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Abstract: Here we research the univariate quantitative approximation, ordinary and fractional, of Banach space valued continuous
functions on a compact interval or all the real line by quasi-interpolation Banach space valued neural network operators. These
approximations are derived by establishing Jackson type inequalities involving the modulus of continuity of the engaged function or
its Banach space valued high order derivative of fractional derivatives. Our operators are defined by using a density function generated
by an algebraic sigmoid function. The approximations are pointwise and of the uniform norm. The related Banach space valued
feed-forward neural networks are with one hidden layer.

Keywords: algebraic sigmoid function, Banach space valued neural network approximation, Banach space valued quasi-interpolation
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1 Introduction

The author in [1] and [2], see Chapters 2-5, was the first to establish neural network approximation to continuous
functions with rated by very specifically defined neural network operators of Cardaliagnet-Euvrard and "Squashing"
types, by employing the modulus of continuity of the engaged function or its high order derivative, and producing very
tight Jackson type inequalities. He treats there both the univariate and multivariate cases. The defining these operators
"bell-shaped "and "squashing "functions are assumed to be of compact suport. Also in [2] he gives the Nth order
asymptotic expansion for the error of weak approximation of these two operators to a special natural class of smooth
functions, see Chapters 4-5 there.

The author inspired by [14], continued his studies on neural networks approximation by introducing and using the proper
quasi-interpolation operators of sigmoidal and hyperbolic tangent type which resulted into [3], [4], [5], [6], [7], by
treating both the univariate and multivariate cases. He did also the corresponding fractional cases [8], [9], [13].

The author here performs algebraic sigmoidal based neural network approximations to continuous functions over
compact intervals of the real line or over the whole R with valued to an arbitrary Banach space (X, ||-||). Finally he treats
completely the related X-valued fractional approximation. All convergences here are with rates expressed via the
modulus of continuity of the involved function or its X-valued high order derivative, or X-valued fractional derivatives
and given by very tight Jackson type inequalities. Iterated fractional approximation is also included.

Our compact intervals are not necessarily symmetric to the origin. Some of our upper bounds to error quantity are very
flexible and general. In preparation to prove our results we establish important properties of the basic density function
defining our operators which is induced by algebraic sigmoidal function.
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Feed-forward X-valued neural networks (FNNs) with one hidden layer, the only type of networks we deal with in this
article, are mathematically expressed as

n

Ny (x) :chcr ((aj-x)+b;), xeR’, seN,

where for 0 < j <n, b; € R are the thresholds, a; € R* are the connection weights, c¢; € X are the coefficients, <a ; ~x> is
the inner product of @; and x, and o is the activation function of the network. About neural networks in general read [15],
[17], [19]. See also [9] for a complete study of real valued approximation by neural network operators.

2 Basics

We consider the generator algebraic function

x
Q(X)ZW’ meN, x eR, (D

which is a sigmoidal type of function and is a strictly increasing function. We see that ¢ (—x) = —¢ (x) with ¢ (0) = 0.

We get that
1
/

(P(X):7MH>O, VXER, (2)
(1 + x2m) 2m
proving @ as strictly increasing over R, ¢’ (x) = ¢’ (—x) . We easily find that 1_1}1_{1 Qx)=1,¢(+)=1,and Em o (x)=
X—o0 Xy —oo
—1, @ (—o0) = —1. We consider the activation function
1
Q)= lox+1)—p-1). 3)

Clearly itis @ (x) = @ (—x), V x € R, so that @ is an even function and symmetric with respect to the y-axis.
Since x+1 >x—1, wehave ¢ (x+1) > ¢ (x—1) and ¢ (x) >0,V x € R. Also itis

“)

We observe that

1 1 1 1
@I(x):z((p’(x+l)7(p/(x—l)):Z il war |0 VXER ®)

(1+(x+1)2’") o (1+(x71)2’”) o

Let now x > 0, then x > —x and (x+1)> > (x—1)? > 0, implying (x+1)*" > (x—1)*">0,m e N, and 1 + (x+1)*" >
1+ (x—1)*" > 0. Consequently it holds

1 1

2m+1 > 2m+1 7 (6)

(1+(x—1)2”’) = (1+(x+1)2”') .

proving @' (x) < 0 for x > 0. That is @ is strictly decreasing over (0, +<0). Clearly, @ is strictly increasing over (—oo,0)
and @’ (0) = 0. Furthermore we obtain that

lim @ (x) =

X—>+o0

[ (+00) =9 (+20)] =0, )

=
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and |
Jim @ () = 5 [p(~e2) — @ (~e2)] 0. ®)
That is the x-axis is the horizontal asymptote of @. Conclusion, @ is a bell symmetric function with maximum
@ (0) ! eN 9)
=——, m .
2%/2
We need
Theorem 1. We have that -
Y o(x—-i)=1, vxeR (10)
Proof. We observe that
oo oo —1
Y (pb—i)—@x—1-i)=) (plx—i)—@(x—1-i)+ Y} (p(x—i)—@x—1-i)).
j=—o0 i=0 [=—o00
Furthermore (A € Z™)
oo A
Z (p(x—D)—p(x—1-1i)) = /llim Z (p(x—i)—@(x—1—1i)) (telescoping sum) (1
i=0 =0
= lim (9(1) =@ (x—(A+1))) = 1+ (x).
Similarly, it holds
—1 —1
Y (p—)—ga—1-0)=lm ¥ (ptr—)—ptr—1-1) = lm (p(x+2)—p(x) =1-9(). @
i=—o0 Ci=—A °°
Therefore we derive N
Z (px—i)—@(x—1—1i))=2, VxeR, (13)
and N
Y (p(x+1-i)—@(x—i))=2, VxeR. (14)
Adding (13) and (14) we find
Y (px+1-i)—@(x—1-i)=4, VxeR. (15)

Clearly, then

proving (10).

Remark. Because @ is even it holds

Z P(i—x)=1, VxeR.

Hence -
Z P(i+x)=1, VxeR,

j=—o0
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and .
Y o(x+i)=1, VxeR (16)

[=—o0

Theorem 2. It holds -
/ ®(x)dx=1. a7

Proof. We observe that

w o i+l
[wQ(x)dx: Z /jj D (x)dx=

Jj=—o0

i /()1¢(x+j)dx=/01 ( i @(x—i—j)dx) = Olldx: . 3)

J=—o0 j:—oo
So @ (x) is a density function on R.
Theorem 3. Ler 0 < o < 1, and n € N with n' =% > 2. It holds

= 1
dnx—k)< —————— meN. 19
{ k:Z_oo S e " )

C|nx —k| > nl=¢

Proof. We have that

dﬁ(x):%[(p(erl)—(p(x—l)], VxeR.

Letx > 1. Thatis 0 <x—1 <x-+ 1. Applying the mean value theorem we get

. 1
¢(X)ZZ'2'¢(§):—227+1>07 (20)

2(1+§2) 5
where 0 <x—1 < & < x+ 1. Then,
(x—1)? << (x+1)
(x_l)Zm <€2m < (x+1)2m

T (= D) < 14+EM <14 (x+1)™"
2m+1 2m+1

(14 =) < (g < (14 ) ™

1 1
Sy 2251 < il (21)
20055 o (14 x—1)) 7
Hence |
P(x) < s, Vx> 1 (22)
2(1+ (x—1")
Thus, we have
) P (nx—k)= ) D (|lnx—k|) <
k: —o00 k: —o00
t|nx —k| > n'—¢® s |nx —k| > n'—®
1 = 1
3 ), ot < (23)

{ k= —oo <1+(\nx—k|—l)2'")w
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1 1 [ 1
de: E_/n]_a72 ( 2r£l+1 dZ = (*)

1
2/(n'—a1) <1+(

x—1)2m> 2m 1+Z2’")T
We see that
1+ZZm > Z2m
(1 +Z2m)2’g7;l > Z2m+1
1 1
> . 24
T B .
Therefore it holds
1 e 1 1 /e 1 Z7(2m+1)+1 « 1 Zfzm i
= — d7=-— Qg - Z [ 2 = (= 25
(¥) < 2/,,141—2 2mr1 4% 2/11170‘_22 =5 —Q2m+1)+1)| , 2 2m )| iay (25)
al-o_
- Z*Zm n'=%-2 B (nl—a _ 2) —2m B (00)72m B (nl—a _ 2) —2m
C dm |, N 4m 4m 4m ’
proving (19).
Denote by |- | the integral part of the number and by [-] the ceiling of the number.
Theorem 4. Let [a,b] C R and n € N so that [na] < |nb]. It holds
1
— <2(WTHan), (26)
Y @(nx—k)
k=[nda]
YV x € |a,b], m e N.
Proof. Let x € [a,b]. We see that
oo |nb| |nb|
1= ) ®(mx—k)> Y @mx—k)= ) @(nx—k|)> P (jnx—kol), (27)
k=—o0 k=[na] k=[na]
V ko € [[na], |nb]]NZ. We can choose ko € [[na], |nb]]NZ such that |nx — ko| < 1. Therefore we get that
® (e —kal) > @) = 3 (s ) = yn 28)
nx — =- = )
0 4 2m 1+22m 2 2m 1 +22m
and
S p—
@ (Jnx—k[) > ———. (29)
k:%ﬂ 2 %/1+22m
That is |
ol <2R/1+4m, (30)
Y P(lnx—kl)
k=[na]
proving the claim.
Remark. We also notice that
|nb] [na]—1 oo
1— Y ®nb—k)= Y Pnb—k)+ Y Pnb—k)>P(nb—|nb]—1) )
k=[na] k=—o0 k=|nb]+1
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(calle:=nb—|nb|,0<e< 1)
—P(e—1)=d(1—£)>d(1)>0.

Therefore ”
nb
lim (1- ) cp(nb—k)> > 0. (32)
n——oo < k=Tna]
Similarly, it holds
|nb| [nal—1 oo
- Y @®Mna—k)y= Y Pna—k+ Y P(a—k)>P(na—[na]l+1) 5)
k=[na] k=—o0 k=|nb]+1

(calln :=[nal —na,0<n < 1)
=®(1-n)=2(1)>0.

Therefore again

[nb]
lim (1— Y @(na- k)) > 0. (34)
e k=[na]
Here we find that
lnb)
}}gl; Z @ (nx—k) # 1, for at least some x € [a,b]. (35)
k=[na]

Note 1. Let [a,b] C R. For large enough n we always obtain [na] < |nb]. Also a < X < b, iff [na] <k < |nb]. In general
itholds (by ¥ @ (x—i)=1,VxeR) that

Y @o(mx—k) <1 (36)

Let (X,]|-||) be a Banach space.

Definition 1. Let f € C([a,b],X) and n € N: [na]| < |nb]. We introduce and define the X -valued linear neural network
operators

k_%‘, Wf(%) P (nx—k)
A, (fx) = — nTan , x€[a,b]. (37)
Y @(nx—k)
k=[na]

Clearly here A, (f,x) € C([a,b],X). For convenience we use the same A, for real valued functions when needed. We
study here the pointwise and uniform convergence of A, (f,x) to f (x) with rates. For convenience, also we call

Al (f,x): Z f() (nx—k), (38)

k=[na]
(similarly, A} can be defined for real valued functions) that is

A*
A = (39)

Y D(nx—k)
k=[na]
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So that

A, (f2%)

Anlf) = f) = ) = e . ©
Y PD(nx—k) Y d(nx—k)
k=[na] k=[na]

Consequently, we derive that

An (%) = £ ()] <2 (¥/T+47)

Lnb|
A, (fx) = f (x) < Y ¢(nx—k)> H
k:

nb] k
:2(2m/1+4m) Z (f() —f(x))db(nx—k) ) 41)
k=[na] n
We will estimate the right and hand side of (41). For that we need, for f € C([a,b],X) the first modulus of continuity
o (f,6):= sup [|f()=fO), §>0.
x,y € [a,b]
=y <o

Similarly, it is defined @, for f € C,5(R,X) (uniformly continuous and bounded functions from R into X), for f €
Cp (R, X) (continuous and bounded X-valued), and for f € C, (R, X) (uniformly continuous). The fact f € C([a,b],X) or
f€C,(R,X), is equivalent to éiII(l)a)] (f,8) =0, see [11]. We make

-

Definition 2. When f € C,5 (R, X), or f € Cp (R, X), we define
Z f( ) (nx—k), (42)
k=—oo0
neN, x € R, the X-valued quasi-interpolation neural network operator.

Remark. We have that

7 (%)< 17han < 4 @
H ( )H (nx— k) < |l ® (&) (44)
and A
( )HCD nx—k) <|[|fll.r (Z @(nx—k)), (45)
k=—A4
and finally
= k
L (%) w0 <. o
ke oo

a convergent in R series. So, the series Y, H f (%) H @ (nx — k) is absolutely convergent in X, hence it is convergent in X
k=—c0

and A, (f,x) € X. We denote by || f]|.. :== sup ||f(x)|, for f € C([a,b],X), similarly it is defined for f € Cp (R,X).

x€la,b]

3 Main Results

We present a set of X-valued neural network approximations to a function given with rates.
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Theorem 5. Let f € C([a,b],X),0<a<1,n€N:n'"%>2 x € [a,b], meN. Then
@
JAn (£.6) = £ () < (/T+4)

! [ 1l _.
20 (ﬁno‘) +m(nl°‘2)2m‘| = A,
and
(i)
1An (f) = fllo < 2.

We get that lgnAn (f) = f, pointwise and uniformly.
n (=]

Proof. We see that

ki”;: <f (fz) —f(x)> D (nx—k)|| < kiré; f (:) —f(x)|| D (nx—k)

|nb| [nb|
- &) rw|ew-ns 8 |r(5)-rw|emen
k= [na) k= [na)
TR TR
|nb] o0
< 0] (f, —x)qﬁ(nx—k)+2||f|w Z P (nx—k)
{k[na] {k:—oo
E-x <k sk —nx| >n!—®
<o(fg) L eme-ne2d. L e
= o k= —oo
{:|ﬁ—x’§nla {:|k—nx|>nl°‘

1 o
c a(ph)es U
(by Theorem 3) n 2m (I’llfa — 2)

L"fW (7(5)-re) e

k=[na

Using (41) we derive (47). It follows:

That is

1 1/ 1les
= (f7 ”a) " 2m(n!=-o —2)*"

Theorem 6. Let f € Cp (R, X), 0<a <1, n€N:n'"%>2 xR, meN. Then

@)
A 1 [1flee .
HAH (fvx)_f(x)H < (f) }’la) "‘m = )Q,

and
(i _
14 (f) = £|.. < 2.
For f € Cyp (R,X) we get li_r>nITn(f) = f, pointwise and uniformly.
Nn—o0

Proof. We observe that

[ An (f,0) = f ()| = ‘ )

(47)

(48)

(49)

(50)

(G

(52)

© 2022 BISKA Bilisim Technology
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S,i f(k) 1) @ nx—) (53)

- k
P (nx—k)+ Y Hf<n) —f(x)
k:7°° k:—oo
3§*X§,%a :%—x|>nia

)dﬁ(nx—k)+2||f|m Z D (nx—k)

D (nx—k)

- —x
n
= —O0 k:—oo
ATEp TEE
1 - 21| £l 1 [1f1los
<o <f7na> Y ¢(WX—k)+W—a_2)2,,,§w1 f’rT“ +ma (54)
{¢|f§X|_,ﬁx

proving the claim.
We need the X-valued Taylor’s formula in an appropiate form:

Theorem 7. ([10], [12]) Let N € N, and f € CV (|a,b],X), where [a,b] C R and X is a Banach space. Let any x,y € [a,b].
Then

N W) X
7= B0 00+ ot [0 (50 - M 0)) ar 55)

The derivatives f (i), i € N, are defined like the numerical ones, see [20], p. 83. The integral fyX in (55) is of Bochner
type, see [18]. By [12], [16] we have that: if f € C([a,b],X), then f € L. ([a,b],X) and f € L; ([a,b],X) . In the next we
discuss high order neural network X-valued approximation by using the smoothness of f.

Theorem 8. Let f € CV ([a,b],X), n,Nym €N, 0 < o < 1, x € [a,b] and n'~* > 2. Then
@
N f(j> (x) ) b—a)
1An (£ = @I < (WTH7) S Y ) [+()] (56)

j=1 J! n% o (nlfo‘ _2)2m

N
w 1 2 Hf(N)Hm(b_a)

+ o | S — + 5
n® ) n®NNU - Ny (pl-a —2)*"

(ii) Assume further f\) (xg) =0, j=1,...,N, for some xo € [a,b], it holds

I4n (f.30) = )| < (W/T+47)- 57

7

o <f(N)vn1a) 2 N Hf(N)HN(b—a)N

n®NNU - N (nl - —2)*"

and
(i)
i o
)~ < (V157) i | j!Hw “*M]
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+

W (b—a)N
w L)y _2 Hf Hm
(0]} <f s na) NN + Nim (nl—a ~ 2)2m . (58)

We derive that imA,, (f) = f, pointwise and uniformly.
n—o0

Proof. Next we apply the X-valued Taylor’s formula with Bochner integral remainder (55). We have (here %,x € [a,b])

K V) (k R ™) (t-n""
()55 () [ o) S tra )
Then
N () . % k N—1
f<k> & (nx—k) = Zz)fjﬁ( )<I>(nx k) (i—x)l—i—@(nx k)/ (f(N) (t) — f) (x)) (’(1N—[)1)‘ dt (60)
j= x
Hence
nb] [nb] N () () lnbl J
Z f<k>¢'(nx—k) Z P (nx— k):zfj.’() Z P (nx—k) (k—x> (61)
k=[na] n k=[na] Jj=1 JE = [na) n
|nb| k k_ Nt
+ Zﬁcp nx— k)/ (£ 1) = 1 () ('(TN_t)l), dr.
k=[na x
Thus
6] N () (x .
A, (f.x < Z D (nx — k) = Z]fjj!( )A: ((~—x)’) + A, (x), (62)
=
where
b k (k,,)’“
A, (x) = b (nx—k V) (1) — £V L dt. 63
W= T o [ (0 0= ) (©)

1
We assume that b —a > %, which is always the case for large enough n € N, that is when n > [(b —a)_ﬁ—‘ . Thus

‘k x|< aor|k x‘ —=. Let
k k N-1
" k_¢
vim [ (FV 0 -1 ) <E}v_)1)!‘”’ (64)
in the case of | k — x| < -, we find that
1 1
17 < o <f<N)7na) NN (65)

for x < , orx > . We prove it next.

(i) Indeed, for the case of x < % we have

" Wy =" ; i)
””':H/x (r @0 =5 ) Sy < [ H
g/xﬁcol (f<N>,|t—x|) Mmgwl <f<N>,nla> /xﬁ(:(;N__t)lN)_!ldt (66)

© 2022 BISKA Bilisim Technology



NTMSCI 10 Special Issue, No. 1, 100-125 (2022) / www.ntmsci.com BISKA 10
1\ (A—x)" 1 1
= o (f(N)w> NS (f(N)>na)nwvzw
(i1) for the case 0fx>§,we have
k k N—1 " l—k N—1
= [ (0 -s% ) (gN)l)! d =‘ Jo (P 0= 0) ((N")l), d
_ -1
x (—5H"" X (—5)"
S/& M (@) — ™ X)HWCUS/& o (f(N)’\f—ﬂ) Wdt (67)
Ly pe=H"" 1) (=5" m 1) 1
<o (1) | St =on (1) S <o (1 ) sy
We have proved (65). We treat again 7, see (64), but differently: Notice also for x < % that
k k N—1 k k N—1
I b it) ) (g gl a0
(700 =1 ) S < [0 0 = £ )| (68)
<2 G- (=" <2|[f™
A e A e
Next assume % < x, then
k k N—1 K\N-1
ey ) =) /" W) (e ) U )
[ (0= w) N %(f (0= 7 0) Sy gy
N—1 0N
x tf— tf— x—=
< 0 o) <2 e S
N
SzHf“”H
Thus N
b
I <27 (70)
in the two cases. Therefore
|nb] |nb]
Ay (x) = ) D (nx—k)y ) D (nx—k)y (71)
k= [nd] k= [na]
|5 =% <= |5 —x]> =
Hence
|nb| 1 |nb] (b i a)N
N
1A, (¥)]| < y @ (nx — k)(w] <f( ), )anaN>+ y @ (nx—k 2Hf Hm o
k= [nd] = [na
< R
(72)
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<2>wl (f(N)’ 1) Lo 1 : ZHf(N)H M:wl (f(N) 1) P Hﬂm”oo(b—a)zv
< S 7

n% ) Nin®N " 4, (nl-o — w N! n® ) N'n®N = Nm (nl-o —2)*"
That is
o (1. 3) ] _w-a)
A < = 73
H n(x)H = N1noN N!Zm(nlfa—2)2m7 (73)
¥ x € [a,b]. We further see that
j [nb] k j
A (= = — z_
(C=x)) = Y @k (n x) : (74)
k=[na]
where A’ is defined similarly for real valued functions. Therefore
. i nb) k J nb] k J |nb] k J
An((-—x))‘g Y @(nx—k) —oa| = Y CID(nx—k)’n—x + Y (D(nx—k)’n—x
k=[nal { k= [na] { k= [na]
£ < Ex|> ok
— +(b—a)’! ! (75)
~n? 4m (n'-o —2)*"
That is | |
o)) < — DY
A (c-0)| < +0-a pmym TS (76)
for j =1,...,N. Putting things together we have proved
b v (£ 60
A (f)—f@)| Y @x—k) || <} (77)
k=[na] j=1 J:

i

[1+(b—“>"

n% = 4m (nl-o — 2)2m

N
vy 1 oo
+ | f( >37

n® ) n®NNI - N1©2m (nl-o —2)*"

that is establishing the theorem. All integrals from now on are of Bochner type [18].

Definition 3. ([12]) Let [a,b] C R, X be a Banach space, o« > 0; m = [a] € N, ([] is the ceiling of the number),
f:la,b] = X. We assume that f'") € L ([a,b],X). We call the Caputo-Bochner left fractional derivative of order o:

080 0 = s [ =0 @), x€fat]. %)

If o €N, we set D2 f := f (") the ordinary X -valued derivative (defined similar to numerical one, see [20], p. 83), and
also set DY f := f.

By [12], (D2, f) (x) exists almost everywhere in x € [a,b] and D%, f € L (|a,b],X). If Hf(’")
Dg,.f € C([a,b],X), hence | DZ,f]| € C([a,b]).

< oo, then by [12],
Les([a,b].X) Y

Lemma 1. ([11]) Let « >0, « ¢ N, m = [a], f € C" ' ([a,b],X) and f") € Lo ([a,b],X). Then D% f (a) = 0.

Definition 4. ([10]) Let [a,b] C R, X be a Banach space, o > 0, m := [o]. We assume that ") € Ly ([a,b],X), where
f:la,b] = X. We call the Caputo-Bochner right fractional derivative of order a.:

(DF-f) (x) == (_l)m) / ’ (z—x)"" " (2)dz, Vx€a,b]. (79)
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We observe that (D' f) (x) = (—1)" f") (x), for m € N, and (D)_f) (x) = f (x).

By [10], (D§_f) (x) exists almost everywhere on [a,b] and (DY _f) € L; ([a,b],X). If Hf<”’)
by [10], Df_f € C([a,b],X), hence ||DF_f]|| € C([a,b]).

<o, and o ¢ N,
L""([avh]vx>

Lemma 2. ([11]) Let f € C"' ([a,b],X), f" € Lo ([a,b] ,X), m = [a], & >0, & ¢ N. Then DY _f (b) = 0.We mention
the left fractional Taylor formula.

Theorem 9. ([12]) Let m € N and f € C" (|a,b],X), where [a,b] C R and X is a Banach space, and let o > 0:m = [at].
Then

1@+ Fgs [ 9™ (DL Qe 80)

Y x € [a,b]. We also mention the right fractional Taylor formula.

Theorem 10. ([10]) Let [a,b] C R, X be a Banach space, @ >0, m = [a], f € C"(|a,b],X). Then

m—1 i
(x=b)" 1 b a—
0= LS00 g [0t O @ 81)

Vx € [a,b].
Convention 1 We assume that

DY, f (x) =0, for x < xo, (82)
and

DY _f (x) =0, for x > xo, (83)

for all x,xo € |a,b].

Proposition 1. ([11]) Let f € C"([a,b],X), n=[V], v > 0. Then D}, f (x) is continuous in x € [a,b).
Proposition 2. ([11]) Let f € C" ([a,b],X), m =[], o > 0. Then D;_ f (x) is continuous in x € |a,b).
Proposition 3. ([11]) Let f € C" ' ([a,b],X), f™ € L. ([a,b],X), m =[], & > 0 and

1

DZ f(x) = Tm—a)

X
| = e, (34
X0
for all x,xo € [a,b] : x > xo. Then DZ, f (x) is continuous in xo.

Proposition 4. ([11]) Let f € C"~ ' ([a,b],X), f™ € L., ([a,b],X), m = [e], & > 0 and

DY_f(x)= F((;zl—)n:x) /:0@ —x)" (g dg, (85)

for all x,xo € [a,b] : x0 > x. Then D, _ f (x) is continuous in xo.

Corollary 1. ([11]) Let f € C" ([a,b] ,X), m= [a], & > 0, x,xo € [a,b]. Then D, f (x), D5 _f (x) are jointly continuous

*X(0)
functions in (x,x0) from [a,b]* into X, X is a Banach space.

Theorem 11. ([11]) Let f : [a,b]2 — X be jointly continuous, X is a Banach space. Consider
G(x) = (f(~,x),5,[x,b]), (36)

0 >0, x € [a,b]. Then G is continuous on [a,b].
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Theorem 12. ([11]) Let f : [a,b]z — X be jointly continuous, X is a Banach space. Then
H(x) = o1 (f(~x),98,a,x]), (87)

€ [a,b], is continuous in x € [a,b], & > 0.

Remark. ([11]) Let f € C"~' ([a,b]), f* € L. ([a,b]), n=[Vv], v >0, v ¢ N. Then

Hf(n) Loo([a,b] .X) v
\% < oo [A,D] o\ ]
ID%uf (I € Ty S (e W) (8%)
Thus we observe (8 > 0)
(D:a 76): sup HDra ('x)_Dra (y)” (89)
x,y€la,b)
[x—y|<6
| |
< o\ Ty O oy 0
[x—y|<é
A,
ab] ) _ n—v
= F(n—v+1) (b—a)y™".
Consequently
2Hf<n> Leo([a,6],X)
\Y < oo [d,D], __\n—V
o (D%af,8) S —pr = s (b)Y (90)

Similarly, let f € C"~' ([a,b]), f" € Lo, ([a,b]), m = [a], & > 0, a ¢ N, then

2

Tm-arn OO oy

()] (D;)x—fvs) >

So for f € C""!([a,b]), f"™ € Lo ([a,b]), m = [a], @ > 0, & ¢ N, we find

o
Los([a,b].X) m—a
sup @ i ————2(b—a , 92)
g8 (D% +8) 4y < I(m—a+1) (b—a)
and
2|
L (ab] ) m—o
sup @ _f, <——""2(b—a . 93)
xo€lab] 1( )axo F(m (X+l) ( )

By [12] we get that DY, f € C([x0,b],X), and by [10] we obtain that DY _ f € C([a,xo],X). We present the following
X-valued fractional approximation result by neural networks.

Theorem 13. Ler o >0, N = [a], « ¢ N, f € CV ([a,b],X),0< B <1, meN,x € [a,b], n € N:n'"P > 2. Then

®

Do ((=07) (- £

N=1 £(j)
f
Jj=1
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B 2(?{‘/@) (wl (Dg—f’»fll*)[a,]+ﬁwl( B ’"lﬁ)[x,b])
- I'(o+1 n

1
+—
4m (n1=B —2)>"

(i) if fV) (x) =0, for j=1,....N — 1, we have

2( /T4 (wl (D’?‘f’"%)[,ﬁwl( - ’"")[X-rb]>

I'la+1) nop

(D | 6= @+ IDEF oy (b =) )} 94)

14 (f %) = f ()| <

1 (X
er (H M pog = @) +IDES o gy (B =) )}, (95)

(iii)
JAn (£,5) = () <2 (WT+4)-

N— —a)
(25 )
1 ((m (Dg*f’n%)[a, ]+w1 ( e " )[x,b])

+F(oc+1) noB

1 O!
+m (H " Flew oy = @+ IDES e gy (b= ) )}} (96)

Vx€la,b], and
(iv)
1Anf = fllo <2 (¥/T+47)-

o L g (b—a)
R e

1 < sup o1 (DEf. >[a,X]+ s o (D ’"ﬁ>[ '“)

x€la,b] x€la,b]

I'(a+1) noh

_|_

(b—a)* “ "
——————— | s |IDx Sl g TSP (1D e . 97
4m (nlfﬁ 2)2m xe[a?b] H H JJax] xe[al,)b] || ” .0

Above, when N = 1 the sum 211\.7:_]1- = 0. As we see here we obtain X-valued fractionally type pointwise and uniform
convergence with rates of A, — I the unit operator, as n — .
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Proof. Let x € [a,b]. We have that DY _f (x) = D% f (x) = 0. From Theorem 9, we get by the left Caputo fractional Taylor
formula that Vo1 ) ) . 1
K\ & fY) [k J 1 n (k T o
F(3) -5 ) g [ (1) otrw-ptswar ©8)
J
forall x < % < b. Also from Theorem 10, using the right Caputo fractional Taylor formula we get
AR =AU NE SRR T LY N 2 o
f (n> = ];) 7l (n —X> +m/§ (J— n) (DEf() =D S (x))dJ, 99)
foralla < % < x. Hence we have
k N—1 f(j) ()C) J
- | P(nx—k) = D (nx—k)| —— 100
f(n> (nx—k) ,;) 7 (nx )<n x> (100)
@(mx—k) [» [k \*' "
— D -D
el M ) B OREI
forall x < % < p, iff [nx] <k < [nb], and
k NZL () (x) k i
— | P(nx—k) = D (nx— - — 101
f<n> (nx —k) ,;) i (nx k)(n x> (101)
D(nx—k) [* K\
e N RGO RRY
foralla < % <, iff [na] <k < |nx|. Therefore it holds
b ) N=1 £(j) Lnb) j
Z f (k) D (nx—k)= Z ! .'(x) Z D (nx—k) (k —x) (102)
k=|nx|+1 n Jj=0 JU k= [nx|+1 n
1 |nb| % k o—1
Tt Z ¢(nx—k)/ (_ > (Dgx (‘,)_Dgx (x))d‘lv
r (OC) k=|nx|+1 x n
and |nx] Lnx]
il N=1 () nx J
f<k) D (nx—k) = A ,,(x> Y @(nx—k) <kx) (103)
k=[na] \" =0 1 a) n
1 [nx] X k o—1 ( o o )
—_— qbnx—k/ ( —) D% f(J) =D f(x))dJ
e, L, 0, (- (1)~ D f (3

Adding the last two equalities (102) and (103) obtain

nb) N=1 £(j) [nb] i
A(fx) =Y f(i)@(nx—k): Zf]ﬂ(x) y @(nx—k)(i—x) (104)
k=[na) Jj=0 " k=[na]

1 ] X k a—1 o .,
+m {kz,;awd’(nx—k)é (J—n> (D% f(J) - D% f (x))dJ
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[nb) k k o—1
+ Y o(mx— k)/ (—J) (D%.f (J)— D2, (x))d]}.
k={nx|+1 x A\
So we have derived
nb] N=1 £(j) .
A, (f,x) ( Y @(nx—k ) =Y ! x)A;‘, ((~—x)]) +uty (X)), (105)
k=[na] Jj=1
where -
() 1= 1){ Y @ (nr- k/k ( —) DY £(J)~D% f(x))d]
k=[na] n
nb]
+ ) o(nx— k ( J> — D% f(x))dJ p. (106)
k=|nx|+1
We set
Wil ¥ 0, (v O 0 r -0 ) as (107)
Uy (x) == (@) k:[’m] (nx— " o fx ,
and
1 % k - o
o = = & (nx—k) / ( ) £ () = D2 f (x))dJ, (108)
F((X) k=[nx]+1 n
ie.
U (X) = uyy (x) + uzp (%) (109)
We assume b —a > -5 ,0 < B < 1, which is always the case for large enough n € N, that is when n > [(b —a)iﬂ Ctis
always true that elther | — x| < -por ’ —x| > J5. Fork = [nal,..., |nx], we consider
x k o—1 u .
it = / J=2)  (DESU)-DES(W)dd (110)
x k o—1 X k o—1
- ‘ / (J—) DY f(J)dJ|| < / (J—) 1D £ (J)||d7
Jk n Jk n
(- 5)" x-a)®
< HD)?*f(J)HOO,[a?x] Qa < ||Dg*fH00,[a,x] a : (111)
That is ( o
< Ipe x—a
Yk = HDX—fHOO,[a,x] Qa ’ (112)
for k= [nal ..., |nx] . Also we have in case of |* —x| < < - that
PACEL . .
ws [ (v-5)  Ipero)-pe sl as
x A
g/ J—= o) (DX f,[J—x]), ,dJ (113)
. % n * [avx]
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1 (x—E)“ 1
< D% f, — —F— < DY —_—
S ( x—f7 P ) - a (] ( f—=z P ) 0] an®B

That is when ‘% —x’ < n%’ then

ol (Df?if : ,%ﬁ)

jad]

Yik < o (114)
Consequently we obtain
x|
1
1 ()| < Fla), &, D (nx—k) Vi (115)
1 x| x|
“Ta) Y @ (nx —k) yik + ) @ (nx — k) Yk
k= [na] k= [nal
!%—X|Sn% :%—x’>niﬁ
| ] o (Dg f ,,%,5)[ .
< m D (nx—k) P
il
= <
Lnx] (x—a) ] 1(D§x fanﬁ)[ |
o ax
- Y @ (v = k) | [DE Sy NCES) e (116)
k= [na)
: %—x| > nili
+ Z n'x k H f”cc.[agc] ('x_a)a
k= —oo
nx — k| > n' B
o £ 1L
D B v T L ML
- F(OH—I) noB 4m( 1-B _ 2)Zm
So we have proved that
RS pE—— 2 )y WP i~ 1
U\ X)|| = F((X+1) noB 4m(n17ﬁ_2)2m

Next when k = |nx| +1,..., |nb| we consider

/

BRI

k o—1 % k a—1
i | [ (5-0) omrw-ptswa| < [F(E-) s -psswie
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(5—x)"

% k o—1 (b_x)a
- / (n_1> IDEcf (DNl < D% Sl ey = < IDESF ey

o .

Therefore when k = |nx] + 1, ..., |nb] we get that That is

(b—2)*

Vo < IDZS Nl e a

In case of ’% —x‘ < n% we have

k

k!
Yk S/ (n —J> o1 (DEf =) dJ < @1 (Dgxfa

k
- —Xx
X n

k o—1
) / (k—J> dJ
o] /x A\

1

k_ )oc 1
< D% f,— —.
S W ( *xf> nﬁ ) [x’b] Om“ﬁ

1 ( X
co(pir k) G2
1( nP xp %

So when |§ —x| < nLﬁ we derived that

Similarly we have that

|nb]| |nb]
= fracil’ (at) D (nx — k) Yo + Y @ (nx — k) p
{k:LnxJ—i—l {k:LnxJ—l—l
txl< x>
o ¢ 1
1 |nb| wl( *va nﬁ)[ 1
“ o) L Pk o
{k: |nx] +1
k
i X <p
1
et (b—x)" L fer(par)
_ (04 " [va]
L I M rray —
{kz |nx] +1
>
+ Z <I>(nx—k) HDgfooo,[x,b] (b_x)a
{k:—oo
.|k

(119)

(120)

(121)

(122)

(123)

(124)

© 2022 BISKA Bilisim Technology


www.ntmsci.com

119 BI s K A G. Anastassiou: Algebraic function based Banach space valued ordinary and fractional neural...

o ¢ 1
- 1 (] (D*xf? nP ) [x,b] n HD*afooo’[x,b] (b —x)a
~I'(a+1) nep 4m (n'-P —2)2m
So we have proved that
o 1
1 @ (D*xf7 nP ) [x,0] HDgfooo,[x.b] (b_x)a
< ’ 125
”uz" (X)H = af + 2m ( )
I'(o+1) n 4m (n'—B —2)
Therefore
1 wl(D)(cx—fanﬁ)[ ]+a)1(Dgx 7"ﬁ)[b]
n < n n < ikl Sl 12
L R A e ey o (126)
1
s (IDE S o 6= @ * DGl ey (B =207 ) 7
4m(n1*ﬁ—2)2 (H || lax] b )
From the proof of Theorem 8§ we get that
. 1 (b—a)’
Af((-=x)/ < — 4 127
”(( %) )( )’ nﬁ1+4m(n1—ﬁ_2)2’"’ (2
for j=1,...N—1,V x € [a,D]. Putting things together, we have established
|nb] f N
A3 (f,%) Y ®(nx—k ) H H % (128)
k=[na] j:1 4dm (n _2)
o 1 o 1
. 1 (0] (Dx,ﬁ Y ) 0] + (D*va B ) )
I'(oe+1) noh
1
e (IDE Sl = @D DL S oy (B —2)% ) =2 K (). (129)
4m(n1*572)2 (H H N b] )
As aresult we derive (see (41))
JAn (£,6) = £ <2 (RTH7) K, (), V€ [a0]. (130)
We further have that H ’
b)
- 1 ; 1
K. < +(b—-a)) ————m———— (131)
” H ; ﬁ] ( ) 4m<n1_a_2)2n1]

e (Df—f’n%hx]) e (0 (0203),,)}

I'(ax+1) noh

[0 1 (04 S
+(—a) m {(le[la?b}(HDfooo,[a,x]) +x21[lp (HD o lleo xh))}} =1 Ey.
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Hence it holds
1Anf = fll <2 (X T+47) E,. (132)
We observe the following: We have
(DES) ) = (_I)N/X(J—y)’v“'f“’) ()dJ, ¥y € [a,x] (133)
- I'N—a)ly ’ ’
and .
o x _ y\WNV-a—1 (N)
|0 DO < rv—a (/y -y tar) ]
R B ) A (I oY N Gl U (b—a)"*
“TW-a) W-a) I/ .= T(N—atl) Hf . STON—atl) 7] (134)
That is
o (b—a
||Dx7f\!my[a7x]§7(N 7L (135)
and
(b—a)
0 108 g < Ry 1. (136)
Similarly we have
a _ 1 Y \N—a—1 #(N)
e AU AN O (137)
Thus we get
« 1 Y \N—a-1 (N)
IOEN O < F—g) (/ o1 dr) Tl (138)
1 _ N« b N [
= e I I e A
I'N—oa) (N—o) “TI'N—a+1
Hence N o
(b—a
105 e ey < m“f . (139)
and N o
(b—a
le[:lpb IDZf Nl ) < m”f H : (140)
From (92) and (93) we get
supw(D“ﬂ ) <M(b—a)’”‘, (141)
x€[a,b] nP la.x] F(N—(X+1)
and
sup @ (Dﬁf‘xf,l) SM(b—a)N_“- (142)
xelab] nb )y~ T(N—a+1)

That is E,, < . We finally notice that

_1\21 £ X)An ((._x)j) (x) = f(x)

* N-T 0D (x) ‘
(Zk,,bf‘ (f’(ni_@) e : (nx_k>)~<j21f = >A,,((-—x)f)<x)> —f)
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1 . N=L ) (x) ; ) ( |nb] > ]
A (f,x)— —A ((-—x x) | — D (nx—k x)| . 143
(Z,E”I’Hm@(nx—k))l (.2) (zl 7oA (=)@ ) = L =i )10 (143

Therefore we get

P20 0 () @

M- X <2(WTEw)

N=1 £(j) (5 . [nb]
A ()~ (2 () <x>> - ( 3 d><nxk>> e
! k

Jj=1 =[nal

(144)

)

V x € [a,b] . The proof of the theorem is now completed. Next we apply Theorem 13 for N = 1.
Theorem 14. Let 0 < o, < 1, f € C' ([a,b],X), x € [a,b], n€N:n'"P > 2, m € N. Then
®

a 1 a 1
A 2T+ <w1 (o1 ’"T’)hz-,x] o (0% ’”ﬁ)[x,bJ>
” n(fvx)_f(x)H— F(aJrl) noB

1 o o o o
+m (HDxfwa,[u,x] (x=a)" + IDZS Nl ) (0 — %) )}’ (145)

and
(ii)
2 (/T 4m)

( sup @y (DE_f 7n%>[a,x] + sup o (D4 ’"lﬁ)[x»h]>

XE[LIJ?] RIS [a,b]
nop

(b—a)*

— 07 Y sup D% f]|L .+ sup IDES ey ] b (146)
4dm (}’ll_ﬁ _2)2m (xe[ul,)h] || fH la] xe[al?b} || fH | 7b]> }

When o = % we derive

Corollary 2. Let 0 < B < 1, f € C' ([a,b],X), x € [a,b], n € N:n' B > 2, m € N. Then

(@)
[An (f,x) = F ()] <

1 1
o (D)?f,'> +o (Dfxf,'> )
4(W1+4m) ( "/ lad ")
NG n’
1
RN (x—a)+‘1)éx Vo)t (147)
dm (I’ll_ﬁ — 2) o0, [a,x] oo, [x,b]

and
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(ii)
4(R/1+am
At - £l < 2T,
Nz
1 1
( sup o1 (DE7 )+ sup on (DEs ) )
x€[a,b) lax]  x€lab] [x.,b]
B
n2
— 1 1
+(b—a)2m sup ||DX f + sup ||D2.f < oo, (148)
4m (n'~B —2) x€la,b] wlax]  x€lab] oo, [1,B]

Remark. Some convergence analysis follows:

Let0< B <1, feC'([a,b],X),x € [a,b],n €N: n'=B > 2 m e N. We elaborate on (148). Assume that

1 1 K
o (D,?_ﬂ ﬁ) <= (149)
n [a.x] n
and
1
o (Dhrg) <% (150)
n [x,b} n

Vx € [a,b],VneN, where Ki,K, > 0. Then it holds

1 1
sup @ <D§fanlﬁ> + sup @ <D>lgxf7n1[3) 1 Ki+K:
x€[a,b] [ax]  x€[ab] [x.b] < % (K1 +K3)

K
3B A
nz nz nz

(151)

(Sl
=

n

where K := Kj + K> > 0. The other summand of the right hand side of (148), for large enough 7, converges to zero at the

speed m, so it is about m, where L > 0 is a constant. Then, for large enough n € N, by (148), (151) and the

above comment, we obtain that

M
||Anf_f||oc S 3B ) (152)
min (nT,nzm(lfﬁ))
where M > 0. Clearly we have two cases:
@
lAnf — fll. < M when <B<l1 (153)
" == p2m(1=p)° 3+4m — ’
with speed of convergence m, and
(i1)
M 4
[Anf = fll < 5 when 0 < B < ", (154)
n 34+4m
with speed of convergence %ﬁ
n?2
In Theorem 5, for f € C([a,b],X) and for large enough n € N, when 0 < f# < %, the speed is niﬁ So when 0 < 3 <

3;1'2”1 (<. l‘zﬁ’g.'")’ we get by (154)lthat 1Anf — fllos converges fn.uch. faster to zero. The last comes because we assumed
differentiability of f. Notice that in Corollary 2 no initial condition is assumed.
Next, we will present an alternative fractional approximation by A4,, n € N.

Notation 31. Let 7 € N, we denote the left iterated fractional derivative

DX =D%D%...D, (7 - times), (155)
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X € [a,b], 0 < o < 1. Similarly, we also denote the right iterated fractional derivative
D™ =D%* D% ..D% , (7 - times), (156)

€ [a,b].

Definition 5. Let i € N, D"V £ denote any of DS™V% DUV 4nd § > 0. We set

X—

w( (i+l)a o )zmax{&)l( (m+1)e f6) 7b]’wl( (1) f6)“]}, (157)

where x € [a,b]. Here the moduli of continuity are considered over [x,b] and [a,x], respectively.

Theorem 15. ([13], p. 123) Let 0 < a < 1, f : [a,b] = R, f' € Le([a,b]), x € [a,b] being fixed. Assume that D*f €
C([x,b]), k=0,1,...,ni+1, 7 €N, and (DSf) (x) =0, i =2,3,...,7i+ 1. Also, suppose that DX* f € C([a,x]), for k =
0,1,...7+ 1, and (D' f) (x) =0, fori =2,3,...,a+ 1. Then

) ( i+l f ) _ @D+l
’ e |- —X]
)= < S :
If()—f)] < NCEDEES) |- — x| +6((ﬁ+1)a+1) , 8>0 (158)
Theorem 16. Let f € C([a,b]) and all as in Theorem 15, n € N:n'=% >2, m € N,
Then
2(2W)a)( e )
- <
[(Anf) (x) = f (x)] < FarDatl)
1 (b,a)(ﬁ+1)a 1 1 (bia)(ﬁ—kl)a—}—l
{[n<"+1>“2+4m(n1—a—2)2m TS+ Dat ) | aelm e T g a2 | [ 8>0. (159)

Hence HETOOA" NHx)=rf(x).

Proof. We notice that A, is a positive linear operator with A, (1) = 1. Let f € C ([a,b],R), then |f| <|f| and — |f]| < f <
/1. Hence A (1f1) < An () < An (1f]) and |4, (/)] < Ay (|f]). Therefore

(Anf) (x) — £ ()] = [(Anf) () —An (£ () )] = [An (F — £ () )] S An(1F — F ) () (160)

o (A+1)a f, o A, ‘__xl(ﬁ+1)a+1 (x)
<r<gn+1>a+12 [A" (™) 0+ g((n+1>a+1)> }
o ( F+)a f, )

B I'((a+1)o+ 1)2,(":M @ (nx —k)

_ n n- >a+1
lnb] 1 e (A+1)a ZIE b] |k 7x|( i D (nx—k)
Kk _ [na]
LM x @ (nx—k) + ACEDrED (161)
(2<6) 2 (X/T+4m) oy ( A+ oap ) [nb] X A+« o .
= r(@+Ha+l) )y n (nx = k)
k= [na
{: [n =l <
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|nb] PRRRTCERY
+ ——x D (nx—k)
n
k= [na)
: %—x| > n%
1 |nb)] k (7+1)o+1
+ = - —X D (nx—k (162)
S((m+a+1) k-f%ﬂ n )
|nb] k (A+1)o+1
+ Z i D (nx—k)
k= [na)
>

(19) 2(2W) (o} (D)(le)af, 6) 1 (b_a)(ﬁ+l)oc
<
= T((A+)a+1) e T dnt (- 2)7"

1
I CEDrED)

_ @D+l
L i) H §>0, (163)

pel+hatl] © 4, (nl-@ _2)2’"
proving the claim.

Corollary 3. All as in Theorem 16, with § = m Then

2(W/TEa) o (DS, i)

[(Anf) () = F (¥)] <

'(n+1)a+1)
1 (b_a)(ﬁJrl)a 1 (b_a)(ﬁ+1)a+1
ane T - o | | el et - | (- (164)
n(+1) 4m(n'—@ —2) nelEN 1] gy (- —2)

Hence nETocA" () (x) =1 (x).
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