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Abstract: The aim of this paper, some new Ostrowski type inequalities for co-ordinated s-Godunova -Levin convex functions in the
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1 Introduction and Preliminaries

Let f : [a,b] — R be continuous on [a,b] and differentiable in (a,b) and assume |f’(x)| < M for all x € (a,b). Then the
following holds [1]:

|f(x) —=M(fs;a,b)| <

(1)
b
for all x € [a,b]. Where M(f;a,b) = - [ f(x)dx.

The inequality (1) can be rewritten in equivalent form as;

b
1 (x—a)* + (b—x)*
f0) =5 [ f0ar| < [ od ] |

/

f

-

where Hf'Hw '= SUPse (a,p) ’f/ (t)‘ < oo,

Inequality (1) is well known in the literature as Ostrowski Inequality. Over the years, numerous studies have focused on
generalize this inequality. There are numerous generalizations, variants and extensions in the literature, see [4-17] and
the references cited therein.

Definition 1. A function f : A := [a,b] X [c,d] — R is called co-ordinated convex on A, for all (x,u),(y,v) € A and
T,s € [0, 1], if it satisfies the following inequality:

fer+(1=1) Vosut (1=5) v) < s f(x6,0) + 7(1 = 5) f(5,v) +5(1 = 1) f(1,u) + (1 = 7) (1 = )£ (1, ).
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The mapping f is a co-ordinated concave on A if the inequality holds in reversed direction for all 7,s € [0,1] and
(x,u), (v,v) € A.
Definition 2. A function f: A =: [a,b] X [c,d] C [0,00)* — R is called s-Godunova -Levin in the second sense on the

co-ordinates on A if

1 1 1
Py fi,u) + mf(KaV)‘Fm

holds for ©,¢ € [0,1] and (x,u),(y,v) € A with some s € (0,1].

fly,u)+ f(yv) )

frk+(1=1) y,6u+(1—-¢g)v) < m

°f
d1ds

Lemma 1. [37] Let f: A — R be a twice partially differentiable mapping on A°. If € L(A), then we have the

following equality holds;

b
! N dvdy @ =@ (=)
(b—a)(d—c) /f( v)dvdu— & = (b—a)(d—rc)

S+
s (k—a)’(d—7)
></0 /o gragar(rk+(1—r)a7gy+(l—g)c)dgdr—m
x/()l/olgraa:gT (ﬂer(lr)a,g}ur(lg)al)dgalr(I(Jb__'iz)z((;/:i))2
x/ol/olgraa;gr <TK+(1_T)b’QY+(1_g)c)dng+W

1 rl aZf
></0 /0 Q‘L'agaT (tk+(1—1)b,gy+ (1 —¢g)d)dgdt

Sorall (x,y) € A, where

f(u,y)du.
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2 Main results

In this section, we present ostrowski type inequalities for co-ordinated s-Godunova-Levin convex functions.

22f

ds0T

Theorem 1. Let A =: [a,b] X [c,d] C [0,0)> — R be a twice partial differentiable mapping on A° such that €

L(A). If ;;J; is a co-ordinated s-Godunova-Levin convex on A with s € (0,1] and (k,y) € A, then we have the following
inequality
L (k—a)’ (y—c)® [| & I
s+ i Hein=o| < S el L
2% f 1 9% f ‘ 1 ‘ 9% f ‘ 1
+ : + : + )| s
‘agarf(Kc)‘(l_s)(z_s)Z ‘9g8’cf(a Y) (1-S)(2-S)2 ag&’tf(a C) (1—5)2(2_5)2
9% f 1

(k—a)(d—y)’ [| ?*f 1
T d=c) {‘8g87f(’<’7/)‘(2—s)2+‘8g87f(’<’d)‘(1—s)(2—s)2
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(e | el | ( —s>21<2—s>2}
S e ] 5+
a0 " e +’88c251f o) ( s>21<2s>2}
e | |
ot g ]

2% f
+’8g81’f(a’y)’

1

" (-5 25

)

2

for all (k,y) € A, where @ is defined in Lemma 1 .

Proof. From Lemma 1, we have

b

] C)/f(u,v)dvdu—cb

e _(k=aP(y=c)

~ (b—a)(d—c)

(k—a)’(d—y)°
(b—a)(d—c)
2

1 1 aZf K
X/o /0 ¢t 8g8r(rK+<l_T)a’gY+(l_g)d) dgdr—i—a—

|f(w)+

a

-1 1 32
X./o /o ot agaff (tx+(1=)a,gy+(1-¢)c)

dgdt+

1 rl 82
X./o /0 ot agaff (tx+(1-1)b,gy+(1-¢)c)

1 1 aZf
X/o /o cT acor (tx+(1—1)b,cy+ (1 —¢)d)|dgdt

2
Using the co-ordinated s-Godunova-Levin convexity of ‘% , we obtain that the following inequality holds

//g ' (txk+(1—1)a,sy+(1—¢)c)|dsdt
< ff(K‘) /Tldd”l: /’L’ dd7:
= |3coe Y S rgs S 8g8 9 S
‘8@91 dgdr+ )dgdr
Since
/‘l/l 1—s lfvd dt 1
sl _ ’
Jo Jo © Ty
1 1 1 J 4 1
1—g¢ 1'% ‘c—// T(l—1) “dedt= ——m———
/0 /0 s ¢ s S s s
and

1 rl s s B 1
/O/OQ(I*Q) T(1-1) dgdf—m,
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we have

1,1 02
Hl:/o /0 gf’ag;;(rx+(1—r)a,gy+(l—€)0)
2f 1 9%f
fbghﬂ&”hgﬂy+LMMﬂ“”‘
7 ! f
+ ’ 8g81f(a’7)’ (1—s5)(2—s) * 9g8ff(a’c)

dgdt

1
(1-5) (25
N S
(1—s)P (2—s)

Similarly, we get

1 rl aZf
HZ:/O /0 QT‘M(TK+(1‘L')a,g}”r(lg)d)‘dgdf

L 0| et )| —

< ’agarf(’(’w‘ (2s>2+’8g81f(;<,d) TETRE
9f 1 2% f R

+’ag9rf(a,7)’(ls)(2s)2+ agc%f(a’d) (17s)2(27s)27
1 ,l 092

H3:/0 /0 QT‘8ggT(TK+(lf)b,g'}/+(1g)c) dedrt

2% f ; %f ‘1

= ’agaff(mﬂ‘ (2—S)Z+’3§9’L'f(’<’ ) (1—S)(2—s)2
2°f

2% f 1
+|3 s a»cf(b’c)

(1—s)’(2—s)

+’8g81f(b’y)’

1
(1=s5)2—s)

and

H4=/01/01€T‘;;;T(

Txk+(1—1)b,cy+(1 —g)d)‘dgdr

°f ‘ 1 ’ °f ‘ 1
< K, + K,d)| ———
’8g8rf( " (2—s)? 8g8rf( ) (1—s)(2—s)?
°f ’ 1 °f 1
+ b, + b,d)| ————.
’agaff( 7 (1—s)(2—s)? 8g8rf( ) (1—s)?(2—-s)*
The proof is completed.
Corollary 1. Under assumptions of Theorem 1 with k¥ = “t2 and Y= —, we have the following inequality holds:
b
(b—a)(d—c)| d*f . a+b c+d
_ — <
100+ = ey [ S )dvdu—a oo | 50

(d—c) {’82]’ a+b c)‘

azf a+b 82f c+d aZf c+d
2(1—5)(2—5) 8g8rf( 2 agaff( 2 vd)’+‘agaff(a7 > )’+‘agaff(b, 5 )’}
(b—a)(d—0) I f 2 f 22 f ey
4—4(1 D25 {‘3€37fahd‘+’8g8rfﬁhd)w+’aga f(b,d)|+ ‘agarfg%cﬂ}.
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Theorem 2. Let A =: [a,b] x [c,d] C [0,00)> — R be a twice partial differentiable mapping on A° such that % €

L(A). If asar ,q > 1, is a co-ordinated s-Godunova-Levin convex on A with s € (0,1] and (x,y) € A, then we have the
following inequality holds
| b
K —_— dvdu — @
lf( Dt @ v

a

! (k—a)*(y—c)* 1 92 f
: (1+p)% X{ (b—a)(d—c) (l—s)z (‘agaff(’(aﬂ

q q q

% f

% f
+|yea o

9% f

+|gea )

1
‘I>q

*%biﬂjg 32 1_s2<‘agar <) ‘agﬂ af + ‘agﬂ ) + ‘agar ) @
+([Zb_—’2)2(( 32 1s2(’agar )| ‘aa:;zf(’“)q*‘aagzafrf(b’”q ‘aZf )é
(lszc);Ed 0 1_s2(‘ag8f |+ gl +|ggaron| + g )}

L+ 1= 1. Forall (x,y) € A, where ® is defined in Lemma I .

Proof. From Lemma 1 and using the Holder inequality for double integrals, we have that

b
/f(u, v)dvdu — &

1
lf(’f,?’)‘f'(b_c)

a)(d—
(/ / G”rf’) X{ ( ag(% (th+(1— T)a,€7+(l—g)c)ngdf)3’
+( ‘)’ZEZ Cy))z <// aga “‘“l—f)aw+(1—g>d>ngdf>q
+( (( 22( 9991 T”“‘”’?’gﬂ(l—g)c)ngdf>; “
+( )Ej 23)2( «9g8r T“(l‘T)b?GH(l—g)d)ngdry}

forall (x,y) €A

- |4
Using the co-ordinated s-Godunova-Levin convexity of ‘% , we obtain that the following inequality holds

q
8g8 (tx+(1=7)a,gv+(1—¢)c)| dgdr
f 1
< —§ 5
< agarf(ic,y) /g T 'dgdt —i—‘ “Ydgdr
’8g81 dgdr—&—‘ Fla,e) // (1—¢)™ (1 - 1) dcdr
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S Of " |9 > f 2f ‘
_W{’Wf(K7Y) +‘8g87f(1<’c) +’a€arf(a77) +‘agarf(a7c) }
Similarly, we also have the following inequality
9? q
o Jo fT(TH(l—f)a,gH(l—g)d) dgdt
1 9% f 4 2f 4 % f q 27 q
S(l_s)z{ggarf(&}’) ‘agarf(l(‘d) +’agarf(a,}/) +‘agarf(ad) }
q
8gar (tk+(1=1)b,57+ (1 —¢g)c)| dgdt
! *f 1 9%f 7| 92 NPy q
S(l_s)z{agarf(’(’) +‘agarf(1<,c) +’agarf(b}/) +‘8 P f(b,c) }
and
q
(tk+(1=1)b,gy+(1-¢6)d)| dgdr
L[| S ’f ¢ !
<(1s)2{‘agarf(”) +’8g8’cf(’(d) +’8€arf(b,7) +‘agarf(b,d) }

Using the fact that

1 rl 1% 1
<//g"r”dgd7:> = 5
070 (1+p)r

and the above inequalities in (4), we get (3). This completes the proof of the theorem.

Corollary 2. Under assumptions of Theorem 2 with K = “erb and y= % we have the following inequality holds:

<

1
2
P

b
_— u,v)dvdu — @
‘ﬂxﬂ eI _@!ﬂ ) T

{2 et st | o] | e ] | o]
(b;(?_(i)?) ( 88:;1 (a;b’c;d)qu aagz;ff(a;b’ ) +’88g28fff(a’c—~2_d) ‘aazgf q>;
(b;(clz)(i)—zc) < a&;fT (Cl;-b’C-lz-d)q_’_ af;ff(a;ubm)q+‘&agzafrf(b7c;d) ‘aa:;; q)é
(b4(?_(i)2€) ( 88:5{7 (a;b’czdf* afgrf(a;b’ ) ‘aagzafrf( ’C;d) )aa:gr q>é}

Theorem 3. Let A =: [a,b] x [c,d] C [0,00)> — R be a twice partial differentiable mapping on A° such that 5. aff

L(A). If| 2

S

20 |4
Waff ,q > 1, is a co-ordinated s-Godunova-Levin convex on A with s € (0,1] and (k,y) € A, then we have
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the following inequality

1\ 'a
< —
<(s)

°f

b
/f(u,v)dvdu -

1
‘“’“”*Mwa

X{(,(Cb—acz)z(g—g2 (’;gzgrf('(’wq(z—l) ‘809 i ) (1-5)(2—s)
Jazgeron| G ammerod] Giams)
+(fb__a£§§:32 (’aagzgrf(x’y) q(z_ pe \a:if“"d) (I—S)tz—S)Z
‘%zgff( | (1 —s>tz—s>2 " ;czgff(“’d) <1—>21<2—>2> a
+(]zb_—2)((§:22 (‘afgrf(’(’”q(z_l) ’agzgrf(xc) (1_s)tz_s)2
s eon] G e q(l—)21<2—>2> ©
n (’Eb‘ ";) Ej‘j))z (’ j:grfm) (z_ls)z +‘ ;:;Tf(ic,d) q(l_s)l(z_s)z
+’98€2;ff(b’7) q (1 —s>1<2—s>2 +‘8agff<b’d) (1—)1@—)) }
for all (k,y) € A, where ® is defined in Lemma I .
Proof. From Lemma 1 and using the power mean inequality for double integrals, we have
‘f(icy /fuvdvdu—qb <<//gr>
x {m (/Olf()lgr’;;afr(TK+(1—T)a,g}/+(l—g)c) ngdr>;
+ '(Cb aij((j Z))z (// ‘ (txc+(1—T)a,cy+(1—¢)d) ngdr>q ©)
; bb SO ([ e L e ”)bgmlgcy’dwy
L ;Ej 2’))2 (/ / ‘ (tk+(1—1)b, gy+(1—g)d)ngd1:>}l}

- |4
Using the co-ordinated s-Godunova-Levin convexity of ‘% , we obtain that the following inequality holds
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q

// ’ (tk+(1—t)a,cy+(1—c)e)| dedr
‘%ar I=sgl= Sdgd”c+‘8 5= flx /gf (1—¢)*dgdr
Bga f Tg "(1—1)" Ydedt+ 8 P f /gr (1-¢ 1—17) ‘dedt
- ;’;;Tﬂw) ¥ (1_3)1@_@ j:;;fom
+<1—s>t 2-5)’ ;:éf o + (1—s>21<2—s>2 ggrf(“’c)q'
R = // ‘ (tk+(1—1)a,gy+(1—¢)c)|dgdr
< ’agafff(m’) (2_ls)z +\ L0 (1_)1(2_)2
q ot sten| e tomr o flae (1_)21(2_)2

Similarly, we get

e [ 2

(tk+ (1 —1)a, gy—i—(l—g)d)’dgdr

f 1 % f ? 1
S‘ckarf('(’w 25 ‘rkc%f('(’d) (1—5)(2—s)?
aZf q 1 Zf q
+‘agaff(a7w (1—s)(2—s)2+ agaff(a’d) (1—s)%(2—s)*
R; = // ‘ (tx+(1—1)b,cy+(1—¢)c)|dgdt
f I°f ! 1
<‘8g8ff('(’}') (2—3)? ‘8§8rf(m) (1=5)(2—s)
2*f ! 1 2°f 1
+’8€8rf(b’ﬂ (1—s)(z—s)2+ 8g8rf(b’c) (1—s)*(2—s)*

and

e Lol

(tx+(1—1)b,cy+(1 —g)d)‘dgdr

f 1 ’f 1 1
<[] o +‘agaff(1<7d) e
82f q 1 82]0 q 1
+’agarf(b,7) e e ) e
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Using the fact that

1ol =5 1\
(U fswosee) = (3)
0 Jo 4
and the above inequalities in (6), we get (5) . This completes the proof of the theorem.

Corollary 3. Under assumptions of Theorem 3 with Kk = # andy= #, we have the following inequality

_1
q

f(K,y)—F(l?_ct)l(Cl_c)a/bf(u,v)dvdu—@ < (i)l !

L B=a)d—c) ‘ *f (a—i-b c+d)q 1 ’ %’ f f(a—i—b . ¢ 1
4 d¢at 2 72 (2—s5)* dcot 27 (1—5)(2—s)*
2f  c+d | 1 oLf q | i
+’8g8ff(a’ 5 ) (ls)(2s)2+’a€aff(a7c) (1s)2(2s)2>
(b—a)(d—c) (| d*f ,a+b c+d |" 1 3*f a+b | 1
+ 4 ‘8@:81’ ( 2 72 ) (2—s5)? ‘8g8ff( 2’ ) (1—5)(2—s)*
% f c+d |? 1 % f 7 1 7
+’9€9’5f(a’ 7 (15)(2s)2+’8g0rf(a’d) (15)2(2s)2>
(b—a)(d—c) (| d*f ,a+b c+d |" 1 2f .a+b | 1
* 4 (‘&;81 ( 272 ) (2—s5)? ‘8g8rf( 2 €) (1—s5)(2—s)?
’f . c+d |’ 1 °f N 1 ‘
+’8g81f(’ 7 (1—s)(2—s)2+’8g8rf(b”) (1—s)2(2—s)2>
(b—a)(d—c) (| d*f ,a+b c+d |" 1 ?f a+b | 1
* 4 (‘8(581’“ 272 ) (2—s5)? +‘8g8rf( 27 (1—s)(2—1s)?

?f  c+d | 1 I*f ! 1 é
Jr’c)g&rf(b’ 5) (1—s)(2—s)2+’agarf<b’d) (1—s)2(2—s)2> }
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