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Abstract: In this article, we are concerned with some classes of nonlocal elliptic equations. We apply the homogenous Dirichlet
boundary conditions. Our problem is settled in Orlicz-Sobolev spaces. To obtain the nontrivial solutions, we apply variational approach.
The variational approach is a very helpful tool especially to obtain solutions of nonlinear differential equations. The main idea in the
variational approach is to designate the corresponding energy functional, which is also known as Euler-Lagrange functional, and then
using some auxiliary theorems from functional analysis and nonlinear analysis, such as Holder inequality, Lebesgue convergence
theorem, continuous and compact embeddings theorems, and Frechet derivative, to find local or global minimizers of the corresponding
energy functional, that is, the solutions of the corresponding differential equations.
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1 Introduction

We are concerned with the following nonlocal elliptic equation

|u(x)[?

([ (vuoar) aiva( vt vuco) + o) (“EL - g ) | w2 = s on 2

u=0 on dQ,

M

where Q is a bounded domain in RV(N > 3) with smooth boundary dQ ; u: 2 — R denotes primal field; g > 2 ;
o, B € L*(Q) with infy, a(x)[i’(x) > 0;A — (0,00) — (0,00) is a continuous function; f : QxR — R is a Caratheodory
function, and the function ¢(¢) = [ a(|¢|)¢ is an increasing homeomorphism from QxR onto R such that ®(1) = [ ¢(s)ds.
We want to mention that equations like (1) have been intensively studied by many authors over the past twenty years due
to its significant role in many fields of mathematics, such as calculus of variations, non-linear potential theory,
non-Newtonian fluids, image processing (see, e.g., [2,4,5,6,9,10,12,13,18,21,23,27,34,40,42]). Therefore, equations
of type (1) may represent a variety of mathematical models corresponding to certain phenomenons:

For ¢(t) = p|t|P~%t, (1) turns into the well-known p-Kirchhoff-type equation

q

-A (/Q @Mlgx)pdx) div(|Vu(x)|p_2Vu(x)) + a(x) (W(;C)'ﬁ(x)> u (x)|72u = f (x,u) on€,

u=0 onodQ.

(@)
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Problem (2) is a stationary counterpart of (3).

U u(x)\ %u(x,r)
po+p1/0 ( r > dx]axzo xe(0,1), 1>0, 3)

when we put A(¢) = po+ pit and p(x) =2 , where pg is connected with the initial tension, p; is dependent on the
characteristic of the material of the string and u(x,#) denotes the vertical displacement of the point x of the string at a time
t (3) was proposed by Kirchhoff in [29] as an extension of the classical d’ Alembert’s wave equation for free vibrations
of elastic strings. Such problems are often called nonlocal since the equation is no longer a pointwise identity because it
contains an integral over (2 .

d%u(x,t)

012

2 Preliminaries

We start with some basic concepts of Orlicz spaces. For more details we refer the readers to the monographs [1,30,31,
37,39], and the papers [17,21,25,26,34]. The function a(¢) : R — R is a function such that the mapping ¢ () : R — R,
defined by

o) = { 70 @

is an odd, increasing homeomorphism. For the function ¢ above, if we define

®(1) = /0 " o(s)ds, 5)

then the function @ : [0,+o0) — [0, +o0) is called a N—function if it satisfies the following conditions (see e.g., [1,37,
39]):

(Py)D(¢) is a convex, nondecreasing and continuous function such that, @(0) =0, &(z) > 0 for all # > 0, and

o(1)

D(t
lim;_x)% = O, limt_mT = o0,
The set of all generalized N—functions is denoted by N(£) .The function © defined by

qb(r):_/o ¢~ (s)ds,r >0, )

is called the complementary (or conjugate) function to @ , where P satisfies the following
D(1) = sup.o{st — D(s) : s € R},t > 0.
It is well known that @ € N() ,and then the following Young inequality holds
st < D(t)+P(s), t €R. (7)

The function & allows us to define the Orlicz space, by

|u(x)]

(
A

L?(Q) = {u : Q — R measurable 34 > 0 such that/ D )dx < w}.
Q

Moreover, by 4 condition (see below), L?(€2) is the dual space of L?(2) , i.e., (L?(2))" = L?(Q).
In the sequel, we also use the following assumptions for @ :

igofmﬁwﬁfpozsupwow<°°a V> 0; (8)

P =80 = o) 0
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lnft>0¢(t) > O, (9)

The function t — ®(+/t) is convex, V¢ > 0. (10)

By the help of assumption (8), the Orlicz spaces L% () coincides with the equivalence classes of measurable functions
u: £ — R such that

./ncb(|u(x)|)dx<oo, (a0

and is equipped with the Luxemburg norm

|u|¢—inf{u>0:/g¢<|ul(j)>dx§1}. (12)

For the Musielak-Orlicz spaces, Holder inequality reads as follows (see [1,39])
Jouvdx <2|ul| 0 q) Hv||L¢(Q> forallu € L?(Q) and v € L?(Q).

0
whe(Q) = {u eL?(Q): $ cL?(Q)i= 1,2,...N} ,
X
under the norm
ull1,0 := [u]e + [Vulo. (13)

Now we introduce Orlicz-Sobolev spaces with zero boundary traces WO1 “?(Q) as the closure of Cy(R) in WH?(Q) under
the norm ||u||; . Moreover, by the help of the well-known Poincar’e inequality, we can define an equivalent norm ||.||¢

on Wol"p(_Q) by
lull 1@ == [Vl (14)

Proposition 2.1 ([1,21]). If (8)-(10) hold then the spaces L®(Q) and W!®(Q) are separable and reflexive Banach
spaces.

Proposition 2.2 ([17,34]). Let define the modular p («) = [, @ (|V,|)dx= WOl “®(Q) — R Then for every iy, u € WOl Q)
we have

0 .
Ll <p() < llullg if lulle <1,

0 .
218 < pw) <l it o > 1,
3.||ulle < p(u)+1,
4.||lun —ul|p = 0= p (g —u) — 0,
5. Jun —ut|| g — o0 < p (ttn — u) — oo

Remark 2.3 The functional p is from C! (WO1 ’(p(.Q),R) with the derivative
<p'(u),v>:/ a(|Va]) VuVvds,
Q

where (...) is the dual pairing between Wol"(p(.Q) and its dual (WO1 ’¢(Q)) . Moreover, the operator p’ is of type (S+),
that is, u,, — u in WOI’CD(Q) and limsup (p'(up), uy — u) < 0 imply u, — u in Wol"p(.Q) (see [34]).

It is said that @ satisfies the A,-condition if there is a positive constant M such that

®(2) < MD(1),v1 > 0. (15)
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Proposition 2.4 ([20]). Assume that Q is a bounded domain with smooth boundary 92 . Then the embedding W' (Q) —
L"(Q) is continuous and compact provided p > 1, 1 < r < p* where

N,
p*::r_pp,p<Nandp*::+oo,p2N.

Remark 2.5 The Orlicz-Sobolev space W®(Q) is continuously embedded in the Sobolev space W':?’ () On the other
hand, W'¢"(Q) is compactly embedded in the Lebesgue space L'(Q) for all 1 < r < ¢ := 16\/_—"20 As aresult, WH?(Q)
is continuously and compactly embedded in the Lebesgue space L"(Q) .

3 Main Results

First, we shall give the variational framework of the problem (1). The energy functional corresponding to problem (1) is
defined as € : W01,q>(9) —R

e(u)A(/QCD(Wu)dx) +/Q@ <L;|qﬁ(x))2dx/QF(x,u)dx, (16)

where F(x,t) = [3 f(x,s)ds and A(t) = [} A(s)ds. Then the problem will be to find some uy € W, ®(£2) , which satisfy
the equation (1), such that

e(ug) = minuewol_LpM) {e(w)}. (17)
We say that WOI’(D(Q) is a weak solution of problem (1) if

Jul?

” ﬁ(x)) |u|‘172uvdx—/gf(x,u)vdx:0 (18)

A (e (@) + [ o) (

forall v e W, ®(Q).
We will study problem (1) under the following assumptions: Throughout the paper we always assume that
2<g< p <o,
(A0) A : (0,00) — (0,00) is a continuous function and satisfies the condition
mr® P <A(t) <myt® L
wheret > 0,0 > 1 and my > m; > 1.
(f1) f: Q x R — R is a Carathéodory function and there exists ¢; > 0 such that
[fnl < el
where s € C(Q) such that s < a@y.
(f2) There exist constants M, ® > 0 with 2¢g < c¢® < 0 < @g such that
0 < OF (x,1) < f(x,0)t,]t]| > M,Vx € Q.
(f3) f(x,t) =0 (|¢|9"") ast — O uniformly in x € Q.
(4) f(x,—1) = —f(x,1).

Remark 3.1 The function f(x,7) = o (|{|°~2)t , where 0 > g, satisfies assumptions (f1)-(4).
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Remark 3.2 By assumption (f2) there exists a constant ¢ > 0 such that F (x,t) > c|¢|? for all x € Q and [t| > M.
The main results of the present paper are the following.
Theorem 3.3 Assume that (f1)-(f3) and (AO) hold. Then problem (1) has a nontrivial solution in WO1 ’qb(.Q).

First, we need to show that functional € satisfies the main smoothness properties which are the essential part of the main
proofs of the paper.

Lemma 3.4 The functional € is well-defined on WO1 “®(Q) and Fréchet differentiable, i.c., € € C LW, W, (Q),R) whose
derivative is

! ‘”| > -2
—A q dx — dx. 1
(/),) =A(plu) (p'w).v)) + [ e ( B0 )l 2uvdx— | fxupa (19)
Proof From the embeddings W()l7¢)(.(2) — L2(Q) = L4(Q) [forany u € WOI*D(.Q) it is easy to see that
ul? ? 1

By conditions (f1), (A0), the embedding WO1 "q)(.Q) — L*(Q) and (20), it follows
? |M\q ?
le(u)| <Ap +/ —B) dx—/F(x,u)dx<oo,
Q

which means that € is well-defined on WO1 Q).

Denote K := Wol “2(Q) = Rby K(u) := A(p(u)) .Considering the fact that the functional p is of class C! (Wl *(Q)),and
A is a continuous function satisfying the growth condition (A0), it is easy to see that the composition functional K (u) :=

A(p(u)) is well-defined on Wol"p(Q) and of class C! (Wol'd)(.Q)) with the derivative K" := Wol’(’b(Q) — (W(;"D(Q))

(K'(u),v) = A(p(u))(p (u),),

for all u,v € WO1 “2(Q) ,Therefore, to obtain that &€ € C'(W, 1'Q(Q),R) , it is enough to show that the operator
A WOI"(2 (2) — R given by

Au) = /_Q a(z) (|uq|‘1 (x))zdx—/QF(x,u)dx

S (2),R) .To this end, first, it must be shown that for all v € Wol"(2 (Q)

is of class C! (W,

(A (u),v) —hmw = /w(x(x) <,;|q - (x)> |u\"72uvdx—/gf(x,u)vdx,

t—0 t

and then it must be obtained that A’ := Wol"(2 (Q)— (WOI"‘Q (Q)) is continuous.

The continuity properties of |.| and f along with the definition of f , allow us to apply the mean value theorem, that is,

(A'(w,v) =tim | %‘) (('”t}tvqﬁ(x))z (”fﬁ(x))z) ax—tim | F("’““Vt)‘”x’”)dx,

t
=lim [ a(x) (|u+8v|) |u+l£v\q72(u+t£v)vdx—lim/ Flu+tev)vdx,
Q q t—=0.JQ
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where u,v € WO1 A2 () and 0 < € < 1 . Now, if we apply the Young’s inequality along with the inequality |a + b|" <

2= (|a|™ + |b|™) , for all a,b € RY and m > 1, consecutively to all integrands on the right-hand side of the above
expression, and use condition (f1), it reads

)

‘a(x)<”*1?”4q-ﬁ(x))u-%tevwz(u-ktev)

u-+revl? B
< alx <q|+ﬁ(x)> utrevit ],

<u+t8v|2q1

< o(x) v|+[3(x)|u+t8v|ql|v|).

However, by the Young’s inequality it reads

|u+tev|?a! (2g —1)2%~! 1

P L v | i (i R U @

and X

_ —1)20- 1
ottt < I -+ i)+ i, )
Similarly,
25 1(s—1 25 1(s—1 2= ls—1)+1

|f(x,u+tev)v| <c ((j)|us+ (f)|u5 + <(ss)+> |v|5>> . (23)

The right hand sides of the inequalities (21)-(23) belong to L' (). Therefore, by the Lebesgue dominated convergence
theorem, which make it possible to change the order of lim and integral signs, along with the continuity properties of f
and |.|, it reads that

(A v) = /Q au(x)lim; o

:/ro(x) <|uq|qﬁ(x)) \u|q_2uvdxf/gf(x,u)vdx.

t q
(|u+£v _ﬁ(x)> |u+t£v\q_2(u+t8v)vdx—limHo/ f(x,u+rev)vdx,
Q

Since the right-hand side of the above expression, as a function of v , is a continuous linear functional on WO1 42 (Q),itis
the Gateaux differential of A.

Next, we proceed to the continuity of A. To this end, we assume, for a sequence (u,) C WO1 42 (), that (u,) — u €
W, ? (). Then

(A" ) A" w)9)| < | [ atavas| +| [ (£ = f (o)) v,
where
1= 00 - 000 = | (1 B0 ) lo 2, (M5 - o) o 2u).
and
o) = (w2 e

© 2021 BISKA Bilisim Technology



JACM 6, No. 2, 16-29 (2021) / www.ntmsci.com/jacm BISKA 22

By the Holder inequality it reads

/Q o(x)I,vdx

< clh] o, - (25)

Note that because of the embeddings WO]’(D(.Q) — L1(Q) — Lt () we can apply (u,) —u € Wol A2 (£) to (25).

On the other hand, we can write

1] =10 (1) = © ()| < B(x) (lun| " +[ul?™) +é (Jn 2771 271

< C(Junl T+ [T+ P + (26)

where C := max (%,supxegﬁ(x)), since  (u,) — u € WOI’Q(.Q), by the compact embeddings

1. (a—1)q 1. (24-1)q 1.& .
Wy () =L T (Q),W, ()L «T (2)and W, () — L*(L2) up to a subsequence still denoted by u, , we
have

(g=1)q

U, —u in L a1

. (29-1)q
U, —u in L a1 (Q),

u, —u in L°(Q),
U, —>u a.e. x €0,

(2),

(g-1) (24-1)
and there exist w; € L [=n (Q),w €L = () and ws € L*(€Q) such that |u, (x)| < wy(x), |un(x)| <wa(x) and |u,(x)| <
w3(x) a.e. x € Q , respectively, for all n € N Therefore, using this information in (26), we obtain

q

]2, =10 -0, = ( [ 100) - ST ax) "

and

9
10 (1) = O ()| g < ¢ (14 [uta|”™" 4 [u] 14 2971 - a4 1) 7T

-

(g—1)
=

q
gc(1+|wl|l Tl

(g—1)q (2g—1)q (29—1)q

T |lwa| T |u| o T )ELI(Q).

Now, we show that |® (u,(x)) — O (u(x))| — 0 as n — . Indeed

)

10 (un(x)) — O(u(x))]| = \ (o) o2 = (= o)) 2

1 B _ _ _
§§|lun|2" 2t — 42| + B () [t 100 — [10] ]

Now, we mention the following inequality given in [11]: for 1 < k < oo there exist constants c; > 0 such that

£12 — 1212¢] < Gulg ~ 2l + 122 e, ¢ e ’Y.

Therefore, since (u,) — u € WO1 “(Q) , we obtain that

lim |® (u,(x)) — O (u(x))| = 0.

n—yeo

© 2021 BISKA Bilisim Technology
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As for the term | [ (f(x,u) — f(x,un))vdx| , using (f1), the Holder inequality and the continuous embeddings
W()l"p(_Q) — L5(Q) — L'~ 1(Q) ,we have

\ [ e~ 5 () v

§C3/Q (\|W3\s—l|ﬁ+\|u|s—l\s%}) [v] ELI(.Q).

SCz/Q (lws* T Jul*1) [v]dx,

Moreover, considering that u,(x) — u(x) a.e. x € Q and f is continuous, we obtain that

lim
n—oo

A (f(X,(un))f(x,u(x)))‘ 0.

If we take into account all information obtained above and apply the Lebesgue dominated convergence theorem, it reads

lim
n—oo

)~ s x| <o,

and

lim/ 10 (1) — O ()| 7T dx = 0,
Q

n—yo0
where these two results together mean, as a conclusion, that

lim sup || A’ (uy,) fA'(u)||<WOLq)(Q))* =lim sup [(A"(un)—A'(u),v)].

e " x e <1

Therefore, A’ := Wol’(p(Q) — (Wol’q’(!))) is continuous. O

Remark 3.5 Due to Lemma 3.4, we have € € C' (Wol ’(p(.Q),R) whose derivative is given by (19). If we compare (18)

with (19), it is clear to see that the critical points of functional € are those functions which satisfy both (17) and (18).
Therefore, we will seek the critical points of functional € to obtain the solutions of problem (1) To this end, we will obtain
some results in what follows next, which allow us to prove that functional € has critical points.

Lemma 3.6 Assume that (f1) and (f3) hold. Then,

i.There exist two positive real numbers 1 and 7 such that €(u) >t >0, forall u € WOI’IP(Q) with ||u|len < L.
ii.There exists e € Wol’(p(Q) such that |le]|¢ > 1,€(e) < 0.

Proof (i) By assumption (f3), given € € (0, S‘PO/ZGcg) with § € (0,1), we can write
efr|?
|[F(x,0)] < ——, Vx€Q, [t] <9.
q

Letue Wol’(p(Q) be such that

1 1/C’(Po—q
lullog =7 = — §9° /00 ~a < 1.
myq

Then, by Proposition 2.3 and the continuous embedding WOI’(D(Q) — LI(Q) ie., Ico = ¢(|22]) > 0 such that |u|, <
collul| o, Yu € W) ® (), it follows

© 2021 BISKA Bilisim Technology



JACM 6, No. 2, 16-29 (2021) / www.ntmsci.com/jacm BISKA 24

s<u>>”’§( /| ¢><x,|V|>dx)G—§ | lupra

mp, o9 € gyog
g~ el

my op'—g € q 1 0 € 4\.gq
— —— ) ul|L = —06% — =¢ =1
(G““”¢ o) llls = 528~ e )t =7,

v

v

i.e., we obtain that £(u) > 7 > 0.

1) First, we note that for 7 > 1 and s > O 1t holds ts) <t s). Indeed, from the assumption (2.5), we have
(i) Fi hat f 1 and s > 0 it holds @ 9°®(s). Indeed, h ption (2.5), we h

29(2)
<, V220,
() T
from which we can proceed as follows
ts (Z) ts (PO
— < [ —dz
s (D(Z) Js

Let0+# ¢ € Wh¥(Q) and 1 <t € R. By Remark 3.2, we obtain that

124

elr0) =200 [ @(ulvul)ax) + 15 [ aloPdvsrt [ atpiolotas

+ /Q () B (x)dx — ci” /Q 1619 dx. 27)

Since 8 > c¢” > 2¢, we obtain that £(t¢) — —oo as t — +oo. Then, for 7 > 1 large enough, if we set ¢ = e with
|le]|@ > m we obtain that £(e) < 0. O

Definition 3.7 Let X be a Banach space and  : X — R be a C'-functional. We say that a functional I : X — R satisfies the
Palais-Smale condition (shortly, (P S)-condition), if any Palais-Smale sequence, i.e., a sequence u,, C X such that I(u,) is
bounded and I’ (u,) — 0, contains a convergent subsequence.

Lemma 3.8 Assume that (f1) and (f2) hold. Then, € satisfies the (P S)-condition.

Proof From the proof of Lemma 3.7, € satisfies the Mountain-Pass geometry which assures the existence of a Palais-Smale
1,
sequence u, € W, () such that

€(u,) — ¢ and \|e’(u,,)||( @) ~ 0, (28)

wl.®

where ¢ is a critical value of € and characterized in Theorem 3.10(ii).

First, let us show that (u,) is bounded in WO1 “?(Q). Assume the contrary. Then, along a subsequence, ||un||@ — oo and, in
addition, we may assume that ||u, || > 1 . Then, from (28) there exists a real number C > 0 such that

© 2021 BISKA Bilisim Technology
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2 et <A )+ [ 2 (1" Y e [ Fisa,

q
mp Cl 5
> 2~ [

mj
> — |lunll g™ —cllunll -

Since o @y > s > 1, if we divide above inequality by ||u,||, and take the limit as n — 4o, we obtain a contradiction.
Therefore, (u,) is bounded in WO1 “®(Q). Since WO1 “®(Q) is reflexive, there exists a subsequence, still denoted by (i) ,
which converges weakly to a u € WO1 ’q)(.Q). Then, by (28) it reads

|u

q
d /3<x>> a2t (1t — ) dx

(&' (un) yun—u) =A(p (un) (p' () ,un —u)) Jr/Q o(x) < p

~ [ 5o () dx 0.
Q

By (f1), the compact embedding WO1 ’q)(.Q) — L*(Q) and Holder inequality we have

§A)|u,,\s71|u,1—u|dx§ i) 1|u,,—u|s—>0. (29)
S—

| [ ) )

Similarly, by the compact embeddings WO1 P(Q) = L2(Q), WO1 “®(Q) < L9(Q) and Hélder inequality we have

q q-2 q-1
/Ot(x) ('”"ﬁ@)) | ity (1 — ) dx ge/ (ltnl+ )| ttn| [t — ] dx,
0 q 0
<c (/ it |27 |un—u|dx+/ Jta |7 1t —u|dx) ,
Q Q
S P e [ A (0)
q— q—

where ¢ := 2max (suprQ a(x)Xsup,.q B(x), é) .

By (29) and (30), we must have

A (P(un)<P/(un), Uy — “>) —0.

From Remark 2.4 and condition (A0), it follows at once that (u,) converges strongly to u € WO1 ’(’D(Q). As a conclusion, €
satisfies the (P S)-condition. O

Proof (Proof of Theorem 3.3) By Lemmas 3.7 and 3.9, functional € satisfies the assumptions of Mountain-Pass theorem
([3]). Hence, there exists a nontrivial critical point of functional € which is a solution of problem (1). O
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4 Examples

In this section, we present a concrete problem that our results can be applied successfully. Suppose that

A(r) =1,

a(t) = |t|P~2,

B(x)=1,

o(x) = a = const >0, (3D
flen) ="y eRy > 1,

p=q=2.

Then equation (1) turns into the Ginzburg-Landau-type (GL) equation

2
fV2w+a(%*1)ll/:|‘VV_2‘l’vQ’ (32)
l’/: 078.(27

where y denotes the macrowave function describing a superconducting state and || is the density of superconducting
electrons. This equation was originally proposed in [24]. In the field of superconductivity the GL equation has been
playing an important role for the understanding of macroscopic superconducting phenomena. We refer the reader to [7,8,
14,28,32,33,35,36,41] and the references there in for detailed background regarding the GL equations.

The energy functional, called the GL energy, corresponding to problem (32) is defined as &, : WO1 2 R

1 2 2 1
8*(11/):7/ Ilezdx+/ (W - ) dx—f/ ly|7dx,
2Jo Q 2 YJo

and the critical points of functional &, lie in

W2 (Q) = {1//6 Wl 2(Q) y = o,ag},

with an equivalent norm to ||.||y12 (due to the Poincar’e inequality )

1/2
S A
0 Q

where

whi(Q) = {w eLl’(Q): —

Theorem 4.1 Assume that 4 <y < 2* = % and 0 < o¢ < 1 hold. Then problem (32) has a nontrivial solution in WO1 ‘2(.(2)
Proof Since all functions appearing in problem (1) satisfy (31) here, all the necessary conditions (A0) and (f1)-(f4) hold
for the problem (32). Therefore, it can be easily shown that Lemma 3.7 and Lemma 3.9 hold for the problem (32) as well.
So we skipped the details. Having said that, we would like to give a concise outline of the proof of Lemma 3.9 since it
requires a slightly different approach. To this end, from Lemma 3.7 there is a Palais-Smale sequence (u,,) C WOl ’2(.(2) of
&, such that

& (up) — ¢ and ||8*(u,,)||( = 0. (33)

Wo?(@))

Again assume by contradiction that ||u,],, > 1. Using the fact that by (33) there exist positive real numbers C and x with
4 < x < y along with the embedding Wol’z(.Q) — L*(Q) , it follows
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1
C Z Ex (l/ln) — E <8>lk (un) aun>7
1 Jun|* Lo
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> [ |Vu,*d —/ — -1 d—*/ Tdx,
—2/;;' il x+z.g< 2 Ty ol
1 a ’ !
KJo K Jo 2 K.JQ
11 ) Jun|* 2
(1. 1 [ U]~
(2 K) |”"||w+2/9< 1 T+ dx,
4
a u 1 1
(B o - e
1 1 o o
2 (5 ) ol (5 5) [, ol
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)l (2= 3) el
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/N
| =
|
| —
o]
N S—

Since k >4 and 0 < & < 1, (uy,) is bounded in WO] 2(Q). Considering that WO] 2(Q) is reflexive, there exists a subsequence
(1) (not relabelled) which converges weakly to u € WO1 ’2(!2). Then, using (33), it reads

|'4n|2

<8i(u,,),unu>/QVu,,(VunVu)der/Q< > l)un(unu)dx/g|uny_2un(unu)dx%.

By the Holder inequality and the compact embeddings WO1 2(Q) < [4(Q) and Wol’z(!)) — LY(Q), it is easy to see that

‘ / |t |" %ty (14 — 1) dx| — 0, (34)
Q

and

-0, (35)

/Q <”2|21) i (16— 14) dx

hold as in (29) and (30), respectively. Hence, from (34) and (35), we have

/ Vit (Vity — Vit dx — 0. (36)
Q

On the other hand, the operator L : WO1 2(Q) = (Wol ’Z(Q)) defined by
(L(v)w) = / |Vv|P~2VyVwdx, p > 1, (37)
Q

is of type S+ (see Theorem 3.1, [19]). So, if we put p =2,v =u,, and w = u, —u in (37) we obtain Q2 [, Vi, (Vu, — Vu)dx,
which means it is of type S+. Therefore, by (36), u,, — u in WO] ’2(.(2), and hence, &, satisfies the (P S)-condition. Overall,
problem (32) has a nontrivial solution in WO1 2(Q). O
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5 Conclusion

In this paper, to obtain a nontrivial solution for a nonlocal problem with Dirichlet boundary condition including a nonlocal
and nonhomogeneous differential operator. To do so, some well-known results from functional analysis and the theory
of Orlicz-Sobolev spaces are applied. Additionally, a concrete example, where it is shown that a Ginzburg-Landau-type
equation has a nontrivial solution, is provided that our main results can be applied successfully.
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