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Abstract: In the present article, the parameterized degree of countably compactness and having the Lindelof property of a lattice
valued fuzzy soft set, are pictured in terms of implication operation of the underlying lattice. Many fundamental features of countably
compactness and the Lindelof property are observed in the context of lattice valued fuzzy soft sets by regarding the parametrization
tool. It is also shown that an L-fuzzy soft set having the Lindelof property is countably compact if and only if it is compact in the
described manner.
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1 Introduction

The soft set theory, initiated by Molodtsov [24] in 1999, is one of the mathematical methods that aims to describe
phenomena and concepts of ambiguous, undefined and imprecise meaning. The fuzzy soft set theory which is obtained
by including softness to the fuzzy sets defined by Maji et al. [23], opened a new perspective for researchers working on
diverse areas. Nowadays, it is not surprised to see papers on both of theoretics and applications inspired by the soft set
and the fuzzy soft set theory [1,2,3,8,13,22,25,26,33,34].

As we all know in general topology, the notion of compactness is sort of a topological generalization of finiteness. The
notion of compactness has been applied to crisp-fuzzy case by Chang [10] by means of open covers. Afterward, many
researchers have successfully generalized the compactness theory of general topology to fuzzy setting in different aspects
[20,21,29,30,32]. The compactness theory has been extended to the fuzzy soft universe by Cetkin et al. [12]. Later in her
seminal papers Cetkin [14,15] have presented the parameterized degree of semi-precompactness and the compactness in
the fuzzy soft universe. The definitions of countable compactness and the Lindel6f property in L-topological spaces have
been introduced by Shi [31]. Besides we refer [4,5,6,16,17] for the compactness in the soft unverse.

This paper aims to describe the parameterized degree of fuzzy countably compactness and the Lindelof property as a
continuation of the studies related with parameterized degree of compactness [14,15]. In this manner the article is
arranged as follows. In section 2, we recall some lattice theoretical definitions and basic notions and notations necessary
for the whole paper. In section 3, we present the notion of countably compactness degree of an L-fuzzy soft set and
discuss the elementary features. In the last section, we picture the notion of Lindelofness degree of an L-fuzzy soft set
with its properties. In conclude, we investigate the relations among parameterized compactness degree, countably
compactness degree and the degree of having the Lindelof property.
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2 Preliminaries

Throughout this paper, X refers to a nonempty initial universe, E,K denotes the arbitrary nonempty sets viewed on the
sets of parameters and L = (L,V,A,”) denotes a complete DeMorgan algebra with the smallest element Oy, and the largest
element 1;. With the underlying lattice L, a mapping A : X — L is said to be an L-fuzzy set on X and by LX, we denote
the family of all L-fuzzy sets on X.

Let o, B and y be elements in L. An element & in L is said to be coprime if a < 8V v implies that &« <  or a < 7. The
set of all coprime elements of L is denoted by ¢(L). We say « is wedge below 3, in symbols, o <1 8 or B > «, if for every
arbitrary subset D C L, VD > 3 implies a < d for some d € D. As shown by Raney [27] a complete lattice L is
completely distributive if and only if § = \/{a € L | a <} for each f € L. The wedge below operation in a completely
distributive lattice has an interpolation property, this means @ <1 8 implies there exists y € L such that & <1y <1 . For the
details of lattices, see [18].

The binary operation — in the complete DeMorgan algebra L is given by a — B =V{y € L| a Ay < B}. For all
o,B,y,0 € Land {o;},{B;} C L, the following properties are satisfied:

() (a=B)>vyiffany<p.
2 a—=p=1piffa <p.

3) am (AiBi) = Nila— Bi).
@ (Vi) = B =Ni(ai— B).

The parameterized version of an L-fuzzy set is called an L-fuzzy soft set and it is defined as follows.

Definition 1. [23] f is called an L-fuzzy soft set on X, where f is a mapping from E into LX. This means that
fe:=f(e): X — L, is an L-fuzzy set on X, for each parameter e € E.

The family of all L-fuzzy soft sets on X is denoted by (L¥)E.

From now on, for a subfamily % C (LX)E , the symbols 2(%) and 21%! will demonstrate the set of all finite subfamilies
and countable subfamilies of %/, respectively.

Definition 2. [7,23,28] Let f and g be two L-fuzzy soft sets on X, then

(1) We say that f is an L-fuzzy soft subset of g and write f C g if f, < g,, for each e € E. f and g are called equal if
fEgandgC f.

(2) The union of f and g is an L-fuzzy soft set h = fLIg, where h, = f,V g, foreache € E.

(3) The intersection of f and g on X is an L-fuzzy soft set h = f g, where h, = f, A\ g., foreach e € E.

(4) The complement of an L-fuzzy soft set f is denoted by f’, where f’: E — LX is a mapping given by f! = (f,)’, for
each e € E. Clearly (f')' = f.

Definition 3. [28]

(1) An L-fuzzy soft set f on X is called a null L-fuzzy soft set and denoted by 0, if fe(x) =0, foreach e € E and x € X.
(2) An L-fuzzy soft set f on X is called an absolute L-fuzzy soft set and denoted by 1,if fe(x)=1,foreache € E,x € X.
Clearly (1)) =0and 0/ = 1.

Definition 4. [14] The fuzzy soft inclusion [ C | : (LX) x (LX) — L is defined by the following equality

/el = A\ A (fix) Vge(x)).

xeX ecE
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Definition 5. [19] Let ¢ : X; — X; and y : E; — E; be two functions, where E| and E; are parameter sets for the crisp
sets X1 and X, respectively. Then the pair @y is called an L-fuzzy soft mapping from X to X>. Let f and g be two L-fuzzy
soft sets on X; and X», respectively.

(1) The image of f under the L-fuzzy soft mapping @y, denoted by @y (f), is an L-fuzzy soft set on X, defined by for all
ke E,y€ X,
V V fulx), ifxeo l(y),acy k),
Py (Fr(y) = § o=y yla)=
0, otherwise.

(2) The pre-image of g under the L-fuzzy soft mappin , denoted by ¢! g), is an L-fuzzy soft set on X; defined b
p g y pping @y Y Py y y
(pv*,1 (8)e(x) = 8y(e)(@(x)), for all e € Ey, x € X;. If @ and y is injective (surjective), then @y, is said to be injective
(surjective).

Definition 6. [11] A parameterized family .7 = {7 }rex of Z; C (LX) which satisfies the following properties for each
k € K is called an (E, K)-soft L-topology on X:

(S 0,1 € F.

(S2)If f,g € G, then fMg € F.

(S3)If {fi}ier C Zk-then | | f; € T

icel’
The pair (X,.7) is called an (E, K)-soft L-topological space. f is called open according to k € K if f € J}, and it is called
closed according to k € K if f' € .

Definition 7. [9] A mapping 7: K — LE" is called an L-fuzzy (E,K)-soft topology on X if it satisfies the following
conditions for each k € K.

O 7(0) = (1) = 1..

(02) %(fNg) > w(f) A(g), forall f,g € (L¥)E.

03) %(| ] fi) > N\ w(fi), forall f; € (LX)E i € A.

icA icA
Then the pair (X, ) is called an L-fuzzy (E,K)-soft topological space. The value 7;(f) is interpreted as the degree of
openness of an L-fuzzy soft set f with respect to the parameter k € K. The parameterized gradation of closedness of f is

computed as 7 (f) = 7 (f'), where f’ denotes the complement of the L-fuzzy soft set f.

Let % be a subfamily of (LX) then the value 7, (%) = /\ T.(f) will be called the parameterized openness degree of
few
the subfamily % C (LX)F with respect to the parameter k € K.

Remark. [14] 1t is clear that if .7 = {9} }1ek is an (E, K)-soft L-topology on X, then the mapping 7 : K — L) defined
by t(k) := & = X, is an (E,K)-soft L-topology on X, where

1, ithe .,

XTk (h) = .

OL, if h € %
Example 1. [12] Let L = {(0,0),(1,1)} U{(a,0),(0,b), (a,a) | a,b € (0,1)}.” < is defined as follows: (m,b) < (n,d)
if and only if m < n and b < d. Define an order reversing involution ' : L — L is as follows: for each x,y € (0,1),
(x,0) = (1 —x,0),(0,y) = (0,1 —y),(x,x)’ = (1 —x,1—x) and (1,1)’ = (0,0). Then (L,<,") is a complete DeMorgan
algebra. Let X = {x,y},E = (0,0.5] and f,(x) = f.(y) = (e,0), g.(x) = g.(y) = (0,¢) and h.(x) = h.(y) = (e,e) for each

e € E. Define a mapping 7: E — LI a5 follows:
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(1,1), ifue{0,1,h};
(670)7 ifu=f,

Te(u) = )
(an)a ifu=g;
(0,0), otherwise.

Then 7 is an L-fuzzy (E,E)-soft topology on X .

Definition 8. [9] Let (X;,7!) be an L-fuzzy (Ej,K))-soft topological space and (X»,7?) be an L-fuzzy (Ez,K3)-soft
topological space. Let ¢ : X; — Xo, ¥ : E; — E» and 1) : K| — K» be functions. Then @y p : (X1,7') — (X2, 72) is said to
be continuous if 7} (¢,,'(g)) > r;‘;(k) (g) forall g € (LX2)E2 k € K;.

Lemma 1. [12] Let ¢ : X1 — Xo, W : E| — E> and 1 : K1 — K; be three crisp functions. Then for each subfamily % C
(L*2)E2 | the following equality is satisfied.

YAY <¢w<g>;<y>A A fk<y>) BRVAY <gz<x>A A %‘(f)e(x)).

kEE, yeX) few e€E| xeX| few

Definition 9. [15] Let /X, t) be an L-fuzzy (E,K)-soft topological space and g € (L*X)E. Then the compactness degree of
g with respect to the parameter k is defined as follows.

comi(k,g)= N (w@)= (sENV %]~ \ sEV 7).

U <(LX)E v e)

3 Parameterized Degree of Countably Compactness

In order to generalize the notion of countably compactness to the fuzzy soft universe by means of fuzzy-fuzzy case, let us
consider the following definition which gives us the parameterized version of the fuzzy-crisp case. Throughout this study,
the collection of all countable subfamilies of (LX)E will be denoted by the symbol €' (LX )E.

Definition 10. Let 7 = {7 }1ex be an (E,K)-soft L-topology on X and h € (LX)E. The L-fuzzy soft set h is said to be
countably compact in (X,T), if for each k and each countable open k-cover % C Jj. of h there exists a finite subfamily
¥ C 9 which covers h, i.e.,

mc\/ 7)< \/ e\ 7]

Ve %)
This means that

ez <\ hE 7] & eV Z]< ) hEV V) =1

v e?) v ea?)

For each k € K, % C . countable, we define 7 (%) = 1r, where 7, (%) = /\ X7 (f). Hence we may infer that
few
h € (LX)E is countably compact according to the parameter k, if and only if for every countable subfamily % C € (L¥X)E,
it follows that
x7(%) <[hEN z1 <\ [hE\/ Y]]

v e2%)

In the light of the similar observations, we may present the parameterized degree of countably compactness in the context
of lattice valued L-fuzzy soft sets in the following manner.
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Definition 11. Let 7: K — LEY" be a map and g € (LX)E. Define such a map € com; : K — L g follows.

Ceome(kg)= N\ [w@)<[sE\ %< \ [gEV 7]

U 6 (LX)E v e )

= N (@)= (EV %~ \ EVY])
WU CE(LX)E v e )

= A (Aa®)= ANV V @)=\ A ANV k)
U CE(LX)E hew xeX ecE he¥ (%) xEX e€E hey

If (X,7) is an L-fuzzy (E,K)-soft topological space, then the value € comy(k,g) is called the countably compactness
degree of g with respect to the parameter k. So g is said to be countably compact L-fuzzy soft set with respect to k if
€ comy(k,g) = 1p. In this manner, the countably compactness degree of g in the whole space (X, 7) is computed by the
value G com(g) = Nrex Ccomz(k,g). So the L-fuzzy soft set g is said to be countably compact in the fuzzy soft space

(X,7) if €com(g) = 1. Hence if €com(1) = 11, then the whole space (X, 7) is said to be countably compact.

According to the properties of implication operation —, the following lemma can be proved.

Lemma 2. Let (X, T) be an L-fuzzy (E, K)-soft topological space, g € (LX)F and k € K. Then € com(k,g) > a if and only
if for each countable subfamily % € € (LX)E,

W) AN Z ha< \] [EV 7],

yea)

Theorem 1. Let (X, T) be an L-fuzzy (E,K)-soft topological space, k € K and g € (LX)E. Then we can characterize the
parameterized countably compactness degree by the following equality.

‘Kcomf(k,g):\/{aEL|Tk(%)/\[gi\/%]/\ag \/ [gi\/V/],VOZ/Q(f(LX)E}.
v e %)

Proof. The claim of the theorem is proved via Lemma 2.

According to the following theorem, we may say that each compact L-fuzzy soft set is also countably compact.

Theorem 2. Let (X,T) be an L-fuzzy (E,K)-soft topological space and g € (LX)E. Then the relation between the
parameterized degree of compactness and the parameterized degree of countably compactness of g is as follows

come(k,g) < Ccom;(k,g), forallkeK.

Proof. 1t is straightforward by the Definitions 9 and 11, and therefore omitted.

The following result shows that he union of two countably compact L-fuzzy soft sets is countably compact too.

Theorem 3. Let (X, 1) be an L-fuzzy (E,K)-soft topological space and g,h € (LX)E. Then the following inequality is
satisfied for each k € K,
Ccomy(k,gUh) > Ccomy(k,g) NCcomy(k,h).
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Proof. Let g,h € (LX)F and k € K be given, then

Geome(k,gUh) =\/{a e L| u(Z) N [(gUMEN/ Z]na< | [(gUWE\ V], Y% C (LX)}
=\/{a6L|fk(%)A[gE\/%M[hi\/%]VAEZ/S V EEVVINKEN Vv (LX)}
>\/{aeL|w(@)NEN % na< V [gﬁvzjfj% CE(L*)"}

MNA{aeL|w(#)NRE\ %) Na !Eij W\ V1 VU C ¢ (LX)F}
— Ccom(k,g) NE comy(k,h). my

Hence this completes the proof.

The following result regards the intersection of a countably compact L-fuzzy soft set and a closed L-fuzzy soft set, is
countably compact.

Theorem 4. Let (X, T) be an L-fuzzy (E, K)-soft topological space and g,h € (LX)E . Then the following inequality is valid
foreachk € K,
Ccome(k,gMh) > Ecom(k,g) ANt (h).

Proof. Let g, h € (LX)F and k € K be given, then

%com,au(k,gl‘lh):\/{aEL|Tk(%)/\[(gl_lh)i\/%]/\ag \/ [(gl_lh)i\/“//],v%g‘f(Lx)E}

v e
=\{aeL|w(@)NgEW U\ %|Na< \/ [sCH U\ V] V% C€(L*)F}
vex?
>{anti(h) | w(Z)NgEN %Ing< \| BEN V]V C 6 (L¥)"}
ye2%)

> Gcomi(k,g) Nty (h).

Hence this completes the proof.

Corollary 1. Let (X,T) be an L-fuzzy (E,K)-soft topological space. Then for each g € (LX) the relation between the
k-parameterized degree of countably compactness of g and the degree of being closed is as follows:

Ccom(k,g) > %comr(k,T) AT (8)-

The following result regards that the property of being countably compactness of an L-fuzzy soft set is preserved under
continuous L-fuzzy soft mapping.

Theorem 5. Let ¢y : (X1,7') — (X2, 7%) be a continuous L-fuzzy soft mapping between L-fuzzy (E1, K, )-soft and L-fuzzy
(Ea, K»)-soft topological spaces. Then for each k € Ky and g € (L*1)F1, we have

Ccomy (k,g) < Ccomp(n(k), Py(g))-
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Proof. Let k € K1 and g be a fuzzy soft set on X; with the parameter set E1. Then one gets

Geoma (k). 9y () = Via € L| 2 (%) Moy QEN Z]na< ] [py(@)E\ 7]V C6(1%)")

Va=rXx4
>\/Aal| (teloy, (2)NEN @, (%) ha< \] [BE\ @, ()].V% C€(L*2)"2}
Ve
>\/{aeL |t (2)NgE\ PIha< \/ [sC\/ 2 VP € €(L5)F1}

#e2”
= Ccom (k,g).

Hence the proof is completed as desired.

4 Parameterized Degree of the Lindelof Property

In this section, we gain the extension of the parameterized degree of Lindelof property with its fundamental properties.

Definition 12. Let 7 = {7 } ek be an (E,K)-soft L-topology on X and h € (L*X)E. The L-fuzzy soft set h is said to have
the Lindeldf property in (X, ), if for every k and every open k-cover % C . of h there exists a countable subfamily
¥ C U which covers h, i.e.,

ez < ) eV 7).

¥ e2l?|

This implies that
EN 21< \/ hEN V] =11, forany % C .
v e

Hence we may infer that h € (LX)E has the Lindeldf property according to the parameter k, if and only if for every
subfamily % C (L*X)E, it follows that

x7 (%) <Nz < \/ e\ 7]
el

In the light of the similar observations, we may present the parameterized degree of having Lindeldf property in the
context of lattice valued L-fuzzy soft sets as follows.

Definition 13. Let 7: K — LEY" be a map and g € (LX)E. Define such a map Lip; : K — LY gs follows.

Lip:(kg)= N [w(@)<[sE\VZl< \ [gEV7

U C(LX)E e

= A @@)~(EV 2]~ \ gEV7])
U C(LX)E v e2l?|

= A (Aam)= (A AoV V @)=\ A AV k()
U C(LX)E hew xeX ecE he yep|%| xeX ecE hey

If (X, 7) is an L-fuzzy (E,K)-soft topological space, then the value Lip.(k, g) is called the parameterized degree of having
Lindeldf property of g with respect to k in (X, T). So g is said to have Lindeldf property with respect to k if Lip;(k,g) = 1.
In this manner, the Lindeldfness degree of g in the whole space (X, T) is computed by the value Lip-(g) = Niex Lip<(k, g).
So the L-fuzzy soft set g is said to has Lindeldf property in the fuzzy soft space (X, T) if Lip;(g) = 1. Hence if Lipf(T) =1z,
then the whole space (X, T) is said to be Lindeldf.
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Analogous to the parameterized degree of the countably compactness, we gain the following results.

Lemma 3. Let (X, T) be an L-fuzzy (E,K)-soft topological space, g € (L*)E and k € K. Then Lip.(k,g) > a if and only if
for any % € (LX)E,
w(#)NgEN Zha< \/ [gEV 7]

¥ e

Theorem 6. Let (X, T) be an L-fuzzy (E,K)-soft topological space, k € K and g € (LX)E. Then we can characterize the
having parameterized degree of Lindeldfness by the following equality.

Lipe(k,g) =\/{a e L| n(Z)N[gEN %] ha< \/ [sT\/ V]V % C (L¥)F}.
el

Theorem 7. Let (X, ) be an L-fuzzy (E,K)-soft topological space and g,h € (LX)E. Then the following inequality is
satisfied for each k € K,
Lipc(k,gUh) = Lipz(k,g) ALipz(k,h).

Theorem 8. Let (X, T) be an L-fuzzy (E,K)-soft topological space and g,h € (LX)E. Then the following inequality is valid
foreachk € K,

Lip:(k,gMh) > Lipc(k,g) A le (h).

Corollary 2. Let (X, 1) be an L-fuzzy (E,K)-soft topological space. Then for each g € (LX)E the relation between the
k-parameterized degree of having Lindelof property of g and the degree of being closed is as follows:

Lipc(k,g) > Lil’r(kj) AT (8)-
The following result shows that an L-fuzzy soft set which is both countable compact and has Lindel6f property is compact.

Theorem 9. Let (X,T) be an L-fuzzy (E,K)-soft topological space and g € (LX)E. Then the relation among the

parameterized degree of beng compact, countably compact and Lindelofness is as follows
Lip:(k,g) N€come(k,g) < comi(k,g), foranyk K.

Proof. Let a € ¢(L) such that a < Lip;(k,g) A € com.(k,g) be satisfied for any k € K. Suppose for any % € (LX),
since a < Lip;(k,g) and a < €coms(k,g), we have that (%) A [gE\ %] Aa < Vy el [¢EV ¥, by Lemma 3. Since
¥ €21l thatis ¥ € €(LX)E, then 7(% ) < 1(¥) and hence, T(¥) A[gEV ¥] Aa < Vopern) [¢C\V#] by Lemma 2.
Further we get the following

Tk(%)/\[gg\/%]/\agrk(%)/\ \ [gi\/”f/]/\ag \ (Tk(”I/)A[gE\/V]/\a)

v el | v e2l?|
<\ \V EV7]| < V EV7]= \V [C\V/7]
el \wea”) we%) v e)

This inequality implies the fact that (7(%) Aa) < ([giv%} — VV€2(y/)[g§V“V]), for any % C (LX)E. By the
implication operation properties, we may conclude that a < (%) — ([gEV %] — \/7/62<%)[8§V“f/]), for any
% C (LX)E. This completes the proof as desired.
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5 Conclusion

In the present paper, the parameterized extensions of the countably compactness and the Lindelof property have been
identified and investigated. Hence, we suitably transferred most useful compactness types to the graded parameterized
universe named fuzzy soft space. We are hopeful that our theoretical investigations will be helpful for the applied
researches.
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