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Abstract: The main purpose of this article is to discuss some approximation properties for a generalization of Szasz-Mirakjan operators
based on quantum calculus. We obtain a recurrence formula for the moments and compute the central moments for the first, second
and fourth order. Moreover, we examine the uniform convergence by Korovkin’s type approximation, the order of approximation with
regard to the modulus of continuity on a finite closed set and for the functions belong to the Lipschitz class. Further, we investigate
the local approximation as well as the weighted uniform approximation results on unbounded interval. Also, we compute the order
of convergence in terms of the weighted modulus of continuity and prove the Voronovskaya-type asymptotic theorem for the related
operators. Finally, with the help of Maple software, we give a comparison of the convergence of these operators to the certain function
with some graphics.
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1 Introduction

In [22,26], Szasz and Mirakjan defined and introduced the following linear positive operators

()"

> k
Su(fix) = e‘“kgof (n> k, (1

where x > 0 and f € C[0,00).

Recently, many modifications of (1) operators have been introduced by several authors. For instance, Gupta and Pant
[17] estimated the order of convergence for the modified Szdsz-Mirakjan operators. Some approximation results for the
modified Szasz-Mirakjan operators on the weighted spaces were investigated by Ispir and Atakut [18]. Aral et al. [9]
obtained several approximation results for a new construction of the Szdsz-Mirakjan operators. Ousman and Izgi [24]
introduced a new modification of Szdsz-Mirakjan operators on a closed subintervals of [0, ) as below:

> n+a. (nx)k
M) = e Y (i ()

far nn+b

0<x< oo, ()

where a,b € Nand 0 < a < b.

For the operators given by (2), they estimated the degree of convergence, proved the Voronovskaya-type asymptotic
theorem and studied the order of approximation of functions on the class of Lipschitz.
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The quantum calculus (g—calculus) which have many applications in disciplines such as engineering and physics besides
mathematics, has been an important research topic since the last century. In recent years, the approximation of functions
with linear positive operators thanks to the quantum calculus, has become very intensive research area. The first study on
this topic was given by Lupas [20]. He obtained several approximation properties for the generalizations of g—Bernstein
polynomials. Also, Phillips [25] established some convergence results and Voronovskaya type asymptotic formula for the
most popular generalizations of the g—Bernstein polynomials. After [20,25] investigations, the implementing of
g—calculus on the approximation theory becomes very popular and motivated many authors to apply this technic to some
various famous operators. For instance, Aral [7] introduced a new generalization of the g—Sz4sz-Mirakjan operators.
Ahasan and Mursaleen [4] obtained several approximation outcomes of the generalized Szdsz—Mirakjan operators via
g—calculus. Further, the Szdsz-Mirakjan operators on g—parametric were introduced by Mahmudov [21]. Agrawal et al.
[3] considered the g—Szdsz-Baskakov sort operators. Mursaleen et al. [23] investigated several approximation features of
q—Baskakov-Schurer-Szdsz-Stancu type operators. Also, we refer to the readers some other interesting works see: ([11,
13,1,5,8,10,27,12,2]).

Now, we give some basic notations and definitions which based on g-calculus as set out in [19]. Suppose that 0 < g < 1.
For all integers n,! such that n > [ > 0, the g—integer [n], is given by

1_qn
), =] e 97h
¢ n, q=1

The g—factorial [n] 4! and g—binomial m g are given, respectively as follows:

[n]q!::{[n]q[;l—l}q..[l]q, r:::),z,.. and {n

The g—analogues of the exponential function e” are defined as below:

= i 1 1
eg(u) =) o = U< gl <1
! E{)[lq! (I-(1—qu); l1—gq
and
R A A -
Eq(“) = 7,('] 2 :(14’(17‘])“)(17 MER, |q|<17
/:omq'

=

where (1 —u)7 := [] (1 —¢q’u). Itis easy to check e, (u)Es(—u) = 1.
5s=0

Now, inspired by all above mentioned studies, we construct a new generalization of the g—Szasz-Mirakjan operators as

below:
[n+adl,

e ST L
Rn,q,a,h(f’x) T Eq(_[n]qx)k;o .u'n,k(q’x) f ([n]z [n+b]qqk_2) s ne N’ (3)

. e ([n)gx)
where U, x(g;x) =g 2 W X € [0,00), f € C[0,%0),a,b €N, 0<a<h.
For 0 < g < 1and x > 0, it is easy to see that umk(q;x) > 0. Furthermore,

_ 3 N B o ke ([nlgx)*
Ey( [n]qx)z M i (q5x) = Ey( [n]qx)Zq o =1. 4)
k=0 k=0 q°

It can be seen that the operators given by (3) are linear and positive. If g = 1 in (3), then (3) becomes to (2). Also if
a=b>b,qg=1,in (3), then (3) reduces to (1).
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The rest of this work is organized as follows: In section 2, we compute some moments and central moments. Also, we

show the uniform convergence of these operators on the interval [0,A], where A > 0. In section 3, we evaluate the order

of convergence by means of the modulus of continuity, for the functions belong to Lipschitz class and Peetre’s

K-functional, respectively. In section 4, we compute the order of convergence with the help the weighted modulus of

continuity. In section 5, we present the Voronovskaya-type asymptotic theorem. Finally, by using Maple software, we

compare the convergence of these operators to the certain function with some graphics.

2 Main results

Lemma 1. For the operators defined by (3), the following recurrence formula hold:

s+1—u

S s /s [n+a]
Rugaslt +1;x)_,§6<u) g* =l " [n+ b

Proof. In view of the equality [k], = 4 k—1] ,» We may write

= k" [+l wi) (], x)

R, ﬂyb(tﬁl;x) =E,(—[n],x) . —79 2
q q q k;oq(k—z)(s—t-l)[ L]+1[ er}q—kl [k !

gty (0

R e =1
- (‘Ik_lJf[k*l]Q)s["Jra];H (e-n-2) ([n] ,x)* L
B T A e n

s+1— uR" 9,4, b(t ;X).

g el ()0t

=) LY (0)a 0 el zm R

s /s [n +a]s u+tl [n—l—a]
:qEq(—[n]qx)Z(u> q2” s[n } [ +bs u+lz k 3)u [n+b]

s /s [n—i—a]s utl [n+a]
:qEq(_[n]qx)Z(u> qzu s[ +bs u+1 Z k 2)u [n_|_b] ud

g “[n

s [n+a]s+1 u
Z() 2u—s— 1[] [ +b]5+1 uR”q“b(t )C)

which gives the proof of Lemma 1.

Lemma 2. For the operators defined by (3), the following equalities are satisfied:

Rn,q,a,b ( 1 ;x) =1 ,

()
(k 1)2(k72) x([n]qx)kfl
k—1],!
wi—n) ([n], x)*
[K],!
(6)
(7
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Rnlq_,ajb(tz;x) = <qx2 +

n+a;
n+b],

’

®

q2
)

22
¢ +4) o
[l

6]3

[l

n+al;

n+b])

4 2 3 2 4 4

Xt 3¢ +2q+1 3¢° +3q° + [n+a

Rn,q,a,b (t4;x) =\ = 4 9 X3 + 9 62] qX2 + %x Z .
4q q [I’l]q [n]q [n]q [n+b]q

Proof. Taking (5) into account, then the proof of each equality can be obtained by similar method, thus we will only give

the proof of the last two equalities.

X [n+a] 2qx [n—i—a]z q3 [n+a]3
Ry, h(t3§x) = *7an h(tz;x)‘Fiiq n .h(ﬁx)‘i‘ixian. ; b(1§x)
4, 4, 4.4, 4.4,
q[n+b], nly n+0]; 2" [n+b]]
n+a 2 n+al? 2 n+al’ n+a 3 n+ad’
x| blq[<qx2+x>[ AN b]q @
q[n+b], Iy ) [+l | g+l |7 bl | [ ]
2¢* + 3\ [n+afl
:<x3+(q q) 2+q2x> Z
[I’l]q [n}q [n + b]q
and
Ry up()= 0T ap s )4—3x[n+“ﬁR (2 )+3q%{"+aﬁ (t y+q“ﬂ”+“ER (1:x)
ngab\l 3X) = S 75Ky gap(l":X I e— AV U —5 T alungaplliX -y nq.ab{ 13X
q* [n+0], g In+01; ] [n+b], ], [n+ 0],
_xIn+d, <f*_@¢z%® , éfx>[n+d2 §£¢n+d§ <W2+<fx>[n+aﬁ
¢ 0], P A RO AT CAYATEYS:
sxlntaly [ [+, ] | gxntal
ml2 [n4bl, | 40l | (] [+ 0],
32 +2g+1 5 343 +3¢7+q 5, ¢t [n—i—a];
“\ 2 X 2 X3 e
2 ah, P ) bl
Corollary 1. As a consequence Lemma 2, we have the following:
[n+ad] n+al;  [n+a) gPx [n+al;
Rygap(t—x%) =x4¢g L 14, Ry b((t—x)%x) =x*{ g 1 _2q 941+ = 1
e { n+0, e m+ol. bl [nly [n+ 0]
| [n+dy  [ta,  [n+a; ]
Rugap((t—x)x) =24 = 14 1164 1 _4q 11
e @ [n+b], [n+b], n+bl; lg
3 (382 +2g+1n+al, n+al’ n+al?
+X{q g+11 %44@f+@[ }Z 3 %
2 n+al’ n+a’ 4y [n+dl
-i-x—2 (3¢’ +34* +9q) g 44> g +q—)§ 1.
[n], n+bl, [n+0], [n], [n+D],
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Remark. Tt can be seen that for a fixed ¢ € (0,1), lim [1] q == ; s n — oo In order to provide the results, we get the

sequence ¢ := (g,) such that 0 < g, < 1 hmqn = 1 11m N = ] =0asn— oo,
qn

In the next theorem, in order to get the uniform convergence of the operators given by (3), we take for constant A > 0, a
closed finite interval [0,A] the subinterval of [0,e0). As it is known, the space C[0,A] denotes the real-valued continuous
functions on [0, A] and it is equipped with the norm || f|co.4 = sup |f(x)]-

x€[0,A]

Theorem 1. Suppose that q := (q,) such that 0 < g, < 1, hm NGy = 1, hm N ] =0asn— o and A > 0. Then for all
qn
f € C[0,0), the operators given by (3) converges to f umformly on [0, A]

Proof. Taking into account the Bohman-Korovkin theorem given by [14], then we have to show that the operators given
by (3) converges to f uniformly on [0,A]. By (6), it is clear that

Jim [|Ryg,.0.(1) = 1| g ) = O-

From (7), one has

lim ||R (t) — x| = lim ma Int-al,, —x| < limA Int-al, —-1|=0
Jim [[Rn.g,.a. *lcio.4] _"wae[oﬁ] gnXx nr o, x| < lim. Cln[ T3, =0.
Proceeding similarly, by (8)
2y .2 : 29X [”'H’];n 2
o R a0 (%) =g, = Jim max | @n+ p ) ot =
" 4n
2 2
n+a 2 |[n+a
< limA? q,,! 1+ tima| 4! ]‘2’" -
n—eo [n_’_b}qn n~>oc [i’l]qn [n+b]qn

Hence, this completes the proof.

3 Order of convergence and local approximation

In this section, we evaluate the order of convergence with regard to the modulus of continuity and obtain the local
approximation results for the operators given by (3). Let Cp[0,0) represent the space fof all real-valued continuous and

bounded functions & on [0,0). On Cp[0,e0), the norm is given as |k|| = sup |A(x)|. Moreover, the Peetre’s
x€[0,%0)
K-functional is defined by

Ka(hyn) = inf {|lh—g| +nlls"]},
8cCp

where 1 > 0 and C3 = {g € Cp[0,) : g’, " € Cp[0,0)}. In view of [15], there consist an absolute constant C > 0 such
that

Ky(him) < Con(hsvm), 1 >0, ©)
where
o (h;n)= sup sup |h(x+2a)—2h(x+a)+ h(x)]|
0<a<n xel0,)
is the second-order modulus of smoothness of the function i € Cp[0,00). Further, by @(h;n) := sup

0<a<n
sup |h(x+a)—h(x)| we state the ordinary modulus of continuity of i € Cg[0,). Since 1 > 0, w(h,n) has some
x€[0,00)
useful properties see: [6].
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Theorem 2. Let g := (gy,) such that 0 < g, < 1, hm ng, = 1, lim

‘>°°[ ]qn

=0 as n — oo. Then, for all f € C[0,) and for

constant A > 0, we obtain

|Riguas(f13) = f(x)| < 20(f31/ Mg, (x)),

where x € [0,A] and Mg, (x) = Ry g, ap((t —x)%;x).
Proof. Suppose that f € C[0,) and x € [0,A]. Using the linearity of the operators (3), then

kl,, [n+ad, [k, [n+a]
(MZ IRy Z/ﬁZ)_f(x) - f( q i 2>_f(x)

dn [n]fIn [n—’_b] qn

’Rn qnub(f X ’ “mk(qn;x)'

In view of the following well-known property of modulus of continuity

() - )] < (fn)('t;' 1), n>0.

Then,

Wy, [ra, ‘

> (g Intb],, 45 2
Rugnas (%)~ £O] < ¥ phai(gui) . R )
k=0
[k] qn [l’l + a]‘hl _
(f T] Znunk qnsX [n]qn [}’l"‘b]qn qlr(l 2 ‘

Utilizing the Cauchy-Schwarz inequality, then

k
= Z {l'Lnk qn;X 7 Hmk(q;'t;x) ({ }

qn

]

B
+
8,
|
=
N———

S}
=

i,un.k(qu) [ :
k=0

n+b],, a5

qn

=

< {Rn,qn,a,b((t _x)2;x)}

Accordingly,

Rusnas(5) = 10| < (14 1 Ruganl (e —052) ) @( ),

Consequently, in Corollary 1 on replacing g by a sequence (gy,), it gives lijn Ry gnap((t —x)2;x) = 0. Choosing Mg (X) =
Rug,ap((t —x)%x) and 1 = \/My 4, (x), which completes the proof.

Furthermore, we will examine the order of convergence of the operators (3) for a function on Lipschitz class Lipy (&),
where M > 0 and 0 < § < 1. If the inequality |h(¢) — h(x)| <M |t —x|c , (t,x € R), holds, then one can say a function % is
belong to Lipy ().

Theorem 3. Let g := (g,) such that 0 < g, < 1, hm ng, = 1, lim

ng)oo [1]qn

=0asn—o. For f € Lipy({), x€[0,A],A>0

constant, we have

I\J\d\

|Rn,qy,,a,b(f;x) —flx )| < M(T’Vl qn( x))?,
where 1, 4,(X) is given by Theorem 2.

© 2021 BISKA Bilisim Technology
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Proof. Suppose that f € Lipy (). From the definition of (3) operators, then we obtain

f([k]qn [n+adl, >—f(x)

[n]‘h [l’l + b] qn q£72

‘Rn,qn,a-,b(ﬂx) - f(x)| < Z[Jn,k(qn;x)
k=0

K, [+d, |

[n]qn [I’l + b]qn q]';_z

< MZ Hn k(gn3x)
k=0

l-Ln,k(Qn;x)

Using the Holder’s inequality and choosing p; = % and py = ﬁ one has pl—l + [)172 = 1. Hence, we get

% [k} qn [n + a](in

’Rn,qn,a,b(f;x) _f(x)’ < M[i){“n,k(Qn;x)} .un,k(CIn;x) <[

<
K, [n+ad], x>2 3

<M ok (Gn ) _
]{ZO ’ [n] qn [l’l + b] qn qﬁ 2

< M {Ru gy (1~} = M (1, ()

[STYa

Thus, the proof is completed.

Theorem 4. For all f € Cg[0,%0) and for x € [0,), the following inequality holds

[Rugas(F5) — F0)] < CnF: 31/ Mgx)) + 0(3 Brg o))

where C > 0 is a constant, N,q(x) = Ry g0 ((t —x)?*;x) and By 4(x) = x (q% - 1) .
q
Proof. Let us define the following auxiliary operators:

R ‘x) =R . [n+ad]
n,q,a,b(f,x) = n,q,a,b(f’x) —f(qx [n +b]

L)+ ()

q

By Corollary 1, it follows R, 4 4 5(f —x;x) = 0. From Taylor’s expansion formula, then we get

t
8(0) = gx)+ (1 =x)g () + [ (1= w)g"(w)du, g€ CG0,e2)
X
After applying R, 4.4 5(.;x) to (11), we have

t
*

nlg, [n+b],, i

4
2) 2
—x)

(10)

(1)

Raa(859) = 8(0) = R (1 =) ()5 + R [ (1= 0)g" (i)

X

[i1+a]q
t ax [n+b]q
/ . i [n + a] q
= & (ORnganlt = 55) + Ruga( [ (1= i)~ [ (ax
. [n+b],
X X

—u)g" (u)du
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qx
¢ [n+0l4
_R, a;,(/(t—u) ! (u)dus x) — / (@ au,
aa, [+ b,
X X
It follows from Lemma 2 and by (10), one has
[”+“]q
[n+b]
. ' . [n+ a]q "
Rugas () =809 < Rugas(| [ (1)@ i) +| [ (grp gt —u)g (i
q
X X

[n+ad]

2
< R0 0+ (g ) ']

Also, from (8), (10) and considering Corollary 1, then we get

Rugap(£:%)| < [Rugan(£:6)| +2£]

<Al Rugap(1:x) + 217 < 3171 - (12)

Using (10) and (12) implies

|Rng.ap(f3%) — f(x)] < I*Qn,q,a’b(f—g;x)—(f—g)(x) + I*Qn,q,a,b(g;x)—g(x) i f(x)_f(qx{ZI;jq)
q
<4|f—¢gl+ |R (1 —x)%:x) + [n—i-a]q_ 2 |‘ ”||—|—(D . [n+a]q_
B e G e A B Hle g, )

Therefore, if we take the infimum on the right hand side over all g € C3[0,0), from (9) and for constant C > 0, f3, 4(x) =

+
X (q {Z;blt - 1) and for 1M,.4(x) = Ry 4.45((t —x)?;x), then one has

|Rn,q,a7b(f;x) _f(x)| < 4K2(f; nr%,q(x)) + (D(f,

4()]) < Can(fiMnq(x)) + o(f;

,q(x)b

which gives the proof.

4 Approximation on weighted spaces

In this section, we prove Korovkin type approximation theorem on weighted spaces. Also, we estimate the order of
convergence of the operators (3) by the help of weighted modulus of continuity.

Let B2[0,%0) be the set of all functions & verifying the condition |A(x)| < M, (1 +x?), x € [0,00) with constant Mj,,

depend only on h. We denote by C2[0,0) the set of all continuous functions belonging to B,2[0,e0) endowed with
A2 = sup P and €2,[0,0) 1= {h h € Ca[0,00), lim n ] < 0}
x€[0,00)

Theorem 5. Let g := (qy) such that 0 < g, < 1, hm ng, =1, lim

=0 as n — oo. Thus, for all f € C*%,[0,0) we obtain
n—eo [n]qn x

lim sup |Rn.,qn,a,b(f;x) _f(x)’

=0.
n_onE[O,OO) 1 —|—x2

© 2021 BISKA Bilisim Technology
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Proof. Taking into account the Korovkin type theorem given by Gadzhiev [16]; hence, we have to show that (3) operators
satisfy the following condition:

i }anqnﬁaﬁb(ts;x) _)CS|
lim sup :
199,10 co) I+ x

=0, s=0,1,2. (13)

Using (6), the first condition in (13) is clear for s = 0. For s = 1,by (7), we infer

up |Rp.gna(t5%) = X| {4 [n+adl,, 1) X
=g .
x€[0,00) 142 [n+ b]qn xefoes) | +a?
It follows
R,, ap(t;x)—x
lim sup | A 2 2) ’ =0.
n—>ooX€[0_’m> 1 +x

Likewise, for s = 2, from (8), we obtain

R 2 x) — x2 n+al? n+a 2 n+a
sup | n7qura7b( 2X) X | = g [ }gn o 2qn [ ]CIn +1 sup X 4 q% [ LIn up X
xe[0,) I 4x [+ [n+D] celoes) 1 T2 [n],, ln+b];, oo T+

Hence, we get

. |Rn,qn,a,b(t2§x) *x2|
lim sup 5
n%wxe[o,w) 1 +.x

=0.

This completes the proof.

It is known that, if a function 4 is not uniformly continuous on [0, ), the ordinary modulus of continuity @(k;1) does
not tend to zero, as 1 — 0. Then, for all & € C;, [0, ), we take the weighted modulus of continuity 2 (h;7) as below:

|h(x+a) —h(x)|
Q(h;n)=  sup ———>.
( n) 0<a§111?x20 1+ (x+a)2
Lemma 3. [21]. Let h € C},[0,0). Then,
(1) Q(h;m) is a monotone increasing function of 1,
(i) lim Q(k;n)=0
n—0t

(iil) for any o € [0,00), Q(h;an) < (14 a)2(h;n).

Theorem 6. Let g := (g,,) be the sequence such that 0 < g, < 1, hm ng, =1, lim

4"”[ ]ﬂm

=0asn— oo. Then, for f € C,[0,00),
x € [0,0) and sufficiently for large n we obtain

|Rugn (%) — F(x)| < C3(14+x3)Q(f3m0),

where C3 > 0 is a constant independent of f and n,

[n+a]2 [n+a] [n—i—a]Z
> 1,1, =max{6,,9,},6, = In _9p P, =g ———
Y Nn {64, 00},6, =gy [n—&—b; An [”+b]qn n Qn[ ]qn[ +b}

Proof. For x € [0,00) and 7,17 > 0, using the definition of Q(h;7n) and by Lemma 3, we get

0 = £ < (1 (e —x])?) (1+' _ ') () < (14 (1429 >(1+'t;j‘)a<f;nn>.
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Then, we have

R (f1%) = ()] < Rugyan(|£(8) = f(x)] 1))
jr =l

< | Rnugpan (14 (t+ 2x)2);x) + Ry gap((1+(t +2x)2),x)} Q(f;1n).

n

If we apply the Cauchy-Schwarz inequality to the last part of above expression, it gives

|t —x|. < 2)2. ‘l_xlz.
;x) < Rn,qma,b((l"‘(t"‘zx))’x) Rn,qn,a,b( n2 3 X).

n n

Rn,qn,a,b((l + (t + 2x)2)

Hence,

2
R () = 7] < QFM0) | Rug (15 02020004 4 R (T 4202500 R ;x>] (14)

In view of Lemma 2, 3 K7 > 0 such that 1+#Rn?qma.b(tz +1;x) < Kj + 1, then there exists a positive constant C; such that

Ruguap(1+ (1 420)%0) < Ci (1427).

Analogously,
1

—R
14 x*
we get /Ryg, ap((1+ (t +2x)2)%;x) < Co(1+x2), for some Cy, K, > 0. On the other hand, we have

n,qn,a,b(t4 + 1;X) <K +1,

2

2
n+a n+a n+a
\/Rn,qn.a,b(lt*XIz;X) < (qn[ by —2q ntdl, +1> X%+ <q,%[][]q”>x V 6,2 + Oy
n

Using (14), one has
C
Rugrasl720) 10| < (142) (4 22 V675 90 @2(m,).

If we choose 1, = max {6,,9,}, we have

|Rn’qn,u7;,(f;x) —f(x)’ <(1 +x2) (C1 +CvV 2 +x> Q(f;m) <G(1 +x2+7)Q(f; Mn), for x €[0,e0) and sufficiently large n.

Then, the desired sequel is obtained.

5 Voronovskaya type asymptotic theorem

In this section, we will derive the Voronovskaya type asymptotic theorem. First, let’s give the lemma below, which we
will use in the proof of this theorem.

Lemma 4. Let g := (g,,) be the sequences such that 0 < g, < 1, g, — 1 and ¢! — ¢ € [0,1), as n — oo. Then, for each
x € [0,0) the following relations holds:

r}grolo (1], Rovgap(t —x3%) = (¢ — 1)x

Jim [,

Rugrap((t—2)%x) = (1—c)xX +x
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lim [1]7 Ry gy.a((t —2)*1x) = 3(1 —¢)?x* +6(1 — ) + 32
n—yoo n T

Proof. Taking into account Corollary 1, the proof can be obtained easily, so we omitted the details.

Theorem 7. Let g := (qy) be the sequences such that 0 < g, < 1, g, — 1 and g} — ¢ € [0,1), as n — . Then, for any
J € C5[0,00) such that f', f" € C}[0,%0) and for a constant A > 0 the following conclusion verify

lim [n],, (Rn.g,.ab(f3%) = f(x)) = (c = 1xf"(x) + %((1 — ) +x) " (%),
uniformly on [0,A].

Proof. Assume that x € [0,%) and f, f', f" € C},[0,c0). By Taylor’s formula, then one has

£ = )+ (=2 () + 5 (6= 0 () + A (50) ¢ 0 (1s)

Here, A(#;x) is a Peano of the remainder term and since A (.;x) € C, [0, ) then, }g}ck (t:x) = 0. Operating R;, 4, 4.5(.;X) to

s)

[”]qn (Rngnap(f3%) — f(x)) = [”]qn R gu.anb((t —x);x) (%) + % [n]qn Ruga((t —x)z;x)f//(x)

+ [n}qn qun,a,b(z’ (t;x) (t - x)z;x)'

Utilizing the Cauchy-Schwarz inequality to the last term of above equality, then

R (52) (1 = 0)%2) < \/Ra gy 0 (2052300 Ru g, (1 = 0)%0). (16)
It can be seen that as A(#;x) € C5 [0, ), thus from Theorem 1, }gnl (£;x) = 0. Then, we find
X
lim Ry, g, a.6(A%(£3%);X) = A% (x;x) = 0. (17)
n—yoo ’
Combining (16)-(17) and using Lemma 4, we get
r}grolo [n]qn Rn',qu*,a7h(l (t’x) (t _x)z;x) =0

uniformly [0,A]. Consequently, we obtain the desired result as below:

lim 1], (Ragy s (F:3) ~ £(0) = (e = Df' () + 5 (1 =)+ ().

n—oo

6 Some plots

In this section, we give the comparison of the convergence of operators (3) to the function f(x) = 2¢~5 /(14 x) with the
different values of n, q,a,b parameters.

In Figure 1a, we compare the convergence of operators (3) to the function f by keeping the parameters n,a,b constant
and increasing the values of ¢g. In view of 0 < g < 1, it can be seen that as the value of g increases then the convergence

of the operators (3) to f becomes better.

In Figure 1b, we compare the convergence of operators (3) to the function f by keeping the parameters g,a,b constant
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and increasing the values of n. Since the values of 7 increases, it is clear that the convergence of the operators (3) to the f
has become better.

Lastly, in Figure lc, we compare the convergence of operators (3) to the function f by keeping the parameters n,q
constant and increasing the values of a and b. We have seen that; if we choose the natural numbers @ and b very close to
each other and large, in this case the convergence of the operators (3) to the f becomes better.

2.0 — function 2.0 — function
RIO, 0.79, 10, 11 — RS, 09,1,2
—%10,0.89, 10, 11 — RlS, 0.9,1,2
181 == 710,099, 10,11 181 = Rs0.09,1.2
1.6 1.6
1.44 1.44
1.24 1.21
1.0 1 1.0 1
0.8 0.8
0 0
X X
(a) (b)
2.0 — function
— RIO, 0.9,0,1
18 RlO, 0.9, 10, 11
’ RlO, 0.9, 300, 301
1.6
1.4+
1.24
1.0+
0.8
0

(c)

Fig. 1: The convergence of R, 4 . (f;x) operators to f(x) = 2¢~5 /(1 +x) under the different parameters.
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7 Conclusion

In this paper, we constructed a generalization of Szdsz-Mirakjan operators based on g— integers. We obtained some
preliminaries such as moments, central moments and uniform convergence of these operators. Moreover, we computed
the order of approximation with the help of the modulus of continuity on a finite closed set and for the function belong
to the Lipschitz class. Also, we investigated the local and weighted approximation properties on an unbounded interval
and derived the Voronovskaya-type asymptotic theorem. Finally, with the help of Maple software, we compared the
convergence of these operators to the certain function for the different values of a,b,n and q.
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