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Abstract: In this work, we have considered the stabilization and the hybrid synchronization by the adaptive control method for two
non-identical 4-D financial hyper-chaotic systems with unknown parameters, based on Lyapunov’s stability theory and the theory of
adaptive control. We derive new control results via adaptive control method based on Lyapunov stability theory and adaptive control
theory for globally synchronizing two non-identical 4-D financial hyper-chaotic systems with unknown system parameters.The results
are validated by numerical simulation using Matlab.
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1 Description and stabilization of a new hyper-chatic system

We consider the financial hyperchaotic system described by the following differential equation model:

dx; __

jT’ = —a(x+x)+x4

axy _ 4, _

ddt = —Xp —adxix3 (1)
P =b+axix

dx.

T = —dxg —cxix3

such that x,x2,x3,x4 are the state variables and a,b, c,d are the system parameters respectively. For a = 3; b = 15;
¢=0,2 and d = 0, 12, the Lyapunov exponents of the system (1) are:

L1 =0.7083, L, =0.032247 ,L3 =0, Ly = —4.7139 2)

So, the system (1) has two positive Lyapunov exponents Ljet L, which shows that the system is hyperchaotic and the
Kaplan-york dimension for this hyperchaotic system is calculated as:

Li+Ly+L
Dgy =3+ % —3.15709 3)

1.1 Stabiliziting hyperchaotic system (1) via adaptive control:

In this section, we will build an adaptive controller to globally stabilize the new hyperchaotic system (1), with undefined
parameters.
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The controlled hyperchaotic system of system (1) is:

d.

%: —a(x2+x1)+X4—|—u1

dxz _ .

j—[f Xy —axi1x3 +uyp @)
B =b+axixa+us

%4 = —dxs —cx1x3 +uy

tel que x,xp,x3,x4 the state variables, a,b,c,d are constants and unknown parameters and uy,u,,u3,us are adaptive
controls to be designed using estimates @ (r),b (1), (1) et d(t) which are unknown parameters.

Consider the adaptive controller defined as follows:

ul(t)zci()()@—i—xl) x4 —k1x1
I/tz(t):xz:’- (Z)X1X3—k2x2 )
u3(t):7b(l‘)fﬁ(t)x1xsz3xg
u4(t)=Li(t)X4+CA(I)X1X3 — kaxq

where ki, ky, k3, k4, are positive constants and (), b (t),é(t), d(t) are the undefined parameters a, b, c,d respectively.

Introducing (5) into (4), we get:

D= —(a—a(t) (x2+x1)—kixi
G = (a-a)nn —kx ©
% =b—>b (l‘):‘r (Cl a (t))xl)CQ —k3x3
‘%4 =—(d—d(t))xs—(c—&(r))xix3 — kaxy
Now, let’s define the error estimation parameters as:
e,(t)=a—a(r)
N=b—b(t
e.(t) =c—2¢(1)
eq(r)=d—d (1)
using (7), then introducing in (6), and from the simplification we obtain the following equations:
% = —eu(t) (2 +x1) —kixg
x2 = —ey (I)X1X3 koxo )
dx? =ep(t) +teq(t)x1x2 —k3xs
dx4 = —ey(t)xa—ec(t)x1x3 —kaxs
Deffirentiating (7) with respect to t and we obtain:
deg(t) _d&(t)
dar dt
dep(t) _ _ db(r)
deit(t) _ _dg([t) ®
dr dt
dey(t) _  dd(t)
. dt
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We use Lyapunov’s stability theory to find a law for updating the parameters of the estimates.
Consider a quadratic Lyapunov function given by:

V:1/2(x%—&-x%+x§+x£+e§+ei+e?+ei). (10)
Deffirentiating V along the trajectories of systems (8) and (9) and introducing into V, we obtain:

: da(t db(
V= —klx% — kzx% — k3x% — k4xi +e, {—(xz +x1)x; — a()} +ep lxg — ()]

dt dt
de(r) dd (1)
+e, [—x1x3x4 — dt} + ey —xﬁ - (11)
Then from (11), we take:
di’z(f) =—(x2+x1)x
dl;lrt> = X3 (12)
d;(t’) = —X|X3X4
db
d(tt> =
then;
] 4
V=Y —kx; (13)

The hyperchaotic system (1) is globally stabilized by the adaptive control law (5) and the updating law (12), such that
k1,ky, k3, ks, are positive constants.

2 Hybrid synchronization of non-identical hyper-chaotic systems

For this synchronization, as a master system, we choose the financial hyper-chaotic system

X1=x3+(x—a)x; +x4
xj =1 —bXQ—x%

. 14
X3 = —X1 —CX3
X4 = —dx1x3 — kx4
and the slave system we used is the controlled hyperchaotic system of system (1) given by:
%1 = —a2+y1)+tystu
(20 RSN
di Y2 — Qy1y3 +uz (15)

%3 =B +oyry2 +us

Di — —8ys—yy1ys +us

with a,f,7,8 are the parameters of the system. The error of hybrid synchronization between the two hyper-chaotic
systems (14) and (15) is:

er =y1—xi
e =y2+x; (16)
€3 =y3 —x3
€4 =y4+X4
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Consider the law of adaptive control:
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Fig. 1: History of the controlled states x;,x;,x3,x4 of the system (1).
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Then the dynamic error of hybrid synchronization is:
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Putting (19) in (18), the system (18) becomes:

—(@=&)(y2+y1)+(a—a(t))x —kiey
—( —a(t)) y1y3 ( b(1))x, —kaer
N 20
- (5 B(1)) + (@ —&()yiv2 + (= (1)) xs — kaes (20)
é4 = ( 8(1‘)))24—( —’)/( ))y1y3—(d—ci(t))xlxz—(k—fc)m —kyeq
Then the parameters of the error estimates are:
e = (00— &)ie5 = (8~ 8)iep = (B—B)es = (v1). on
ea=(a—a)e,=(b—b)ec=(c—¢)seq=(d—d)iex = (k—k).
it implies that:
deq _ _da.des _ _dd.dep _ dB.dey _ dy
dt —  dt°dt dz’dt_ drodr T dr’ R (22)
deq _ _da.deb _ _db.dec _ _dé.deg _ _dd.de _ _dk
dt —  dt’>dt T dt’>dt T dt>dt —  dt’>dt T dt’
Replacing (21) in (20), so the dynamic error becomes:
¢1=—ea(y2+y1) +eax1 —kiey
e:z = —eqy1y3 — epx2 —kaes 23)
€3 =epteqyiy2+ecxs —kzes
€4 = —egys —eyy1y3 — eqX1x2 — eixX4 —kyey
Consider the Lyapunov function:
(F+S+E+G+e+d+e+d+el+ei+ed+ed+e)
V= . (24)

2

V is a positive definite function in R'3. Differentiating the function of Lyapunov V and obtaining the following result:

V:—k1€1—kzez_k3e3_k4ezzt+e“[xlel_%] X 0
+ep[—xper — ] +eclrzes — dtj +eal—xixaes — G+ ea—(v2+y1)er —yiyzer +yiyres — 4] (25)

&
+eg {es — (Tﬂ +es[—yseq — g] +ey[—yiyzes — 73/] +ex[—xge4 — %]

From (25), we take the parameters of the updating law as follows:

dar =Xi1€1

% —X2€2

lfTi — X3€3

% —X1X2€4

% —(2+yi)er —yiyze2 +yiyaes (26)
B ey

dy _

‘TE = —Y1)y3é4

% = —X4€4
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Replacing (26) in (25), the function V become:
V = —kle% — kze% — k3€% — k46421. (27)
V is a negative definite function in R*. Therefore, we have proved the following result.

Theorem 1. The non-identical hyperchaotic systems (14), (15) with unknown parameters are globally synchronized by
the adaptive control law (19), and the updating law for the estimation parameters (26).
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Fig. 2: Temporal history of the hybrid synchronization error of non identical systems (14) and (15).

3 Conclusion

In this paper, we have considered the stabilization and the hybrid synchronization for some non-identical financial hyper-
chaotic systems with continuous time according to the adaptive control method with unknown parameters. Numerical
simulations are used to validate the obtained results via the approach considered for this kind of synchronization.
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