QF (X) andx € X,

p(x,A) =inf{p(x,a),a € A} and 5, (A,B) =sup{p(a,B) :a € A}.
From here for the functions 8, : QF (X) x QF (X) — R" and H, : QF (X) x QF (X) — R*, we have the following
H,(A,B) =max {8, (A,B),5,(B,A)}.
Remark.[3] Let (X, p) be a partial metric space and A be any nonempty subset of X, then
a € Aif and only if p(a,A) = p(a,a). )

Proposition 1./1] Let 6, : Q£ (X) x QL (X) — R*. For all A,B,C € QL (X), we have the following:

(i) 0p(A,A) =sup{p(a,a):acA},
(i) 6,(A,A) <38,(A,B),
(iii) &, (A,B) = 0 implies that A C B,
(iv) 8, (A,B) < 6,(A,C)+6,(C,B)—infeccp(c,c).
Proposition 2.[1] Let (X, p) be a partial metric space. For any A,B,C € QF (X), we have

(1) Hy(A,A) <H,(A,B),

(2) H,(A,B) =H,(A,B),

(3) H,(A,B) <H,(A,C)+H,(C,B)—infe.ccp(c,c).

We know that a multi-valued mapping 7 : X — Q¢ (X) is said to be contraction if
H(Tx,Ty) < kd (x,y)

for all x,y € X and for some k € [0, 1). After above definition Nadler (in [8]) was proved the following theorem.

Theorem 1.[8] Let (X,d) be a complete metric space and T : X — Q¢ (X) be a contraction mapping. Then, there exists
x € X such that x € Tx.

Lemma 2.[1] Let (X, p) be a partial metric space, A,B € QF.(X) and h > 1. For any a € A, there exists b= b(a) € B such
that
p(a,b) <hH,(A,B).

Theorem 2.[1] Let (X, p) be a complete partial metric space. If T : X — Q¢ (X) is a multi-valued mapping such that for

all x,y € X, we have
HP (T_X, Ty) S kP (xay)

where k € (0,1). Then T has a fixed point.

2 Main Results

In this section, we give some fixed point theorems for multi-valued mappings on a complete partial metric space.
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Theorem 3.Let (X, p) be a complete partial metric space and let T : X — .Qg (X) be a map such that

H, (Tx,Ty) < ap(x,y)+blp(x,Tx)+p(y,Ty)]
+c[p(x,Ty) +p (v, Tx)] 3)

for all x,y € X where a,b,c > 0and a+2b+2c < 1. Then T has a fixed point.

ProofLet xo € X and x| € Txg. Since k =a+2b+2c¢ < 1, then ﬁ > 1. Thus, by using Lemma 2, we have x, € Tx; such
that

1
p(x1,x) < ﬁHP(TxO,Txl). 4

From (3) and (4), we get

1 | ap(xo,x1) +b[p(x0,x1) + p (x1,%2)]
p(x1,x2) < N telp(xo,x) + p(x1,x1)]
< 2 llatb+0)p(ox) + b+ p (i )

< )
Vkp (x0,x1) .- )

IN

From (5), we have
p(x1,x2) < Vkp (x0,x1) < p(x0,%1).- (6)

If x; = xp, then x| is a fixed point. Suppose that x| # x,. Again, from (3), we get

H, (Tx1,Txz) < ap (x1,x2) +b[p (x1,Tx1) + p (x2,Tx2)]
+elp(x,Tx2) +p(x2,Tx1)]. o

Again by using Lemma 2, we have x3 € Tx, such that

1
p(x2,x3) < ﬁHp (Tx1,Tx2). (®

From (7) and (8), we get

ap (x1,x2) +b[p (x1,x2) + p (x2,x3)]

p(x2,x3) < +c[p (x1,x3) + p (x2,%2)]

< [((a+b+c)p(x1,x2) + (b+c) p(x2,x3)]

§§‘H %‘H

< 1_\/];117()617)62)
Vip (x1,x2) . )

IN

Now, from (9) and mathematical induction, we obtain

p(x2,53) < Vkp (x1,x2) < VkVkp (x0,x1). (10)
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Continuing the same way, we get {x,} C X such that x,,_; € Tx, and x,,_| # x,, with

P (xn, xn41) < (\/l;) p(xp,x1) foralln € N. (11)
Using (11) and the property (p4) of a partial metric, for any m € N, we have

(X Xn41) + P (Xnt 1, %042) + oo+ P (Xnm—1, Xnm)

p
( ) (x0,x1) —|—(\//E)n+]p(xo,x|)—|—...

n+m—1
+< ) p(x0,x1)
<( ) " +..+ (\//;)nerl) p(x0,x1)
(

Vi)
Sl N

since 0 < k < 1. This shows that {x,} is a Cauchy sequence in (X, p*). Since (X, p) is a complete partial metric space, by

)4 (xnaxn+m)

p(x0,x1) = 0asn — +oo (12)

Lemma 1, (X, p®) is a complete metric space. Therefore, the sequence {x,} converges to some x € X with respect to the
metric p*, that is, lim, . p* (x,,,x) = 0. Again from (1), we have

p(x,x) = lim p (x,,x) = ’}ijgop(xn,xn) =0. (13)

n—oo

Now, we show that p (x,7x) = 0. On the contrary, suppose that p (x,Tx) > 0. By using the (p4) inequality and (3), we
have

)4 (xv Tx) < p(xvanrl) +p (xn+17Tx) —-P (xn+17xn+1)
P(xaxn+1> +p (Txna Tx)

p(xaanrl) +ap (xnvx) +b [P (xnv Txn) +p (x, Tx)]
+

¢ [p (xna Tx) +p (xv Txn)}

IN A

letting n — oo, we get
p(6,Tx) < (b+¢)p(x,Tx).

But this is impossible for a,b,c¢ > 0 and a+2a+2b < 1. Thus, p (x,Tx) = 0. Therefore, from (13), we get
p(x,Tx)=0=p(x,x),

which from (2) implies that x € T'x.

Now, we give the illustrative example.

Let X = {0,1,2} be endowed with the partial metric p : X x X — R™ defined by p(x,y) = %max {x,y} for all x,y € X.
Clearly, p is a not metric on X because of p(1,1) =1 71 7#0and p(2,2) = l # 0. Further, (X, p) complete partial metric
space. Define the mapping 7 : X — QL (X) by T (0) =T (1) = {0} and 7'(2) = {0,1}. Tx is closed and bounded for all
x € X under the given partial metric space (X, p). Now, we shall show that, for all x,y € X, the contractive condition
(2.1) is satisfied with a = %,b = é and ¢ = %. We consider the following three cases:

@) x,ye{0,1}. We obtain H, (T (x),T (y)) = H, ({0},{0}) = 0. Thus (2.1) is satisfied.
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(ii) x€{0,1}, y =2. We obtain
Hy(T(0),T(2)) = Hy (T (1),T(2))

= H[’ ({O} ’ {07 1})
1

4
<ap(0,2)+b[p(0,7(0))+p(2,T(2))]

+¢[p(0,T (2))+p(2,T(0))]
a b 3c

27277
<ap(1,2)+b[p(1,T(1))+p(2,T(2))
+[p(1,T(2))+p(2,T(1))]

_a 3b 3¢
(i) x=y=2. We get
Hy(T(2),T(2)) = Hpy({0,1},{0,1})
1
4
<ap(2,2)+b[p(2,T(2))+p(2,7(2))]

+c[p(2,T(2))+p(2,T(2))]
= g+b+c.

Thus, all conditions of Theorem 7 are satisfied. Here, x = 0 is a fixed point of T'.

Now we state another fixed point theorem on a complete partial metric space.

Theorem 4.Let (X, p) be a complete partial metric space and let T : X — QL (X) be a map such that

H,(Tx,Ty) < amax { p(x6,y),p(x,Tx),p(,Ty), p(x,Ty) ;Lp(x Tx) }

+bmax {p (x,Tx),p(y,Ty)} +c[p(x,Ty) + p (y,Tx)] (14)

for all x,y € X where a,b,c are nonnegative real numbers such that a+b+2c < 1. Then T has a fixed point.

ProofLet xo € X and x| € Txg. From Lemma 2 with k =a+b+2c and h = \[ there exists xp € Tx; such that

1
x1,x) < —H, (Txp,Txy). 2.13
p(x1,x2) 7 p (Tx0,Tx1) (2.13)

From (14) and (2.13), we get

| [amax{p(o,x0) p (x1,xy) Pl pplen) |
px,x) < N +bmax {p (xo,x1),p (x1,%2)}
L +clp(x0,x2) + p (x1,x1)]
L[ amax{p(xo.x1).p(x1.x2)}
< N +bmax {p (xo,x1),p (x1,x2)}
| clp(xo,x1) +p (x1,x:2)]
<\[(a—l—b—i-Zc)max{p(xo,xl),p(xl,xz)}
< Vkmax {p (xo,x1),p (x1,%2)}. (15)
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If we assume that max{p(xp,x1),p(x1,%2)} = p(x1,x2), then we get a contradiction to (15). Thus,
max {p (xp,x1),p (x1,x2)} = p(x0,x1) . From (15), we have

p(x1,x2) < Vkp (x0,x1) < p (x0,x1).- (16)

If x| = xp, then x| is a fixed point. Suppose that x| # x,. Again, from (14), we get

p(x1,x2),p(x1,Tx1),p(x2,Tx2),
Hy (Tx1,Txy) < amax { plx ~,TX2)-2FP(X2~,TX1)

+bmax {p (x1,Tx1),p(x2,Tx2)}
+c[p(x1,Tx2) + p (x2,Tx1)] a7

Again by using Lemma 2, we have x3 € Tx, such that
p(x2,x3) < —H, (Tx1,Tx). (18)

From (17) and (18), we get

| [amax {p o). p(aa.zy) Halpre |
p(x2,x3) < NG +bmax {p (x1,x2),p (x2,x3)}
i +ep (x1,x3) + p (x2,%2)]
| amax{p(xi,x2),ple,x3)}
< 7 +bmax {p (x1,x2),p(x2,%3)}
| clp(x1,%2) + p(x2,x3)]
1
< ﬁ(a+b+26)maX{p(X1,X2)7P(X2,X3)}
< Vkmax {p (x1,x2),p (x2,x3)} . (19)
If we assume that max{p(x;,x),p(x2,x3)} = p(x2,x3), then we get a contradiction to (19). Thus,

max {p (x1,x2),p (x2,x3)} = p(x1,x2) . From (19) and (16) , we have
P (32,33) < Vkp (x1,32) < VEvVkp (x0,31). (20)

Continue similar to the proof of the above theorem we get {x,} C X such that x,,_; € Tx, and x,_| # x,, with

n
P (X, X011) < (\/l;) p(x0,x1) foralln € N. (21)
Using (21) and the property (p4) of a partial metric, for any m € N, we have

(xn7xn+1) +p (anrl axn+2) +.+p (anrm 17xn+m)

p
( ) (x0,x1) +(\//E)n+1p(xo,x1)+~-~
ntm—1
+< ) p (x0,x1)
— <( ) m .4 (\/l;)nerl) p(x0,x1)
(

Vi)
\/%

p (xnaxn+m)

<
<

IN

p(xo,x1) = 0asn— +oo (22)

—_
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since 0 < k < 1. This shows that {x,} is a Cauchy sequence in (X, p*). Since (X, p) is a complete partial metric space, by
Lemma 1, (X, p®) is a complete metric space. Therefore, the sequence {x,} converges to some x € X with respect to the
metric p*, that is, lim,,—,e p* (x,,x) = 0. Again from (1), we have

Px) = fim p(,,x) = lim p(0,5) =0. (23)

Now, we show that p (x,Tx) = 0. On the contrary, suppose that p (x, 7x) > 0. By using the triangular inequality and (14),
we have

p(,Tx) < p(x,X041) + P (X1, TX) = p (Xnt1,X041)
<p (xaxn—H) +p (Txm Tx)

P (x0,%),p (xn, Txy), p(x,Tx)
< p(x,x,,+])—|—amax{ ! l”(mez),JFP(;Txn) 7 ,
2

+bmax {p (xn, Txn) , p (X, Tx)} 4 [p (%n, Tx) + p (x, Txn)]

letting n — oo, we get
p(x,Tx)<(a+b+c)p(x,Tx).

But this is impossible for a,b,c > 0 and a+2a+ 2b < 1. Thus, p (x,Tx) = 0. Therefore, from (23), we get
p(x,Tx) =0=p(x,x),

which from (2) implies that x € Tx.

Now, we remember that the definition of a common fixed point theorem of two set-valued mappings.

Definition 3.Let (X, p) be a partial metric space and S,T : X — .QC” (X). A point x € X is said to be a common fixed point
of Sand T, that is x € Tx and x € Sx.

Theorem 5.Suppose that (X, p) be a partial metric space and S,T : X — QF (X). If there exists a+2b+2c =r € [0,1)
such that
H, (Tx,Sy) <ap(x,y)+b[p(x,Tx)+ p(y,Sy)| +c[p(x,Sy) + p (y,Tx)] (24)

for any x,y € X. Then there exist z € X such that z € Tz and z € Sz.

Proof-Let xq be an arbitrary point in X. We can find x| and x; in X such that x, € Tx; and x| € Sxp. In general, xp, € X is
chosen such that
Xon+2 € Txopt1 and X2p4-1 €Sxy, forn=0,1,2,...

If there exists a positive m such that x,,, = xp,+1, then xp,, = X2,4+-1 € Sx2,,. From (24), we get

Hy, (Txom41,8%m) < ap (Xome1,%m) + 0[P (X2mi1, Txoms1) + P (X2m, SX2m)]
+ec[p (am+1,8%2m) + P (X2m; TX2m+1)] -
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Then there exists » < 1 such that % > 1. Thus by Lemma 1, we have x2,,42 € Tx2;+1 and xp,,+1 € Sxo,, such that

P (X2amg2,X20m+1) < Hp (Txomi1,S%2m)

1 ap (Xom+1,X2m)
< 7 +b [P (X2m+1, TX2m11) + P (X2 Sx2m)]
| +e[p (vamr1,S%2m) + p (X2m, Txom+1)]
[ ap (Xom+1,X2m+1)
+b[p (X2m+1,%2m+2) + P (X2mt1,X2m+1)]
| telp (amt1,%2m+1) + P (X2mi1,X2m+2)]

< rp (Xomg15X0m42) -

<)~

So, we obtain (1 —r) p (x2m+2,%2m+1) < 0. Since r < 1, then p (X242, Xom+1) = 0, which satisfy that p (Txo11,X0m+1) =
0, and we get x2;,+1 € Txp+1- As a result, xp,, = X241 1S the common fixed point of S and 7. A similar result obtain if
Xoma1 = Xom4o for some m € NT. Hence, we now consider that x,,, # x,,.| for all m € N*. There are two cases.

If m is odd, from 24, we get

HII (Txm+1 vSXm) <ap (xm+17xm) +b [p (xm+17Txm+1) +p (xm»SXm)]
+c [p (xm+1aS-xn1) +p (xma Txpi1 )] .

Hence, by Lemma 1, we have x,,, 17 € Tx;,,+1 and x,, -1 € Sx;,, such that

14 (xm+2;xm+1) <H, (Tme,Sxm)

< L ap (xm+1 >xm) +b [P (xm+1 ) Txm—H) +p (xmysxm)]
VG +e[p (omt1,8%m) + p (ms TxXm41)]
_ L ap (xm+1axm) +b [P (xm+laxm+2) +p (xmvmerl)]

Vr +e[p (Xm+1,%m+1) + P (Xms 1, %m+2)]

1
< W [(@+2b+2¢) p (Xmi1,%m) + (@+2b+2¢) p (Ximi1,Xm+2)]
r

<3 fﬁp(xmﬂ,xm). (25)

If m is even, we can obtain the same inequality, similarly. From here, we obtain that {p (x¢,x;41)} is a positive and
nonincreasing sequence of real numbers. So, from (25), we have

P (0 xiet) < 7p (xo,x1) (26)
for each k € N. Using (26) and the property (P4) of the partial metric, for any m € N, we get

p(xn;xn+m) < P(XanH) +p(xn+1,x,,+2) + ... —|—p(x,,+m,17xn+m)
< (V7r)" p(x0,x1) + (\/;)nﬂp(xo,xl)—i—...
+ (VR p(xo,)
< f\_/;\)ﬁp

since 0 < r < 1. This shows that {x, } is a Cauchy sequence in (X, p®). Since (X, p) is a complete partial metric space, by

(x0,x1) = 0asn — 4o

Lemma 1, (X, p*) is a complete metric space. Therefore, the sequence {x,} converges to some x € X with respect to the
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metric p*, that is, lim,_,c. p* (x,,x) = 0. Again from (1), we have
p(x,x) = lim p (x,,x) = lim p (x,,x,) = 0. 27
n—yoo Nn—yo0

Now, we show that x € Tx. Assume that x ¢ Tx,namely p (x,Tx) > 0. Due to (24), for a {x, } subsequence of {x,}, we
have

p(Tx,x) < p(Tx,Xp41) + P (Xt 1,%) — P (X1, Xn41)
< Hp (Tx,8%n) + p (Xnt1,%)
< ap(x,x,)+b[p(x,Tx)+ p (xn,Sx,)]
+c[p (x,5%0) + p (%0, TX)] + p (Xn11,%)

letting n — oo and taking into account (27), the above inequality satisfy that
p(x,Tx) < (b+c)p(x,Tx).
But this is impossible for a,b,c¢ > 0 and a +2a+2b < 1. Thus, p (x, Tx) = 0. Therefore, from (27), we have
p(x,Tx) =0=p(x,x),

which from (2) implies that x € Tx. Similarly, if we choose for a {x, 2} subsequence of {x,}, we obtain p (x,Sx) = 0.
This completes the proof.

Further, following common fixed point theorem can be given for a contractive condition (28).

Theorem 6.Suppose that (X,p) be a partial metric space and S,T : X — QF (X). If there exists a+b+2c =r € [0,1)
such that

H, (Tx,Sy) < amax {p (x,3),p(x,Tx),p (3 Sy)

+bmax {p (x,Tx),p (»,Sy)}
+clp(x,8y) +p (3, Tx)] (28)

p(x,Sy)+p(»Tx) }
2

for any x,y € X. Then there exist z € X such that z € Tz and z € Sz.

A similar proof verifies that 7 and S have a common fixed point z.
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