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Abstract: This paper represents the solution to boundary value problems governed by the Lamé system (elasticity) in a plane sector.
By using appropriate Betti function, we establish a biorthogonality relation between the terms of the series, which allow us to calculate
the coefficients of singularities in the important case crack.
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1 Introduction

Let S be the truncated plane sector of angle ω ≤ 2π, and radius ρ (ρ positive fixed) defined by:

S =
{
(r cosθ ,r sinθ) ∈ R2,0 < r < ρ,0 < θ < ω

}
(1.1)

and γ the circular boundary part defined by:

γ =
{
(ρ cosθ ,ρ sinθ) ∈ R2,0 < θ < ω

}
(1.2)

We are interested in the study of a function u, belonging to the Sobolev space
[
H1 (S)

]2
, and being the solution of


Lu = ∆u+ν0∇(divu) = 0, in S

Σ(u).η = 0, for θ = 0{
u.τ = 0

(Σ(u).η) .η = 0
, for θ = ω

(1.3)

where ν0 = (1−2ν)−1 , here ν is a real number
(
0 < ν < 1

2

)
called Poisson coefficient, η is the outward unit vector

normal to γ and τ is the tangential vector. We show that the solutions u of this problem can be written in a series of the
form:

u(r,θ) = ∑
α∈E

cα rα vα (θ) . (1.4)

Here E stands for the set of solutions of the equation in a complex variable α (ν0) :

sin2αω = α sin2ω,Re α > 0. (1.5)
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We will adapt the technique used in [6, 7], for the Dirichlet condition by the the Betti formula instead of a Green formula
for the domain S. To compute the coefficients cα of the singularities which can occur in the solutions, we will focus on
the important case of the crack (ω = 2π). The calculation in that case are more explicit and give the known results for the
Laplacien as just a particular case.

2 Transformation of the problem

Replacing u by rα vα (θ) in problem (1.3) and making the change of funtions:{
w1 (θ) = cosθv1 (θ)+ sinθv2 (θ) ;
w2 (θ) =−sinθv1 (θ)+ cosθv2 (θ)

(2.1)

leads us to the system:

Lα (w) =


w
′′
1 (θ)+(ν0 +1)

(
α2−1

)
w1 (θ)+ρ0w

′
2 (θ) = 0;

(ν0 +1)w
′′
2 (θ)+

(
α2−1

)
w2 (θ)+ρ1w

′
1 (θ) = 0.

w
′
1 (0)+(α−1)w2 (0) = (ν0 (α +1)− (α−1))w1 (0)+(ν0 +1)w

′
2 (0) = 0;

w1 (0) = w
′
2 (0) = 0.

(2.2)

where:
ρ0 = ν0 (α−1)−2 and ρ1 = ν0 (α +1)+2.

A relation similar to orthogonality obtained for this operator is given in the following theorem.

Theorem 1. Let wα and wβ be solutions of (2,2) with α and β solutions of (1,5) .Then, for α 6= β , we have

[
wα ,wβ

]
=

ω∫
0

 1(
β −α

)ν0

(
w
′
2,β ,w

′
1,β

)
+
(
ν0 +1)w1,β ,w2,β

)(w1,α

w2,α

)dθ = 0. (2.3)

Corollary 1. Let wα and wβ be solutions of (2.2) with α and β solutions of (1.5). Suppose in addition that:

ω∫
0

(
w
′
2,α ,w

′
2,α

)(w1,α

w2,α

)
dθ = 0, (2.4)

and α 6= β , then: [
wα ,wβ

]
=

ω∫
0

[(1+ν0)w1,α ,w2,α)]

(
w1,β

w2,β

)
dθ = 0. (2.5)

Remark. For uα = rα ϕα . Suppose that

Tuα = rα−1

(
(1+ν0)ϕ1,α

ϕ2,α

)

where T be is a linear operator. From the Corollary 2.1 and Remark 2.1, we deduce the following result.

Corollary 2. By the Corollary 2.1 If α 6= β , we have:∫
γ

(
Tuα .uβ +uα .T uβ

)
dσ = 0. (2.6)
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Corollary 3. Suppose that u = ∑
α∈E

cα rα ϕα is uniformly convergent dans S. Si
[
ϕ

β
,ϕβ

]
6= 0 then:

c
β
=

1
2

ρ
−2β

∫
γ

(
Tuα .uβ +uα .T uβ

)
dσ[

ϕ
β
,ϕβ

] .

Remark. The technique we develop for the study of the trigonometric series is based on Theorem 1 and Corollarye 1. We
study the following trigonometric series in the particular case of singular domains, in the applications. Moreover in this
case the solutions of (1.5) are explicitly known and we have

E =

{
k
2
, k ∈ N∗,k > 2

}
.

3 Formula for the coefficients in the crack case.

In this framework we assume that the solution u of (1.3) decompose in two parts with respect to θ

u = ∑
α∈E

(cα uα +dα vα) , uα (r,θ) = rα
ϕα (θ) , vα (r,θ) = rα

ψα (θ) , (3.1)

the solutions ϕα and ψα in terms of θ are the functions:

ϕα (θ) =

(
αν0 cos(α−2)θ − (ν0 (α +2)+2)cosαθ

−αν0 sin(α−2)θ +(ν0α−2)sinαθ

)
. (3.2)

ψα (θ) =

(
αν0 sin(α−2)θ − (ν0α +2)sinαθ

αν0 cos(α−2)θ − (ν0 (α−2)−2)cosαθ

)
,0 < θ < ω. (3.3)

3.1 Study of the first part

In this part the expression ϕα is given by (3.2) . After calculation, we obtain that[
ϕβ ,ϕβ

]
= π

[
α

2
ν

2
0 (ν0 +2)+(ν0 +1)(ν0 (α +2)+2)2 +(ν0α−2)2

]
.

3.2 Study of the second part

The expression ψα is given by (3.3) and[
ψβ ,ψβ

]
= π

[
α

2
ν

2
0 (ν0 +2)+(ν0α +2)2 +(ν0 (α−2)−2)2

]
.
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math, Rev, Vol 5, Nos1&2, 19

[6] B. Merouani and R. Boufenouche, ”Coefficients of singularities for a simply supported plate problems in plane sectors”, Electronic
Jornal of Differential Equations, Vol. 2013(2013), No. 238, p. 1-8.

[7] B. Merouani and R. Boufenouche, ”Trigonometric series adapted for the study of Dirichlet boundary-value problems of lame
systems”; electronic journal of differential equations, vol. 2015 (2015), no. 181, pp. 1-6. ISSN: 1072-6691.
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