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Abstract: This article is concerned with a discrete time Geo/G/1 retrial queue with general retrial times, Bernoulli feedback and the
server subject to starting failures and a vacation. In this article we generalize the previous works in discrete time retrial queue with
unreliable server due to starting failures in the sense that we consider general service with Bernoulli feed back and general retrial times
with single vacation. In this model arrival time follows geometrical distribution and vacation times are generally distributed. In this
model the PGF is derived by using generating function technique and also we obtain the analytical expression for mean queue length
in performance measure. In numerical examples we analyzed the effects of mean queue length in several possible ways.
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1 Introduction

In Queuing models many researchers have found a lot of application in computer communications and manufacturing
systems. Currently many researchers are interested in discrete queue, due to applications in a various slotted digital
communicated systems and other related areas. The analysis of discrete queuing model has received considerable attention
in the scientific literature over the past years because of its applications which are widely used in the real life.

In brief, in telecommunication and computer systems the role of retrial queues is very important and are characterized
by the fact that a customer who leaves the service area and joins a retrial group ( orbit) when the server is busy. In the
customers in the orbit can not receive service immediately, when the server is idle but, it is not so standard queues this is
the main difference between retrial and standard queues. Falm (1990), Falm and Templation (1997), Kulkarni and Liang
(1997), yang and Templation (1987) have discussed on retrial queues and analyzed the fundamental methods on retrial
queues.

In the most of literature the researchers analyze continuous queuing model, but only some of the authors concentrate
on discrete queues since in practice it is applied many systems which shows an inherent genetic slotted time scale (
time shared computing system). Initially, the discrete queues are discussed by Meisling (1958), Bindsall, Ristenbatt, and
Weinstein (1962) and also by powell and Avi — Lizha (1967). In modelling computers and telecommunications the role of
discrete queuing models are the most important when compared with continuous time models. The concept feedback is
initiated by Takacs (1963) which has been widely investigated in continuous time [5,6,7,8, 14,15, 16] whereas it has been
rarely analyzes in discrete time [1].Takacs thinks about that the number of services needed by a customer is geometrically
distributed, that is, after receiving each service a customers quit the system with probability 1-¢ or rejoins the end of
the queue for another service with probability ¢. This phenomenon of feed back has many practical applications. Also,
Atencia, Fortes, and Sanchez (2009) have analyzed a discrete queue with Bernoulli feedback and starting failures.

In this article we have developed a new concept in discrete retrial queue deals with Bernoulli feedback, starting failures
and a vacation. Since the role of vacation in discrete queue with feedback and starting failures has wide application in
many real situations of our life, which is motivated me to develop this article.

The aim of this article is to discuss the problem like that arises in telecommunication systems where messages that
produce errors at the destination are sent again in a call centre, where customers may call again (repeat their service)
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if their problems are completely solved after the service. Also, in the telecommunication system the starting failures
occurred and at the time of starting failures no service is produced to customers and the server also takes a vacation of
random time. This process is the most suitable for our model under consideration.

2 Model Description

In this model we deal with discrete time queuing system where the time axis is splitted into constant length interval of
one unit called slots. In continuous queue the probability of an arrival and a departure occurring simultaneously is zero,
whereas it is not so in discrete queues. Also, in this discrete retrial queue all the queuing activities occur around the slot
boundary. We divide the time axis marked by 0,1,2,...m. Consider the epoch m and assume that departures and the end of
repair times take place just before the slot boundary m ie in the interval (m~,m) and arrivals, retrials, beginning of repairs
and vacations just after the slot boundary ie in the interval (m,m™). That is, we follow an Early arrival system or departure
first policy.

Customers arrival times follow geometrical distribution with probability p and an arriving customer who finds the
server down or busy joins a group of blocked customers called orbit with a FCFS discipline, that is the customer who
is only at head of the orbit is allowed to access to the server. When the server is idle an arriving customer ( external
or repeated) must turn on the service station, if the server has started its service successfully ( with probability « )
the customer has served immediately, otherwise, if the server has started its service unsuccessfully ( with probability
a — 1 — a) the repair time of the server begins immediately and the customer must join the orbit. Also, the server takes a
vacation of random time if no customers present in the system and upon return from vacation if any customer present in
the system the server starts its service otherwise it is idle.

Successive inter retrial times {a;} are generally distributed with generating function A (x) = Y ,a;x/, service
times{s;}, repair times{r;} and vacation times{v;} are also generally distributed with generating function
S(x)=Yr, six, R(x) = Y2, rixt and V (x) = Y2, vix'and n*factorial moments B ,, B2, and B3 ,respectively.

After completion of service the customer decide either to join the retrial group again for another service with
probability 6 or leave the system with complementary probability 6. It is assumed that inter arrival times, repair times,
service times and vacation times are mutually independent. In order to avoid trivial cases, it is also assumed that 0<p<1,
0<v<1 and 0<6<I.

3 Markov Chain

At time m* the system can be described by the markov process {ym;m > 1} with yu = {cm: Eom: Eim» Eoms E3m> N }»
where ¢, denotes the state of the server 0,1,2, and 3 according to whether the server is on vacation, idle, busy and down
respectively and N, represents the number of customers in the retrial group. If ¢,,=0, then & represents remaining
vacation time , if ¢,=1, then &, represents remaining retrial time, if ¢,,=2, then &, , represents remaining service time,
if ¢,,=3, then &, represents remaining repair time. It is clear that {y,,;m > 1} is the markov chain of our queuing model,
whose state space is {(0,i,k),i > 1,k >0,(1,i,k),i > 1,k > 1,(2,i,k),i > 1,k > 0,(3,i,k)i > 1,k > 1}

The limiting probabilities are defined as;

ik = nlzi—IEoPr{Cm =0,6m =1, Nn=k},
ik = nliLrLPr{Cm =16 m=1i, Ny=k},
ik = nlgrLPr{Cm =2,&m =1, Ny=k},
ik = ,},il‘lopr{cm =3,&m=1, Ny=k}.

The Kolmogorov equations for the stationary distributions are;

T,1,0 = pMo,1,0 +PMooi > 1. (D
To,ik = PT i1k T PViTo,1.k + PViTlo1 k+11 > 1. )
10 = P00+ Opm 100 > 1. 3)

© 2021 BISKA Bilisim Technology


www.ntmsci.com/jacm

13 BI s K A Jeyakumar.S, Gunasekaran.P: An analysis of discrete time retrial queuing system with starting failures...

Tix = 0Pa;imo 1 k1 + OPaimo 1 x + P i1k + OPaAT 1 ji1 + OPaA;iT2 1+ PaA;iT3 1 i > 1,k > 1. 4)

ik = PSiOokAT00 + CUPS;To 1 k—1 + OPSiTo,1 x + OPSiT 1 g+1 + (1 — Oox) poLs; Z T jk

5 - A )
+ (1= 8ox) Opotsima 1 k-1 + (O pots; + Opaags;) .1k + OPaoOisiT 1 k-1 + (1 — Sox) Mo i1 k-1
+Dm i1 4+ (1 — Sok) pOLsims 1k + POsiao s 1 411 > 1,k > 0.
T3,k = PriOiOokToo + pri®my | —1 + pri0mo 1 x + (1 — 81x) poir; Z T jk—1 + DOrTy 1 g+ (1 — Oo) O pri®imy 1 k-2
j=1
—_ _ = _ _ (6)
+ (0 pri+ Opaoari) T 1 k-1 + OPQaorify 1 x + (1 — 81x) pOriTs 1 41 + PAagTs
+ (1= 81k) pm3 st k—1 + P03 j—1 ki > 1k > 1.
The normalization condition is
”00+ZZ”0zk+ZZ): ik = 1.
i=1k= j=li=lk=1
To solve above Kolmogorov equations we define generating function and auxiliary generating function as follows:
do(x,2) =Y, Y moiux'z,
i=1 k=0
¢1 (-x7Z> = Z Z T ,i,k-xizka
i=1 k=1
G (x2)=Y Y mux',
i=1 k=0
$3(x,2) =Y, Y ms a2,
i=1 k=1
Po.i (z Z 70,142
(Pl i Z T, sz )
= Z 7T2,i,kzka
k=0
¢3 i Z 3, kZ
In equation (2) multiply both sides by z*and taking summation over k and using (1), we get;
_ p+pz Dvi
Poi (z) = PPoi+1(2) +vifo1 (2) | oo (7)

In the above equations multiply both sides by x‘and taking summation over i and after some algebraic simplifications,
we get;

0062) (57) = ow (@ | PPy (o) - PV Wy, ®
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In equation (4) multiply both sides by z*and taking summation over k and using (3), we get;
$1i (z) = 901 (z) aip (0 + 02) + Pois1 () + 921 (2) aip (62 + ) + Pa; 931 (2) — paiToo. )

In the above equations multiply both sides by x’and taking summation over i and after some algebraic simplifications,
we get

01 (x,z2) (xxp) = ¢o1 (z)P (04 60z) (A (x) —ao) — PP11 (2) + 921 (2) P (6 + 62) (A (x) —ao) +

(10)
$31(2) P (A (x) —ao) — pmoo (A (x) — ap) -
In equation (5) multiply both sides by z¥and taking summation over k and using (3), we get;
_ pos; _

¢ (z) = asigor (2) (P+ pz) + T(I)n (2) + (P + pz) p2i1 (2) + posin (1,2) +

o — (11)
0+0z)(p+pz z—a
BT ) ()

In the above equations multiply both sides by x’and taking summation over i and after some algebraic simplifications,
we get;
pas (x)
Z

o2 52) (D) — o pe) s o )+ 225 gy ) s ) (7L Y g 2)+ pss () 0 1.9

(6+062) (ap+p2) o (2) + 2E99 006 5) 7.

S(x)—(P+p2)

b4 z
(12)
In equation (6) multiply both sides by z*and taking summation over k and using (3), we get;
$3i (z) = 0ri (p+ pz) Po1 (2) + (P+ p2) 931 (2) + pz@rin (1,2) + @ri (pao + pz) 931 () 13

+ (pao + pz) (§+ Gz) ari¢ (z) poridn (z) + p(z— ao) rimoo.
In the above equations multiply both sides by x’and taking summation over i and after some algebraic simplifications,
we get;
x—(p+pz)\ _ _ o _
93 (0,2) (= ) = (P+p2)@R(x) o1 (2) + pzagi (1,2) R (x) + [@(pao + pz) R (x) — (p+ p2)] ¢31 (2)

+ (pao + pz) (6 + 6z) AR (x) 921 (z) + PAR (x) P11 (2) + p (z — ao) OR (x) 7oo-

(14)

Put x = 1 in (10) and after some algebraic simplifications, we get;
¢1(1,2) p =1 (6 +6z) (1 —ao) po1 (z) — po11 (z) + 921 (z) P (6 + 62) (1 —ag) + P (1 —ao) ¢31 () — p (1 — ao) Moo. (15)

Using (15) in (12) and after some algebraic simplifications, we get;

92 (x,2) (X(erpz)) = aS(x) [(7+p2) +7 (0 +62) (1 —a0)] do1 () +PS (x) <1ZZ) o1

(2)+ {HPQOZ(I_Z)OCS(X)] ¢31 (2) + [HM)Z(I_Z)O‘S (x)] 931 (2) (16)
(z+pao (1 —ZZ)) (6 +62) asS(x)— (p+pz)| 1 (Z)+MQS(X) 0.
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Using (15) in (14) and after some algebraic simplifications, we get;

o (1) [“= L] () 2 B+ 02) (1~ an)| R (3) o1 )+ [+ P (1 -] GR) — (- pl o (2

+[z+ pao (1 —2)] (6 + 62) AR (x) $21 (2) + PR (x) (1 —2) P11 (2) + AR (x) ap (z — 1) 7oo-
(17)

Put x=p in (8) and solving for ¢y (z), we get;

.41
W) = GV B =5 ™ {19

Put x=p in (8) and after simplification , we get;

P11 (z) =P (0+62) (A(P) —ao) 901 (z) + P (0 + 6z) (A(P) —ao) 921 (z) + P (A (P) —ao) 931 (z) — p (A(P) —ao) %(01'9)

In equation (16) put x =(p + pz ) and solving for ¢, | (z), we get;
azS(p+pz) [(P+pz) + 7 (6 +62) (1 —ao)] g1 () + &S (p+pz) (1 = 2) pgn1 (2)
o (2) = +[z+Paoz — 1] aS(p+ pz) ¢31 (z) + &S (p + pz) pao (z— 1) mo 20)
{S@+p0)—[(e+Pao(1-2)) oS (p+p2) (6.+ 62)] } '

In equation (17) put x =(p + pz) and solving for ®s ; (z), we get;

[P+ pz) +25 (6 +62) (1 —ag)]| AR (5 + pz) do1 (2) + AR (B + pz) (8 + 62) [z+ Pao (1 —2)] ¢21 ()
031 (2) = +PaR (p+ pz) (1 —2) 911 (2) + AR (p+ pz) (z— 1) apoo on
! {7+ p2) — [(e+Pao (1-2)) AR (5 + p2)]} '

Using (21) in (20) and after some algebraic calculations , we get;

aS(p+p2) [(P+pz) =R (p+ p2)l [(P+ pz) — (1 =2) P (A (P) — a0)]
P@+69) 1 -9 -a (1 +paol -2+ [TER ] }
o1 (z) @R (P+pz) | [22+Pao (1-2)] - - B B
+ [+ p2)+ a0 (1-2)) (B 02)] + | ({2 79) (e pao =P (=) (6+9z)]
P(A(P)—ao) (1 —z) aS(p+ pz) (1+z+pao (1 —z))&R (p+ pz)
(z—1)[p+z+pao(1—2z))|aS(p+ pz) &R (p+ pz) [ao + P (A(P) — ao)| ([(P+ pz) — AR (P + pz)]
+700 § [+ Pao (1 -2)] = (1 =2)P(A(P) —a0)) + AR (P + pz) (z— 1) P(A(P) —ao) + P (A(P) —ao) (z— 1)
[(P+pz) — (z+Pao (1 —2))| S (P+ pz) AR (P + pz) (1 + 2+ pao (1 —z) )R (p + pz)
$21(2) = — — T A 2
2(P+pz) —aS(p+pe) (6 +62) E?tg&(iz?LSOJ(ZO‘_RZ()%FRP(TIBL%JZSP0(1 D
(54 p2) QR+ p2) e+ Pan (1~ 2) — (1) P () - a)l]— | S PP (909 (172)
+[[(P+pz) — (z+Ppao (1 —2))] + [[(P+ pz) — (z+ Ppao (1 —2))| &R (P + pz) (z+ Pao (1 - 2))]]
P(A(P)—ao) (1 =2)aS(p+ pz) (1+2z+pag (1 —z))&R (P + pz) o)
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Using (19) and (22) in (21) and after some algebraic simplification, we get;

(= (p+p2)+2p(9+GZ)(1 ao) [(p+ pz) — (z+Pao (1 —2))| R (p+ pz) (1 —2)
oo1 (2) aR(erpZ){ (6+62) (A hp—s—p)z (z—s—pa(z(l )z))])(ocs(ﬁ+(19z)—)()§+((9z)] ])
= D+Dpz z+pap(1—2))](z+pao(1—2))aS(p+ pz
+7 (6+62) (A(p) —a)z (1 Z)+ [(P+pz)+P(0+62) (1 —ao)] }
o ( ){paS(p+pZ)(1—Z)aR(p+pZ) (0+62) {(1—2)p(A(P) —ao) +P(A(P)—ao
P @R (5 + pz) (+ pao (1 —2)) (6 + 62) (A(p) —ao)
+ﬂ00{a5(p+pZ)aR(p+pZ)(9+92)( 2){(1- Z)P(A(p)ao)+[(p+p1)(Z+pao(1Z))]}}
R (p+ pz) (z+Ppao (1 —2)) [ao — p(A(P) — ao)]

2(p+pz) — (z+Pao (1 —2)) aS (p+ pz) — (6 + 62)
{aS(p+pZ)aR(p+pZ){( 2)P(A(p) —ao )+[(p+p1)—(Z+pao(1—Z))]}}

o) = {Z{[(PJrPZ)(ZJrPao(l T pnl1 =] =1 =701 )
R (p+ ) (-+ Py (1 ~2))2 (8 +62) P4 () )

(23)
The PGF of the model under consideration is obtained from
¢ (z) = o1 (1,2) + 1.1 (1,2) + 2,1 (1,2) + 93,1 (1,2),
0(2) = (o) | PO NG g ) 10220

p(1—ay)  [e+Par(1=2)](0+62) (@+0a2) (p+p2)
> pz(1—2) p(1—-2)

+¢21(2) l

+¢31 (2) [m;%) + (z+pa01()i(—lz_)i§a+az) - %ﬁ” — oo [aO(ap:f )P _ (1 —ao)] .

Where @01 (2), 911 (z) » 921 (z) , 931 (z) are respectively given by the equations (18) , (19) , (22) and (23).

3.1 Steady State Condition

The steady state condition for the model under consideration is given below;

_ 2p[A(P) —adl[pV () —PI[P—V (P)] [2P (1 + @) + (0@) * [A(P) — ao] + P (1 — a0 —P)]
2p[A(p) —aol [PV (p) =PI [P~V (P)] [2P (1 + @) + (@) * [A (P) — a0] +- P (1 —pao — P)]
[V () (2—a0) (1= pao) +ao—pp (1~ )P A (p) —all + [p—V (@)}~
+2[p_v(p)]{2(p) [A () —ao) (@)* (2p+2+2pa) +2(p) >V (p) (1 — ao) [A(p)ao]}

i

)—
\%
+(P)? (1 —ap) a® (2 — pag — ap)

which is obtained from PGF by substituting z =1 and equating to one and it is clearly less than one.
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4 Expected Queue Length

Performance degree of the queue length distribution that is predictable queue length is attained below. The mean of the
queue length is attained by differentiating the PGF with respect to z and then putting z=1,

2(p)2[A(p) —ao] (@) (2p+2+20) + () *v(P) (1 —a0) * (A (P) —ap)
[ﬁ—v(ﬁ)]z Jr(ﬁ)z(l —ap) oo (2—pag—ap) +2[A (P) — ao] [Zﬁ(l +OC)+(OC&)2 [A(p) 7(10” Too
+[p[1—pao—p][pV (p) — P][app|A (P) — ao] +aop (atp + ) — (1 —ao)]]
PV (p)[A(p) —ao)*[[V (p) — PP (a6 — a) —@p[[pV () — Pl + [V (P) — PI]]
2p[pV (P) —P] [2p (1 + ) + (0@) ?
[[Agﬁ)iao]+§(1—ﬁao:P)] B B o .
BV () 7] +ép(‘%§zi)£ltfrp(l +0)[p—V P)]IA(P) —aol[pV (P) —P] [2P (1 + @) + (o) oo
. (P)2[A(p) — ao] (@)% ( )+ (P)?a(p)( )2(A(p) —ao)
_ _ 2(p)°1A(p) —ao|(x@)-(2p+2+2a)+(p)“a(p) (1 —a A(p)—a
+[17_V(l7)]2 —l—(ﬁ)z(l—ao)(?cﬁ(z—ﬁao—ao) 0 0

[P—V )PV (p)—pl2p[A (P) —a][2p (1 +a) + (a@)* [A(P) —a] + P (1 —Pao — )]

4.1 Particular Case

When the vacation is zero and there is no threshold policy the PGF is reduced into

0(z)= f(ﬁ)v(ﬁ+pz)(1*1)[1*S(ﬁerz) 0] -
[vS(P+pz) (6 +62) +VzR(P+p2)] [+ (1 -2)PA(P)] —2(P+pz)

which is the PGF of discrete time retrial queue with starting failures, Bernoulli feedback and general retrial times.

5 Numerical Examples

This section has numerical examples are briefly analyzed in two different cases. In both of these two cases mean queue
length is investigated in following manner,

1.The result on mean queue length when the arrival rate increases.
2.The result on mean queue length when the service rate increases.

Case (I): In case (I), customer arrival times. Service times, vacation times are all geometrically distributed.

1.When the customer arrival rate rises the result on mean queue length is investigated below with the following index
with graph.

Arrival Rate | my | E(Q)
2 .16 | 231
4 33 | 456
5 78 | 837
3 63 [ 1.558
1.0 .86 | 2.130

Index & Graph 1.1 Arrival Rate vs Mean Queue Length.
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We notice that mean queue length increases when arrival rate rises which is inferred by above index and graph.

2.When the server time rises the result on mean queue length is investigated below with the following index with graph.

Service Rate | mgg | Mean Queue Length
0.2 74 178
0.4 .61 | .142
0.6 42 | .044
0.8 32 ] .031
1.0 21 | .004
Index & Graph 1.2 Service Rate vs Mean Queue Length.
0.18Q
S
0.16 ~
.
0.14 L |
£ 012 \
5 \
> 01 1
3 \
G008} \
=
o
= 0.06] b \ 1
0.04 e -
.
0.02 g
0 ; . ©
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Service rate

‘We notice that mean queue length increases when arrival rate rises which is inferred by above index and graph.

Case (II): In case (II) customer arrival times follow geometrical distribution. Service times and vacation times are
follow Poisson distribution.

1.When the customer arrival rate rises the result on mean queue length is investigated below with the following index
with graph.
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Arrival Rate | myo | E(Q)
0 .32 | 0.086
2 48 | 0.294
4 .608 | 0.792
.6 13 1.47

8 88 | 2.26

Index & Graph 2.1 Arrival Rate vs Mean Queue Length.

0.9

0.8

0.7

0.1 g
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Arrival
We notice that mean queue length increases when arrival rate rises which is inferred by above index and graph.

2.When the server time rises the result on mean queue length is investigated below with the following index with graph.

Service Rate | moo | Mean Queue Length
0 92 | 0.298
2 75 0.293
4 .613 | 0.290
.6 45 0.267
8 27 | 0.158

Index & Graph 2.2 Service Rate vs Mean Queue Length.

/
_.1:,

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Service rate
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We notice that mean queue length decreases when service rate rises which is inferred by above index and table.

6 Conclusion

In this article a discrete time retrial queuing system with starting failures, Bernoulli feedback, general retrial times and a
vacation has been analyzed briefly. In this model an analytical expression for PGF is derived by using generating function
technique. In performance measure an expected queue length is derived in analytical expression form and by using this
expression we investigate the length of the queue in several ways. In many real life situation this model is the most
applicable.
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