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Abstract: The present paper is devoted to some results concerning with the projectable linear connection in the semi-tangent (pull-
back) bundle tM. In this study, horizontal lift problems of projectable linear connection, which are preliminary to the subject of covarient
derivates of almost contact structure and almost paracontact structure on semi-tangent bundle, are discussed.
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1 Introduction

Let M, be a differentiable manifold of class C* and finite dimension n, and let (M,,, 7}, B,) be a differentiable bundle over
B,,. We use the notation (x') = (x* x%), where the indices i, j, ... run from 1 to n, the indices a,b, ... from 1 to n —m and
the indices «, 3, ... from n —m + 1 to n, x* are coordinates in B, , x* are fibre coordinates of the bundle

m M, — By,

Let now (7 (By,), T, B,,) be a tangent bundle [13] over base space By, and let M, be differentiable bundle determined by
a natural projection (submersion) 7y : M,, — B,,. The semi-tangent bundle (pull-back [[2],[3],[9], [10],[14],[15]]) of the
tangent bundle (T (B,), %, B,,) is the bundle (¢(By,), T, M,) over differentiable bundle M, with a total space

t(Bn) = {((xa’xa) x%) €My X Te(Bp) : m (x*,x%) =7 (xa,xa) = (xa)} C M, x T(By,)

and with the projection map m : t(B,) — M, defined by m(x4x%x%) = (x4,x%), where
T (By) (x = my (X),X = (x4,x*) € M,,) is the tangent space at a point x of B, where x* = y* (E,B, we=n+ 1,...,2n)
are fibre coordinates of the tangent bundle 7' (B,,).

Where the pull-back (Pontryagin [7]) bundle #(B,,) of the differentiable bundle M,, also has the natural bundle structure
over B,,, its bundle projection 7 : t(B,,) — By, being defined by 7 : (x* x¥ x%) — (x*) , and hence 7 = 7; o . Thus
(t(Bm),m; o mp) is the composite bundle [[8], p.9] or step-like bundle [6]. Consequently, we notice the semi-tangent
bundle (t(B,),m ) is a pull-back bundle of the tangent bundle over B,, by m; [9].

If (x) = (x*,x*) is another local adapted coordinates in differentiable bundle M,, then we have

{xal :xﬂ,(xbvxﬁ)a

X% = xo (xﬁ)

ey
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The Jacobian of (1) has the components

N

~.

N——
I

) (44
ox/ 0 Ag ’

To a transformation (1) of local coordinates of M, there corresponds on #(B,,) the change of coordinate

a _ Lx"/ d_ 3 sa _ h
where Aj = 55, A = 95 AF = 55 [9].

x :x“'(xb,xﬁ),
x¥ = x¥ (xﬁ ), 2)
A o
X = ».
The Jacobian of (2) is:
, A7 AL 0
A:(Ag): 0 AZ 0 |, 3)
o e g0
0 Apgy Aﬁ
_ — ’ 2 o
where I = (a,0, @), J = (b,B,B), [,J,.... = 1,....2n; Af = 25— 9],

The purpose of this paper is to study the horizontal lifts of projectable linear connection to semi-tangent (pull-back)
bundle (¢(B,,) , ™) and their properties.

We denote by 37 (M,) the set of all tensor fields of class C* and of type (p,q) on M,, i.e., contravariant degree p and
covariant degree g. We now put S(M,) = ¥ ,_o 34 (M,), which is the set of all tensor fields on M,. Smilarly, we denote
by 37(B,,) and 3(B,,) respectively the corresponding sets of tensor fields in the base space By,

2 Some lifts of vector and covector fields

If f is a function on B,,, we write ™ f for the function on 7(B,,) obtained by forming the composition of 7 : #(By,) — By
and ' f = fom, so that
Wf="fom=fomom=for.

Thus, the vertical lift ** f of the function f to #(B,,) satisfies
"E(x x%, x%) = f(x%). 4)
We note here that value ™ f is constant along each fibre of 7 : (B,,) — By Let X € 3}(B,,), i.e. X = X%0dg. On putting
0
"X="x%=1[0 |, (5

X(X

from (3), we easily see that "X’ = A(*"X). The vector field "X is called the vertical lift of X to t(B,,).
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Letw € 3(1)(Bm), i.e. ® = ®ydx®. On putting
"o =("0),=(0,04,0), (6)
from (3), we easily see that @ = A" ®'. The covector field " is called the vertical lift of ® to #(B,,).

Let X € 3)(M,) be a projectable vector field [11] with projection X = X*(x%)dy i.e. X = X*(x*,x%)dy + X*(x*)dg.
Now, consider X € S(l)(M,,), then <X (complete lift) has the components on the semi-tangent bundle #(B,,) [9]
Xva
c-c}“(’ _ (ac}?a) = | x« @)
VED X

with respect to the coordinates (x,x%,x%).

For any F € 31(B,,), if we take account of (3), we can prove that (yF)' = A(yF), where YF is a vector field defined by

0
YF=F)=|0 (8)
ySFetx

with respect to the coordinates (x%,x%, x%).

Let now X € S(l)(Mn) be a projectable vector field on M,, with projection X € S(l)(Bm) [11]. Then we define the horizontal
lift 71X of X by
HHX = X — y(VX)

on t(M,). Where V is a projectable symmetric linear connection in a differentiable manifold B,,. Then, remembering that
X and }/(V)? ) have, respectively, local componenets

X« 0
e (CCXI) ) ;O;EX“ = MVX)I) ) (y)gv,gxa

with respect to the coordinates (x*,x%,x%) on t(B,,). VX¢ being the covariant derivative of X¢, i.e.,
(VoX®) = 0uX+XPIf 4.

We find that the horizontal lift ¥ X of X has the components

)?a
_roxh
FB X
with respect to the coordinates (x4,x%,x%) on t(B,,). Where
l—ba:yel—éaﬁ_ (10)
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3 Complete lifts of projectable linear connection

Let I; tf y be components of projectable linear connection [[1], [4], [5], [11], [12]] V with respect to local coordinates (x%)
in B, and “I;’ x components of “V with respect to the induced coordinates (x*,x*,x%) in #(B,,). We recall from [11] that
components I}’ ¢ of complete lift “’V of projectable linear connection V can be calculated from base manifold B,, to

semi-tangent bundle #(B,,) also as:

CCI:le — ccl-;lby _ ccl—;lb7 _ C(,‘Fabc —_ CCFO?? _ ccrabc _ CCFEbY — ccl—*ab7
Ty =1y

ccl-;lﬁc _ CCGﬁy _ ch-lvlﬁ7 _ CCFch _ ccraﬁ7 _ Ccraﬁc _ ccl—'aﬁy _ chB7 =0,
Ccrocﬁy = FO?]M

0,

) B B B B 11
ccl-‘vgc:ccl—;lﬁy:cc aﬁ7:chaﬁc:araﬁczccrﬁﬁ?:(), (11)
cepB. _ B

ay=ar

Ccraﬁy = ysasraﬁ%
cerB _ 1B
Igy=Iay.

where I = (a,a, @), J = (b, B,B), K = (c,7,7). On the other hand, from (11) we obtain:

Theorem 1. Let X and Y be projectable vector fields on M, with projection X € 34(Bw) and Y € 3}(By), respectively.
We have:
(1) ccVWX (vvy) — 0,

(i) “Vwy (fHY) =0,

(i) Vg ("Y) =" (VxY),

(V) “Viug("7Y) =11 (VxY) +yv(R(,X)Y),

V) [X V] = [X,V](i.e.Louy (€7 ) =5 (Ly?)),

(i) [“X,7F] = y(LxF) (F € 3} (Bn)).
where R(,X)Y € 31(By,) is a tensor field of type of (1,1) defined by F(Z) = R(Z,X)Y for any Z € 3}(By,) and Ly is the
operator of Lie derivation with respect to X.

4 Horizontal lifts of projectable linear connection

Let there be given a projectable linear connection V in B,,. We shall define the horizontal lift 7V of a projectable linear

connection V in By, to t(B,,) by the conditions:

(1) HHVWX (VVY) — O,
(11) HHVWX (HH;) = 0
(111) HHVHH)Z(WY) —w (ny) ,
(iv)HHVHH)?(HH?) _HH (VxY), (12)

for any X,Y € 3}(M,). Thus, if we put
S(X,Y) =H1v.y —«v .y (13)

for any X,Y € 3)}(M,). Then, from (13) and Theorem 1, the tensor S of type (1,2) in #(B,,) satisfies the conditions

(i) S("X,"Y) =0,
(i) S(XHHY) =0,
(i) S(HEX y) =0,

© 2021 BISKA Bilisim Technology
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(W)S(X YY) = —y(R(.X)Y), (14)

for any XY € S(l)(M,,). Therefore S has the components g{K such that
Say =~ Reay (15)

all others being zero, with respect to the induced coordinates (x” ,xﬁ,xﬁ) int(By).

Since the components “F,J x of €V are given by (11), it follows from (13) and (15) that the horizontal lift 77V of a

projectable linear connection V has the components 7 F/ k such that

HHyb _HHpb _HHyb_ _HHyb _ HHyb_ _ HHyb _ HHpb _ HHpb_ _
I e ="00y ="y =" g e =" gy = "G =" Igy =""Igy =0,

HH1b b
FaY:Fa%

HHFOgy _ Faﬁ - B - B B
HHEIEC _ HHFaﬁy _ HHFuﬁVZ HHF(EC :HHFEﬁC _ HHFaﬁ?: 0,
HHLP = 1F,

HHFogy = yeasrocﬁy —yeRgaya
HHFE'}/ = Faﬁy.

o

with respect to the induced coordinates in #(B,,). Where 71T,/ ¢ are the components of 77V in #(B,,).

Proof. For convenience sake we only consider 77T} f y- According to (11), (13) and (15 ), in fact:

Sf\g'y — HHF(xﬁ’y_ Ccraﬁ’y
_ngeay = HHFocBy - ys&eﬂfy

HHFocBy = y‘ga,sro{3 y— ngfar

Thus, we have 77T, aﬁ y = Y20l g y— ySRan. Similarly, we can easily find other components of 77} .

Theorem 2. Let X,Y € 3} (B,). Then we obtain

Proof 1t X,Y € 3}(B,,) and

are the components of (##Vwy (WY))J with respect to the coordinates (x*,x#,xB) on t(B,,), then we have

(HHVWX (vtyy))J _w XaHHVa(WY)J +vv XocHHVa (va)J +vv XEHHVa(VVY)‘,.

HHFaﬁC _ HHFaﬁy _ HHEﬁ7: HHFOEC _ H}Llrmﬁ7 _ HHFEﬁC _ HHI%BY _HH[B_ _ 0,

(16)
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Firstly, if J = b, we have

b —
(HHVWX(WY)) _w XaHHVa vab —|—WXaHHVa vab _’_vaaHHVa(vab)

0 0 3
=0
by virtue of (5) and (16). Secondly, if J = 3, we have

HH vy B _w yaHHy w B vwyoHH wyB | wyaHHy_ (wy B
Vux (YY) =Y X9EV VYR X Vo'YP +7X \% Y
( ( )) I~ O~ a ( )
0 0 0
=0

by virtue of (5) and (16). Thirdly, if J = B then we have

(HHVWX(WY))ﬁ _ vauHHva(va)B XY HHV‘X(WY)B _i_vaﬁHHVE(W)/)ﬁ
0 0
:Xa(&aYB +HHF£CWYC +HHFfY(VVY)Y+HHFE7(VVY)7)
~—— ~~ o7 , aVl
0 0 0 0
=0

by virtue of (5) and (16). Thus Theorem 2 is proved.

Theorem 3. Let Y be a projectable vector field on M,, with projections Y on B,,. If X € 3(1)(Bm), then
HHy,, (1Y) = 0.
Proof 1Y € 34(M,), X € 3}(By,) and
~\b
(HHVWX (HH Y))
~\B
(HH Vi (FHY) )

~\F
(HH Vo (HH Y))
N\ _
are the components of (H vy (HHy )) with respect to the coordinates (x,x%, x#) on 7(B,,), then we have
~N\J - ~ _ -
(HHVWX (HHy)) —w xeHHy (HHY)] | w yolHy (HHY)] | w yTHHY  HHY)]
Firstly, if J = b, we have

~ N\ ~ ~ - ~
(HHVWX(HHy)) = wxalily (HHy\b 4 wyaHHy (HHy\b | wy@HHy (HHE\b

0 0 X
:Xa(&ayb+HHF£C(HH?)C+HHFal)y(HH?>Y+HHF£7(HH?)7)
0 0 0 0

=0
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by virtue of (5), (9) and (16). Secondly, if J = 3, we have

_\B - , - _ _
(HHVWX(HHy)) :LvXaHHVa(HHy)[i+v1XocHHVa(HHy)ﬁ+vaaHHVE(HHy)[3

0 0 xe
_ Xa<aEYﬁ+HH1—~EI3€<HH);)¢+HHI—vgy(HHy)y_i_HHFaﬁ?(HHy)?)
0 0 0 0
=0

by virtue of (5), (9) and (16). Thirdly, if J = B, then we have

_\P - E g
(HHVWX(HHy)) :anHHVa(Hﬂy)/s+vaaHHVa(Hﬂy)ﬁ+V1XaHHVE(HHy)B

~—~—~
0 0 xe
_ Xa(_aaysl-éﬁyyy+HHF£C(HH?)c L HH Faﬁy(HH?)y_’_HHFaﬁ?(HH?)?)
~—~— - ~ ——
o6& 0 0
= —xerf yr 4 xerf yr
=0

by virtue of (5), (9) and (16). The proof is completed.

Theorem 4. Let X and Y be projectable vector fields on M,, with projection X € Sé(Bm) andY € 3(1)(B,n), respectively.
We have:

HHV“)?(HH?) _ HH (ny) )

Proof. (i) If X,Y € 3}(M,) and
HH V(:c)? (HH Y) b
HHVCC)_E (HHy) B

HHV“)? (HH?) B

N\ _
are the components of (H By, (7 Y)) with respect to the coordinates (x,x#,x#) on ¢(B,,), then we have

\J - - - - — -
(HHVCCX(HHYD _cc XaHHVu(HHy)J +chaHHVa(HHy)J +chaHHVE(HHy)J_

Firstly, if J/ = b, we have

~\b ~ ~ ~ ~ ~ ~
(HHVCC)?(HHy)) _ chaHHVa(HHy)b +chaHHVa(HHy)b +chaHHVa(HHy)b
— XuHHVa<HH)~/)h +XaHHVa(HH?)b+(y£3gXa)HHVa(HH)7)h
— ~—— ~—— — ~—— ~——
0 0 0 0 Fab}’ 0
+ (59X %) (Y + 1M I Ye + M YY1 M I T
0 0

= X 9aY" 4+ XUIY Y =X (3aY" + T

© 2021 BISKA Bilisim Technology
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by virtue of (7), (9) and (16). Secondly, if J = 3, we have

B = ~ L~ ~ o ~
(HHVCCX(HHy)> _ chaHHVa(HHy)B +chaHHVa(HHy)[3 +chocHHVE(HHy)ﬁ
:XaHHVa(HH?)ﬁ _’_XaHHVa(HH?)B_,'_(ysagxa)HHVa(HH?)ﬁ
:Xa(aayﬁ+HH1—L~zﬁCYc+HHI;ﬁyYy+HH1—;ﬁ7y7>_,’_Xa(aayﬁ+HHFaﬁcyc+HHF£yYy+HHFaﬁ7y7)
M~ N~ N—— —— — S~—— ~——

0 0 0
0 0 b, 0

+ (159X ®) (9gYP + ML ye L IR vy f HHEP y7)
YTW_/H’_/

= X*9uYP + XL 7 = X* (9a¥P + 1 )
by virtue of (7), (9) and (16). Thirdly, if J = B, then we have

B .~ ST e ~F ccom ~3
(HHV{?I;Y> _ LchHHVa(HHy)ﬁ +ch(xHHVa(HHy)ﬂ +chaHHVa(HHy)ﬁ
_ XaHHVa (_yel—;:ﬁcyo-> +X(XHHVa (_yel—éﬁcyo'> + (ygagXa)HHVa <_y€I;;BGYO-)
= X" 0IL 5y~ X0y [P ¥~ XTI 6)° 0¥ ~X Dol Y °
~—— ~~ S~~~
0 0 0
X% 90y* I 5YO —XOTP 512 00Y O + X420 TE ¥ — XUy 9y 5Y O + XY P oI f 5O
0
XTI ¥ + XTI s I YO — XOTL o110 5y°Y? — I 6y X %00 Y O + TP 535X %0, ¥ O
Ylgolag oY +X"y 1golg o o ocleg ¢y e o) Y™ +1g 6y o
= 1P oyt X% 0¥ + T y I} s X%y PY
by virtue of (7), (9) and (16). Thus, we have 77V, (HHY) HH (yyY).

Theorem 5. Let X be a projectable vector field on M,, with projections X on By,. If Y € 3(1)(Bm), then

HHY o (VY) =" (VxY).

(" Y))”
Proof. It X € 35(M,,), Y € 3}(B,,) and (”HVHH "Y))
(HHVHH)Z( vy))

the coordinates (x”, xP ,xﬁ) on #(B,,), then we have

are the components of (#7V,, (‘”Y)) with respect to

m\m

(HHV (va)) _HH j(vaHHvu(vay +HHXVQHHVQ(VVY)J +HHXVHHHVW(VVY)J.
Firstly, if J/ = b, we have

(HHVHHQ(WY))b _ HH)'ZaHHVa(va)b +HH XVaHHVa(va)b +HH XVEHHVH(WY)b
»yvb | HH =b v HH 1~b HH 1~b 2
— Xll(aa VtY + 1—; ClVYC+ 1—;1 ’)/VVYV—’_ 1—;1 7(VVY>Y)

0 0 0 0
+Xa(aa vab +HH1—~bvvac +HH1—~b vw7Yy+HHFb7(va)7)
Y Y Y =&
0
HHy o wyb  HHyb vwyc  HHpb w HHb_vwy\Y
+XY(Og YT+ Y T Y Y PR (MY )Y)
0 0 0 0

=0

© 2021 BISKA Bilisim Technology
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by virtue of (5), (9) and (16). Secondly, if J = 3, we have

(HHVHH)Z(WY))B _ HHXVa HHVa(WY)ﬁ _|_HH§0£ HHVa (va)ﬁ +HHXVWHHVE(vvy)ﬁ
—_——— —_———

0 0 0
— Xa(aavvyﬁ +HHI;ﬁvaYC +HHI;ﬁ'yVVYy+HH1—;lﬁ7(va)7)
0 0 0 0

_’_Xa(()avaﬁ +HH1—~aﬁcvac +HHF£7VVYY+HHFa67(VVY)7)
0 0 0

0
+HH)'ZE(BH vaﬁ +HH1—~£C wy¢ +HHF£}'WYY+HHF£7(WY)7)
0 0 0 0

=0

by virtue of (5), (9) and (16). Thirdly, if J = E, then we have
(HHVHH)?(WY))ﬁ _ HHgalHy wyB L HHgatHy wyp _’_HHX'EHHVHWY
0 0
_ Xa(aa(L’Vy)E_’_HHI—;lEC(L’Vy)C +HH1;By(VVy)Y+HH aﬁ7(wY)7)
——

—— ——
0 0 0
+X(X(aa (VVY)B +HH Faﬁc(va)c +HH Faﬁy(WY)7+HHFQB7(WY)7)
e e
0 B
oy
+ <—y81_;;aﬁyﬁ) (aﬁyﬁ +HHF£C wyc +HHFEEY vay_FHHFEE?(WY)?)
0 0 0 0

= X9a¥P 4+ XIf y7 = X° (9P + I ¥7)
= (VxY)P
by virtue of (5), (9) and (16). On the other hand, we know that " (VxY) have the components

0
W (VxY)=1|0
(VxY)P

with respect to the coordinates (x*,x#, xP) on #(B,,). Thus, we have A (YY) =" (VxY) int(By).

5 Conclusion

In this paper, we consider horizontal lifting problem of projectable linear connection on M to the semi-tangent bundle tM.

In this context, the following equations have been obtained:

@) HHVWX(WY) — 07
(ii) FHVwy (1Y) =0,
(iii) #HV,.z(H1Y) =HH (VxY),
(V) TV 5 (7Y) =" (VyY).

© 2021 BISKA Bilisim Technology
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