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1 Introduction

Several authors [1-5] have investigated the theory of neutral differential equations in Banach spaces. A neutral functional
differential equation is one in which the derivatives of the past history or derivatives of functionals of the past history are
implied as well as the present state of the system. Neutral differential equations emerge in problems dealing with electric
networks containing lossless transmission lines. Such networks appeared, for example, in high speed computers where
lossless transmission lines are applied to interconnect switching circuits.

To make the use of the method of semigroups, Pazy [6] examined the existence and uniqueness of mild, strong and
classical solutions of semilinear evolution equations. Balachandran et al. [7] analyzed the existence of results for nonlinear
abstract neutral differential equations with time varying delays of the form

4 [x(O)+F(t, x(1), x(b1(£)) ..., x(b (1)) =Ax () + G (¢, x(1), x(a1 (2)), ..., x(ax (1)),

dx ey
x(0) = xo,

where t € J = [0, a], A is the infinitesimal generator of a compact analytic semigroup of bounded linear operators
T(¢) in a Banach space X by employing Schaefer fixed point theorem. The same class of neutral equation with nonlocal
condition is also investigated by Fu and Ezzinbi [8] by applying Sadovskii’s fixed point theorem.

The nonlocal Cauchy problem was first evaluated by Byszewski [9]. The significance of the problem comprises in
the fact that it is more general and has a finer effect than the classical initial condition. In the past many years, theorems
about existence, uniqueness and stability of differential and functional differential abstract evolution Cauchy problem with
nonlocal conditions have been worked by different authors [10, 11].

The authors [12, 13] studied the existence of solutions for neutral functional integrodifferential equations in Banach
spaces. Recently, Manimaran et al. [14] examined the existence of solutions for neutral functional integrodifferential
evolution equations with nonlocal conditions by applying the fractional power of operators and Sadovskii’s fixed point
theorem. Kumar et.al [15] proved the mild solution of the impulsive fractional integrodifferential equation with
nonlocal conditions in Banach spaces by using fractional calculus and fixed point theorem. Munusamy et. al [16]
showed the existence of solutions for some functional integrodifferential equations with nonlocal conditions to
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establish the results by using the resolvent operator theory and Sadovskii-Krasnosel’skii type of fixed point
theorem. The authors [17, 18] established the existence as well as controllability results of different classes of
integrodifferential equations in abstract spaces.

In the following paper, we investigate the existence of mild solution of the evolution equation of the form

L (1) 4 F (0 0(6), x(b1 () ooy 3 (b (0))] +A¥ (1) = G, x(0), x(a1 (1), ... x(as (1)

dx
+H (z, x(1), /Ork(t, s, x(s))ds, /0
x(0) + h(x) = xo,

Tg(l, s,x(s))ds),tEJ:[O7 7], )

where —A generates an analytic semigroup and F, G, H, k, g, h are given functions to be specified later. The findings
are the generalization and continuation of some results (see [6—8] ).

2 Preliminaries

All over the paper X will be a Banach space with norm|| . ||. Let -A be the infinitesimal generator of a compact analytic
semigroup of uniformly bounded linear operators S (¢). Assume that 0 € p (A), then define the fractional power A%, for
0 < a < 1, as a closed linear operator on its domain D (A%). Also, the subspace D (A%) is dense. Additionally, D (A%) is
a Banach space under the norm

Illq = A%, x € D(A%). @)

which is expressed by Xy. Then for every 0 < & < 1, Xy — X for 0 < f < a < 1 and the imbedding is compact whenever
the resolvent operator of A is compact. The properties will be used for the semigroup S (¢) which is given below.

1.There is a M > 1 such that ||S(¢)|| <M foreach0 <7 < T;
2.For any o > 0, there exists a positive constant Cy, such that

C
\|Aa5(t)||§t—a°‘ ,0<t<T. 4)
We assume the conditions which are given below:

(A1) F : [0, T] x X™*! — X is a continuous function, and there exists 8 € (0, 1) and Ly, L, > 0 such that the function
APBF satisfies the Lipschitz condition:

HABF(sl, X0, X15-- -, Xm) —APF (59, %0, X1,..., Xm)H <L (|s1 — 52| + _max m||xl-—X,-|| ) , ®)
forany 0 <sy, 52 <T,x;, x;€X, i=0, 1, 2, ..., m; and the inequality
[4PF (5, 20, 31,0 )| < o (max (el = 0,1, om} +1), ©)

holds for any (¢, xo, X1, .., Xn) € [0, T] x X"+1,
(A2) The function G : [0, T] x X"*! — X fulfills the following conditions:

1.For each t € [0, T, the function G (¢, .) : X"*! — X is continuous and for each (xo, x1,..., x,) € X"*! the function
G (., x0, X1,---, Xy) : [0, T] — Xis strongly measurable;
2.For each positive number p € N, there is a positive function g, € L! ([0, T]) such that

sup |G (t, x0, X155 x0) || < gp(F)
Ixoll, s el <p

and (7
1 (T
timinf [ g, (5)ds =y <<
Jiminf J ) 8p(s)ds =m
(A3)The function H : [0, 7] x X x X x X — X satisfies the following conditions:

1.For eacht € [0, T], the function H (,.,.,.) : X XX xX — X andforallx, y, z€ X,H (., x, y, 2) : [0, T] — Xis strongly
measurable.
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2.For each positive number r € N, there exists a positive function g, € L' ([0, T]) such that

(s 500, [ mx(@nan, [ et wx@nas) | <400
and ®)

sup
[l <r

r—eo

1 /T
liminff/ qr(s)ds =1 < oo.
0

(A3)aj, bjeC([0,T]; [0, T]),i=1,2,...,n, j=1,2, ..., m;h € C(E;X). Here and hereafter E = C ([0, T];X), and
h satisfies that

1. There exist positive constants L3 and L3 such that || (x)|| < L3 ||x|| + L3 for all x € E;
2.h is a completely continuous map.

Theorem 2.1. (Sadovskii’s Fixed Point Theorem [19])

Let P be a condensing operator on a Banach space X, i.e., P is continuous and takes bounded sets into bounded sets, and
o (P (D)) < (D) for every bounded set D of x with ¢« (D) > 0. If P(E) C E for convex, closed and bounded set E of X,
then P has a bounded point in E (where o (.) denotes the Kuratowski’s measures of non-compactness).

3 Existence of the Mild Solution

Definition 3.1. A continuous function x (.) : [0, T] — X is said to be a mild solution of the nonlocal Cauchy problem (2), if
the function AS (1 — ) F (s, x(s), x(b1(s)), ..., x(bm(5))), s € [0, T)is integrable on [0, T) and the following integral
equation is verified:

x(t) = S8(t) o+ F (0, x(0),x(b1(0)), ... x(bm (0))) =h(x)] = F (1, x(1), x(b1 (1)), ..., x(bm (1)))
+/0 AS({t—s)F (s, x(s), x(b1(s)), ..., x(bm(s)))ds—i—/o S(t—5)G (s, x(s), x(aj (5)), ..., x(an(s)))ds ©)
.t 5 T
—I-/O S(t—ys) [H (s7 x(s), /0 k(s, T, x(1))dr, /0 g(s, T, x(T))dr)]ds.

Theorem 3.1.If assumptions (A;)-(A4) are satisfied and xo € X, then the nonlocal Cauchy problem (2) has a mild
solution provided that

C,_pThP
Lo:=|(M+1)My+ B L <1 (10)
and
C,_pTP
MoLy +M (L3 +MoLy + 71 + ) + Lo 5 <1, (11)
where My = HA’B H
Proof : For the sake of brevity, we rewrite that
(t, x(1), x(b1 (1)), ..., x (b (1)) = (2, V(1))

and (12)
(t, x(1), x(a1 (1)), ..., x(a, (1))

Define the operator ¥ on E by the formula

|
—
~

<
—~

~
~—
~—

(yx)(t) =S(t) [xo+F (0, v(0)) —h(x)] — F (¢, v(t))—l—/otAS(t—s)F(s, v(s)) ds —I—/OIS(t—s)G(s7 u(s))ds

—l—/OIS(t—s) [H (s, x(s), /Osk(s, ¢ x(0))dr, /OTg(s, . x(r))d»cﬂ ds, 0<1<T. -
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For each positive integer p, let
D,={x€E:|x(t)]|<p, 0<t<T}. 14)

Then for each p, D, is obviously a bounded closed convex set in E. Since by (4) and (5) the following relation holds:

148 (£ =) F (5, v()| < [P (1 —5)APF (5, v(s))| < (f)ﬁﬁL (p+1), as)

then from Bocher’s theorem [20] it follows that AS (t —s) F (s, v(s)) is integrable on [0, T], so y is well defined on D,,.
We claim that there exists a positive integer p such that wD, C D,,. If it is not true, then for each positive integer p, there
is a function x,, (.) € D, but yx,, ¢ D, , that is || yx,, (t)|| > p for some ¢ (p) € [0, T], where 7 (p) denotes 7 is independent
of p.On the other hand, we have

p< H(pr) (t)H = Hs(t) [xo —h(x) +F (0, vy (0)] = F(t, Vp(t))ﬁL/OtAS(t*S)F(Sv vy (s)) ds

—|—/(:S(I—S)G(s, up(s))ds—F/OtS(t—s) {H (s, % (5), /O‘Yk(s, 7, %, (7)) dr, /OTg(s, T, xp(’c))dr)] ds

< (IS 0) o~ (xp) + F (0, v, (O] + [[4=PAPF (1, v, (1) +\

/OZAI’ﬁS(t—s)ABF(s, vp(s)) ds

¢ ¢ s T (16)
+ /S(t—s)G(& () ds +H/ S(t—s) {H(& xp(s),/k(s, z, xp(r))dr,/ g(s, 7, xp(r))dr)]ds
0 0 0 0
L +MoLa (p+1 " Cip r !
SM[||)C()||-|-L3P+L3+ ol (p+ )} —|—M0L2(p+1)+/0 WIQ(P‘*‘U dS+M/O g,,(s)ds—l—M/O qr(s)ds
t—s
/ Tﬁ T T
< (Il + Lap L]+ MoLa (p 1) (M4 1)+ - C_ L (p+1)+M [ gy (s)ds M [ ar(s)ds
Dividing into both sides by p and taking the lower limit as p — oo, we get
T8
MLz + MoloM + MyL, + FCI,ﬁLz +Mn+Mp>1,
B 17
= MoLo +M (L3 +MoLa + 71 +p) + FCI—ﬁLZ > 1.

This contradicts (11). Hence, for some positive integer p, we must have D, C D,.

Next, we will show that the operator y has a fixed point on D, which implies equation (2) has a mild solution. To this
end, we decompose ¥ as ¥ = Y + Y, where the operators Y, Y, are defined on D), respectively, by

(yix) (1) =S () F (0, v(0)) —F (¢, v(z‘))—f—/otAS(t—s)F(s7 v(s))ds
and

(yax) (1) = S (2) [xo — h (x)]
“v‘./OtS(l‘—S)G(S, u(s))ds—l—/otS(t—s) [H (s, x(s), ./Osk(s, 7, x(7))dT, /OTg(s7 T, x(r))dr)} ds ,

(18)

for 0 <t < T, and we will verify that y; is a contraction while Y, is a compact operator.
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To prove that y; is a contraction, we take xi, x € D). Then for each ¢ € [0, T] and by condition (A;) and (10), we
have

1(y121) (1) = (Wax2) (| < IS (@) [F (0, w1 (0)) = F(0, va (OD][[ +[F (1, vi (1)) = F (1, v2 (1))

+ (:AS(t—s) [F (s, v1 () — F (5, va (5))] ds
< (M+1) MLy sup i (s) —x2 (s ||+/ gl sup i (s) w2 (s)]] ds 19
0<s<T 0<s<T

<L

Cy_pTP
(M+1)My+ B sup ||x1 (s) —x2 ()| <Ly sup |jx1(s) —x2(s)|| -
0<s<T 0<s<T

Thus [[yxr — yxa|| < Lo [lxr —x2l.
So by assumption 0 < Lo < 1, we see that y is a contraction.

To prove that y» is compact, firstly we prove that y, is continuous on D),. Let {x,, } C D), with x,, — xin D,,, then by(A>) (i),
we have

G (s, uy(s)) = G(s, u(s)), asn — co. (20)

H (t, Xn (1), /Otk(t, s, xn (s))ds, /OTg(t, 8, Xn (s))ds) —H (t, x(1), /Otk(t7 s, x(s))ds, /OTg(t, s, x(s))ds) )

asn — oo,
2D
Since |G (s, u, (5)) —G (s, u(s))| < 2gp(s) and
H <t Xn (2 / k(t, s, x,(s))ds, / g(t, s, x,(s))ds ) —H(t7 x(t), /Otk(t, s, x(s))ds, /OTg(t, s, x(s))ds) ‘<2qr(s),
(22)

by the dominated convergence theorem, we have

Iexa—yaxl = sup IS 1 () () +/s (t—)[G (s, un (5)) — G (s, u(s))]ds +/OtS(t—s)><

[H(s, % (5). /OSk(s, z, x,,(r))d’c,/o gs, 7, xn(’c))dr> —H(s,x(s),/o‘k(s, 7, x(1))dx, /OTg(s, r,x(’c))d’c)]ds

— 0, as n — oo i.e. Yhis continuous.

(23)
Next, we prove that {l//zx 1x € D[,} is a family of equicontinuous functions. To see this we fix #{ > 0 and let r, > #
and € > 0 be enough small. Then

1y (1) = () ()] < 15 02) =S ()l o~ )|+ [ 1502 =5) = (1 =) |G, w(s)l s

1

+ ] 18 =s) =S =9)llIG(s, M(S))Ila'er/t:2 15 (22 = $)[I1G (s, uls))|l ds

e £||s (2=5) == [ (5,460, [(kGs. 7 x@)m. [ e(o, 7 (et
+ " Is(2=5) =S —9)| H ( /ks’cx d‘c/gsrx d)
+/ ||St2—s|H (sx /ksrx d’c/gs‘rx dr)

© 2021 BISKA Bilisim Technology
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Noting that ||G (s, u(s))|| < gp(s) and g, (s) € L', we see that ||(yax) (t2) — (y2x) (#1)]| tends to zero independent
of x € D, as t) —t; — 0 since the compactness of S(z) ( > 0) implies the continuity of S(z) (¢ > 0) in ¢ in the uniform
operators topology. We can prove that the functions y»x, x € D, are equicontinuous at t = 0. Hence,y, maps D), into a
family of equicontinuous functions.

It remains to prove that V (r) = {(y2x) (t) : x € D,} is relatively compact in X. V (0) is relatively compact in X. Let
0 <t <T befixed and 0 < € <t. For x € D, we define

1—€

(Y2, ex) (1) = S (1) [xo — h (x)] + A S(t—s)G(s, u(s))ds
+/Ot_85(tfs) {H <s, x(s), /Osk(s, 7, x(7))dx, /OTg(s, 1', x(r))drﬂ ds

—e (25
=S(t)[xo—h(x)]+S(¢) A S(t—e—s)G(s, u(s))ds

+S(£)/0t_gs(t—£—s) [H (s,x(s),/osk(s, 7, x(1))dx, /OTg(s, r,x(r))drﬂds.

Then from the compactness of S (€) (€ > 0), we obtain V (1) = {(y2,¢x) (t) : x € D, } is relatively compact in X for
every €, 0 < € <t. Moreover, for every x € D), we have

[[(wax) (1) — (w2, ex) (1) |
s T
S(t—ys) {H (s, x(s), /0 k(s, 7, x(1))dr, /0 (26)

< [ Ist-9G G uplas+ [

—& t—¢€

g(s, T, x('c))dr)] Hds

ot g
<M | gp(s)ds+M qr(s)ds.

JI—€ t—¢€

Therefore, there are relatively compact sets arbitrarily close to the set V (z). Hence the set V (¢) is also relatively compact
in X.

Thus y; is a compact operator by the Arzela-Ascoli theorem. These logics allow us to deduce that y = y; + y; is a
condensing map on D,, and by the fixed point theorem of Sadovskii there exists a fixed point x (.) for y on D,,. Therefore,
the equation (2) has a mild solution, and the proof is completed.

4 Application

As an application of Theorem3.1, we shall consider the system (2) with control parameter such as:

4 () +F(t, x(t), x(b1(2),..., x(bm (1)) +Ax(t) =Cw (1) + G (t, x(t), x (a1 (1)), ..., x(an(1)))

dx
TH (r, (1), /Otk(t, 5, x(s)) ds, /OTg(t, S, x(s))ds) red=10, 7], @7)
x(0) + h(x) = xo,

where the control function w( . ) is given in L? (J, W)- the Banach space of admissible control function with W as a
Banach space and C is a bounded linear operator from W into X. The mild solution of the system (27) is given by

(1) = S(1) [t +F (0, v(0)) —h(x)] = F (1, v(1)) + /(:AS(t—s)F(s, v (s))ds
| T (28)

+/(:S(t—s) [Cw(s)—i—G(s, z4(s))—|—H<s7 x(s), ./O.sk(s, 7, x(1))dt, /(; g(s, T, x(T))dT>:| ds.

Definition 4.1. The system (27) is said to be controllable on the interval J if for every xg, x| € X, there exists a control
w € L2 (J, W)such that the mild solution x (. ) of (27) satisfies

x(0)+h(x) = xp and x(T) = x;. (29)
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To establish the result, we need the following additional condition:

(As) The linear operator Q : L? (J, W) — X defined by

T
Qw:/0 S(T —s5)Cw (s)ds, (30)

has an induced inverse operator O~ !, which takes values in L? (J, W) /kerQ and there exists a positive constant M|
such thatHCQ_1 H <M.

For the construction of the operator Q and its inverse, see [21].

Theorem 4.1. If the assumptions (A;) - (As) are satisfied then the system (27) is controllable on J if

Cy_pTP
Lo:= |(M+1)My+ 5 L <1. (31)
Cy_pL, TP
(1+MM;T) ML3+MOL2M+M0L2+T+M}/1+M)/2 <1. (32)

Proof: Using the assumption(As), for an arbitrary function x ( .), define the control

w(t) = 0! [xl —S(T){xo+F (0, v(0))—h(x)}+F(T, v(T))—/OTAS(T—s)F(s, v(s))ds

, (33)
—/OTS(T—S) {G(s, u(s)) +H (s, x(s), /0 k(s, 7, x(7))dx, /OTg(s, . x(r))dt) }ds} (0).
We shall show that when using this control the operator ¢ defined by
(ox) (1) =S () [xo+F (0, v(0)) —h(x)] —F (z, v(2)) —|—/(;AS(I—S)F(S7 v(s))ds
(34)

+/0tS(t—s) {Cw(s)—i-G(s, u(s))—l—H(s, x(s), /Osk(s7 7, x(7))dT, /OTg(s7 T, x(r))dr)} ds,t€lJ,

has a fixed point x( .). Then this fixed point x( .) is a mild solution of the problem (27), and we can easily verify
thatx (T') = (¢x) (T') = x;. This means that the control w steers the system from the initial state xq to x; in time 7', which
implies that the system is controllable.
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Our aim is to prove that there exists a positive integer p such thatpD, C D,,. If possible, for each positive integer p, there
is a function x, ( .) € D, but @x, ¢ D, that is || @x, (1)|| > p for ¢ € [0, T}, from

p< H((pxp) (I)H = HS(I) {xo—h(xp) +F (0, v, (O))} —F(t, vp (t))—l—/OZAS(t—s)F(s7 vy (s)) ds

+/0tS(t—s)G(s, up(s))ds—l—/otS(t—s) {H (s, xp (8), /Osk(s, T, x, (7)) dr, /OTg(s, T, xp(r))dr)}ds

+/0t5(t—s)cg—1 [xl —S(T) {30+ F (0, v, (0)) — h (xp)} + F (T, v (T)) —/UTAS(T—S)F(S, v (s))ds

/OTS(TS){G(S, up(s))+H<s xp (s / k(s, T, x,(1))dr, /OTg(s, T, xp(f))d’[> H (s)ds

< M {|lxo]| + Lap+ LA PAPE OO AP (1, v, (1)) |

T T
-i-M/0 gp(s)ds—l-M/O qr(s)ds 35)

oM [ [+ {lloll + £ap+ 15 4P O i |42 P (7, v, ()|

t -B —S B S, Vp (s s
+/0A' S(t—s)APF (s, v, (s)) d

! -p —s B S, Vp (S Ky
+ /OAI S(T —s)APF (s, v, (5))d

++M/Tgp(s)ds+M/Tq,(s)ds} ds

: C_gLa( +1Tﬁ
M[||xo||+L3p+L3}+MoL2(p+1)(M+1) 1-P “’ /g,, ds+M/ ar (s

TC - ﬁLz(P+1)dS

+MDM, - )1 5

ESH] +M{||xo|\ +MoL, (p+ 1)+L3p+L3}+M0L2 (p+1) +/

+M./0 gp(s)ds—i-M/0 q,(s)ds]T

Dividing into both sides by p and taking the lower limit as p — oo, we get
Cy_pLoTP
1 <MLz +MyL,M +MoL, + B +My+My
Cy_pLoTP
+MM, T MQL2M+L3M+MQL2+T+M'}/1 +My (36)
B

Ci_glaT
= 1<(14+MMT) <ML3 o+ MoLoM + MoLy + %jLMyl +Myz> .

However, this contradicts (32). Hence for positive integer p, ¢D, C D,,.
In order to apply Sadovskii’s fixed point theorem, we decompose ¢ as ¢ = @; + ¢, where the operators ¢y, ¢, are defined
on D, by

(1x) (1) =S (¢) F (0, v(0)) — F (r, v(t))—i—/tAS(t—s)F(s, v(s))ds,
(@22) () = S(1) [xo — h +/S (t—5)G (s, u( ds+/S (t—s [ (s,x(s),/tk(t, 7, x(1))dx, /Tg(t, Lx(r))dr)}ds

+/0 S(t—s)CO! [xlS(T){onrF(O, v(0))—h(x)}+F (T, v( / AS(T —5)F (s, v(s))ds

_/OTS(T_S) (G(S,u(s))—|—H<s,x(s),/Osk(s, r,x(r))dr,/o 2 (s, T,x(f))dr))ds} (s)ds,

(37
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for ¢ € J. We have already proved that ¢, verify a contraction condition. The proof that ¢, is a compact operator can
be completed by a similar manner as we have done it in Theorem 3.1, and hence it is omitted.

5 Conclusion

In this article, the existence of the mild solution for neutral functional mixed integrodifferential evolution equations with
nonlocal conditions in general Banach spaces is discussed. We have applied fractional power of operators and
Sadovskiias fixed point theorem to establish the result. An application is provided to illustrate the obtained result.
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