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Abstract: In this work, we have considered the stabilization and the hybrid synchronization by the adaptive control method for two
non-identical 4-D financial hyper-chaotic systems with unknown parameters, based on Lyapunov’s stability theory and the theory of
adaptive control. We derive new control results via adaptive control method based on Lyapunov stability theory and adaptive control
theory for globally synchronizing two non-identical 4-D financial hyper-chaotic systems with unknown system parameters.The results
are validated by numerical simulation using Matlab.

Keywords: 4-D financial hyper-chaotic system, Lyapunov exponent, stabilization, synchronization.

1 Description and stabilization of a new hyper-chatic system

We consider the financial hyperchaotic system described by the following differential equation model:
dx1
dt = −a(x2 + x1)+ x4

dx2
dt =−x2−ax1x3

dx3
dt = b+ax1x2

dx4
dt =−dx4− cx1x3

(1)

such that x1,x2,x3,x4 are the state variables and a,b,c,d are the system parameters respectively. For a = 3; b = 15;
c = 0,2 and d = 0,12, the Lyapunov exponents of the system (1) are:

L1 = 0.7083, L2 = 0.032247 , L3 = 0 , L4 =−4.7139 (2)

So, the system (1) has two positive Lyapunov exponents L1et L2, which shows that the system is hyperchaotic and the
Kaplan-york dimension for this hyperchaotic system is calculated as:

DKY = 3+
L1 +L2 +L3

|L4|
= 3.15709 (3)

1.1 Stabiliziting hyperchaotic system (1) via adaptive control:

In this section, we will build an adaptive controller to globally stabilize the new hyperchaotic system (1), with undefined
parameters.

∗ Corresponding author e-mail: fareh.hannachi@univ-tebessa.dz © 2021 BISKA Bilisim Technology

 http://dx.doi.org/10.20852/ntmsci.2021.436


104 H. Fareh: Stabilization and hybrid synchronization via the adaptive control method of non-identical ...

The controlled hyperchaotic system of system (1) is:
dx1
dt = −a(x2 + x1)+ x4 +u1

dx2
dt =−x2−ax1x3 +u2

dx3
dt = b+ax1x2 +u3

dx4
dt =−dx4− cx1x3 +u4

(4)

tel que x1,x2,x3,x4 the state variables, a,b,c,d are constants and unknown parameters and u1,u2,u3,u4 are adaptive
controls to be designed using estimates â(t) , b̂(t) , ĉ(t) et d̂(t) which are unknown parameters.

Consider the adaptive controller defined as follows:
u1 (t) = â(t)(x2 + x1)− x4− k1x1

u2 (t) = x2 + â(t)x1x3− k2x2

u3 (t) =−b̂(t)− â(t)x1x2− k3x3

u4 (t) = d̂(t)x4 + ĉ(t)x1x3 − k4x4

(5)

where k1,k2,k3,k4, are positive constants and â(t) , b̂(t) , ĉ(t) , d̂(t) are the undefined parameters a,b,c,d respectively.

Introducing (5) into (4), we get:
dx1
dt = − (a− â(t))(x2 + x1)− k1x1

dx2
dt =−(a− â(t))x1x3− k2x2

dx3
dt = b− b̂(t)+(a− â(t))x1x2 − k3x3

dx4
dt =−

(
d− d̂(t)

)
x4− (c− ĉ(t))x1x3 − k4x4

(6)

Now, let’s define the error estimation parameters as:
ea (t) = a− â(t)
eb (t) = b− b̂(t)
ec (t) = c− ĉ(t)
ed (t) = d− d̂ (t)

(7)

using (7), then introducing in (6), and from the simplification we obtain the following equations:
dx1
dt = − ea (t)(x2 + x1)− k1x1

dx2
dt =−ea (t)x1x3− k2x2

dx3
dt = eb (t)+ ea (t)x1x2 − k3x3

dx4
dt =−ed (t)x4− ec (t)x1x3 − k4x4

(8)

Deffirentiating (7) with respect to t and we obtain:
dea(t)

dt =− dâ(t)
dt

deb(t)
dt =− db̂(t)

dt
dec(t)

dt =− dĉ(t)
dt

ded(t)
dt =− dd̂(t)

dt

(9)
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We use Lyapunov’s stability theory to find a law for updating the parameters of the estimates.

Consider a quadratic Lyapunov function given by:

V = 1/2
(
x2

1 + x2
2 + x2

3 + x2
4 + e2

a + e2
b + e2

c + e2
d
)
. (10)

Deffirentiating V along the trajectories of systems (8) and (9) and introducing into
.

V , we obtain:

.
V = −k1x2

1− k2x2
2− k3x2

3− k4x2
4 + ea

[
−(x2 + x1)x1−

dâ(t)
dt

]
+ eb

[
x3−

db̂(t)
dt

]

+ec

[
−x1x3x4 −

dĉ(t)
dt

]
+ ed

[
−x2

4−
dd̂ (t)

dt

]
(11)

Then from (11), we take: 
dâ(t)

dt =−(x2 + x1)x1
db̂(t)

dt = x3
dĉ(t)

dt =−x1x3x4
db̂(t)

dt =−x2
4

(12)

then;
.

V =
4

∑
i=1
− kix2

i (13)

The hyperchaotic system (1) is globally stabilized by the adaptive control law (5) and the updating law (12), such that
k1,k2,k3,k4, are positive constants.

2 Hybrid synchronization of non-identical hyper-chaotic systems

For this synchronization, as a master system, we choose the financial hyper-chaotic system
.

x1 = x3 +(x2−a)x1 + x4
.

x2 = 1−bx2− x2
1

.
x3 =−x1− cx3
.

x4 =−dx1x2− kx4

(14)

and the slave system we used is the controlled hyperchaotic system of system (1) given by:
dy1
dt = −α(y2 + y1)+ y4 +u1

dy2
dt =−y2−αy1y3 +u2

dy3
dt = β +αy1y2 +u3

dy4
dt =−δy4− γy1y3 +u4

(15)

with α,β ,γ,δ are the parameters of the system. The error of hybrid synchronization between the two hyper-chaotic
systems (14) and (15) is: 

e1 = y1− x1

e2 = y2 + x2

e3 = y3− x3

e4 = y4 + x4

(16)
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Fig. 1: History of the controlled states x1,x2,x3,x4 of the system (1).

then 
ė1 = ẏ1− ẋ1

ė2 = ẏ2 + ẋ2

ė3 = ẏ3− ẋ3

ė4 = ẏ4 + ẋ4

(17)

Then the dynamic error of hybrid synchronization is:
ė1 =−α(y2 + y1)+ y4− (x3 +(x2−a)x1 + x4 )+u1

ė2 =−y2−αy1y3 +
(
1−bx2− x2

1
)
+u2

ė3 = β +αy1y2− (−x1− cx3)+u3

ė4 =−δy4− γy1y3 +(−dx1x2− kx4 )+u4.

(18)

Consider the law of adaptive control:
u1 (t) = α̂(t)(y2 + y1)− y4 +(x3 +(x2− â(t))x1 + x4 )− k1e1

u2 (t) = y2 + α̂(t)y1y3−
(
1− b̂(t)x2− x2

1
)
− k2e2

u3 (t) =−β̂ (t)− α̂(t)y1y2 +(−x1− ĉ(t)x3)− k3e3

u4 (t) = δ̂ (t)y4 + γ̂(t)y1y3−
(
−d̂(t)x1x2− k̂(t)x4

)
− k4e4 .

(19)
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Putting (19) in (18), the system (18) becomes:
ė1 =−(α− α̂)(y2 + y1)+(a− â(t))x1− k1e1

ė2 =−(α− α̂(t))y1y3−
(
b− b̂(t)

)
x2− k2e2

ė3 =
(

β − β̂ (t)
)
+(α− α̂(t))y1y2 +(c− ĉ(t))x3− k3e3

ė4 =−
(

δ − δ̂ (t)
)

y4− (γ− γ̂(t))y1y3−
(
d− d̂(t)

)
x1x2−

(
k− k̂

)
x4 − k4e4

(20)

Then the parameters of the error estimates are:{
eα = (α− α̂);eδ = (δ − δ̂ );eβ =

(
β − β̂

)
;eθ = (γ− γ̂) .

ea = (a− â);eb = (b− b̂);ec = (c− ĉ);ed = (d− d̂);ek =
(
k− k̂

)
.

(21)

it implies that: {
deα

dt =− dα̂

dt ; deδ

dt =− dδ̂

dt ;
deβ

dt =− dβ̂

dt ; deγ

dt =− dγ̂

dt .
dea
dt =− dâ

dt ; deb
dt =− db̂

dt ; dec
dt =− dĉ

dt ; ded
dt =− dd̂

dt ; dek
dt =− dk̂

dt .
(22)

Replacing (21) in (20), so the dynamic error becomes:
ė1 =−eα(y2 + y1)+ eax1− k1e1

ė2 =−eα y1y3− ebx2− k2e2

ė3 = eβ + eα y1y2 + ecx3− k3e3

ė4 =−eδ y4− eγ y1y3− edx1x2− ekx4 − k4e4

(23)

Consider the Lyapunov function:

V =

(
e2

1 + e2
2 + e2

3 + e2
4 + e2

a + e2
b + e2

c + e2
d + e2

α + e2
β
+ e2

δ
+ e2

γ + e2
k

)
2

. (24)

V is a positive definite function in R13. Differentiating the function of Lyapunov V and obtaining the following result:
V̇ =−k1e2

1− k2e2
2− k3e2

3− k4e2
4 + ea[x1e1− dâ

dt ]

+eb[−x2e2− db̂
dt ]+ ec[x3e3− dĉ

dt ]+ ed [−x1x2e4− dd̂
dt ]+ eα [−(y2 + y1)e1− y1y3e2 + y1y2e3− dα̂

dt ]

+eβ

[
e3− dβ̂

dt

]
+ eδ [−y4e4− dδ̂

dt ]+ eγ [−y1y3e4− dγ̂

dt ]+ ek[−x4e4− dk̂
dt ].

(25)

From (25), we take the parameters of the updating law as follows:

dâ
dt = x1e1
db̂
dt =−x2e2
dĉ
dt = x3e3
dd̂
dt =−x1x2e4
dα̂

dt =−(y2 + y1)e1− y1y3e2 + y1y2e3
dβ̂

dt = e3
dδ̂

dt =−y4e4
dγ̂

dt =−y1y3e4
dk̂
dt =−x4e4

(26)
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Replacing (26) in (25), the function V̇ become:

V̇ =−k1e2
1− k2e2

2− k3e2
3− k4e2

4. (27)

V̇ is a negative definite function in R4. Therefore, we have proved the following result.

Theorem 1. The non-identical hyperchaotic systems (14), (15) with unknown parameters are globally synchronized by
the adaptive control law (19), and the updating law for the estimation parameters (26).

Fig. 2: Temporal history of the hybrid synchronization error of non identical systems (14) and (15).

3 Conclusion

In this paper, we have considered the stabilization and the hybrid synchronization for some non-identical financial hyper-
chaotic systems with continuous time according to the adaptive control method with unknown parameters. Numerical
simulations are used to validate the obtained results via the approach considered for this kind of synchronization.
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