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Abstract: In this paper, we give the ratios of directed lengths in planes the Euclidean and R?ﬁ and the analogues in the plane Rfﬂ of
the Menelaus and Ceva’s Theorems.
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1 Introduction and preliminaries

The most interesting and important things that the change of the meaning and definition of distance used in Euclidean
geometry for the last 2000 years, came possible by the use of taxicab geometry. The points are the same, the lines are the
same, and the angles are measured in the same way. However, the distance function is different. A family of distances,
drp, that includes Taxicab, Chinese-Checker and Iso-taxi distances, These distances have been studied by some authors
[2,3,4,5,6,7, 10, 11, 13, 14], as special cases introduced and the group of isometries of the plane with dz,—metric is
the semi-direct product of Dy, and T'(2) was shown in [1].

Iso-taxicab geometry is a non-Euclidean geometry defined by K. O. Sowell in 1989. In this geometry presented by
Sowell three distance functions arise depending upon the relative positions of the points A and B. There are three axes at
the origin; the x-axis, the y-axis and the y’-axis. The iso-taxicab trigonometric functions in iso-taxicab plane with three
axes were given in [7, 8, 12].

Iso-taxicab functions were defined in terms of dy,-distances on the plane RZ;. It was shown that how to obtain what a
point on iso-taxicab plane correspond to a point on R,zﬂ. The classification of the lines of the plane R?w and the shortest
distance from a point to a line was obtain on wa. The area formula of triangles were given on Rfﬂ. In generally, it was
mentioned about the plane R,Zﬂ trigonometry, then unit circle was defined on ]R,Zﬂ and correspondingly trigonometric
functions, iso-taxicab Pythagorean identity and trigonometric reduction formulas in ]R?r3 were given. The measures of
angles and reference angle were defined on R,zﬁ. It was obtained that the change of the length of the line segment under
rotations on R,zﬂ. The measures of angles were introduced by inner-product in [9].

The definition of d,,—distances family is given as follows;
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Definition 1. (see 1) Let A = (x1,y1) and B = (x3,y2) be any two points in R?, a family of dy,—distances is defined by;

8= sty (0 o os 0 o)
1<k< [t ] keZ, lftan n) < ){;ﬁ‘l §tan7
n-l]n oy
k= [t } zftan[2] < izzjcll < 0 0rx] =x

The plane R? with the d,,—distance is denoted by R2, . For n = 3 and accordingly k = 1, k = 2 , we obtain the formula of
drp3—distance between the points A and B according to the inclination in the plane Rfﬁ:

=]+ Gz v —ya|, 0< 25 <3
dz3(A,B) = 2 Y2-)1
ﬁb’l -2/, V3 < oy | < 0r X =x)

The plane Rfﬁ is constructed by simply replacing the Euclidean distance function dg by the distance function dr3 of the
plane R,zﬁ. Therefore it seems to study the plane ]R%r3 analogues of the topics which include the concept of distance in
the plane R2. In this paper, we will explain division points, directed lengths, the ratio of directed lengths and Menelaus’
Theorem, Ceva’s Theorem depending on these concepts.

2 Directed R2,—lengths and division point

Let X and Y be any two points on a directed straight line /. We define directed R?ﬂ—length of the line segment XY as

follows:
dp3(X,Y), if XY and [ have the same direction

—dr3(X,Y), if XY and [ have opposite direction

dn3 [XY] = {

thus, dz3 [XY] = —dq3 [Y X]. Clearly, directed length in the plane R2, can be defined in a similar way. That is

di [XY] = dg(X,Y), if XY and [ have the same direction
| —de(X,Y), if XY and I have opposite direction

If A,B,C are points on a same directed line and C is between points A and B, we denote this by ACB. If ACB, then C
divides the line segment AB internally and the ratio of the Rfﬂ—lengths is a positive real number. That is

dr3[AC]

=1>0
dr3 [CB]

If ABC or CAB, then C divides AB externally and the ratio of the R2 3 —lengths is a negative real number. That is

d7r3 [A ]
dx3 [CB]

=A<0.

In both cases C is called the division point which divide the line segment AB in ratio A.
Clearly, C #B.C=A < A =0 and (C is at infinity < A = —1).

Let C and C’ be two points such that C divides a given line segment AB internally and C’ divides AB externally in the
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same proportion though with opposite signs. Thus, the ratio of the directed lengths,

des[AC]  dus]AC]

=— =A
dn3[CB| dn3[C'B]

is the same positive number A.

Theorem 1. Let Py = (x1,y1) and Py = (x2,2) be any distinct points in the plane R2;. If 8 = (x,y) is a point on the line

passing through Py and P,, then
dns [P] 9] - dg [P] 9]

d3[0P)  dep (6P

That is; the ratios of directed lengths in the plane Euclidean and the plane R,zw are the same.

Proof. The proof of the theorem will be shown in two stages by considering the inclination of the line passing through P,
and P, in the plane Rjzﬂ. Let the slope of line be m;

(i) For 0 < |m| <+/3;

If 6 = P; then both ratios are equal to 0. If 6 is at infinity then both ratios are equal to —1. Therefore without loss of
generality, let P} # 0 # P,. It is enough to show that

b —xl+ =l /07 1)

= . ey
— 1y
x—xa|+ 71y =2 \/(xfxz)er(yfyz)z
Squaring both sides of the equation (1) one obtains; or simply
2
ber—xl i =yl = 3=y (21 —x)2+ (1 —y)? 5
2 27 (x—)2 )2 @
—xa|[y=y2l = 3ly—y (=x2)*+ (=)
Examining the left side of the equation (2) one obtains
2
et —x| y1 —y| = 3 |y1 =y _ (x1 —x)(y1 —y) — 2(y1 —y)? 3)
k—xlly=yal=3ly—0f  (—x)—y2) = F0—»2)?
for all positions of 6 on P P,. Using the equation (3) in the equation (2) one obtains
(=11 =) =301 =)= x0)? + (y—y2)° @
= ((r=x2)(y=y2) = 30r=32)%) ((x1 =2)* + (1 =)?)-

If x; = xp then x = x; = x, and equation (4) is obvious. If x| # x, then

(2 —x)y1 — (x1 —x)y2
X2 — X1

y =
since O is on the line P P». Now, using this value of y in the first bracket of the equation (4) we get the equation (4) is
satisfied.

(i) For v/3 < |m| < oo;

If 6 = P; then both ratios are equal to 0. If 0 is at infinity then both ratios are equal to —1. Therefore without loss of
generality, let P| # 0 # P,. It is enough to show that is
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FHhi—yl \/(161—)c)2+(y1—y)2

Zly-»nl 2 2 ®
v V=2 + ()
Squaring both sides of the equation (5) one obtains;
b=y =)’ )
=yl (—x)+(—y)
or another way
i =y [(X —x0) (- yz)z}
y =2l {1 =)+ (1 = »)7]
which is the equivalent to
=y —x)®
y=al? (r1 —x)?
or simply
Iy1 —)"2 _ (x1 _x)z (6)
ly *Y2\2 (x—x2)2
Examining the left side of the equation (6) one obtains
=y _ -y’ N
y=wl> -»)?
for all positions of 6 on P P». Using the equation (7) in the equation (6) one obtains
1 =y) (x—x2) = (y —y2) (x1 —x). (®)

If x; = x; then x = x| = x, and the equation (8) is obvious. If x; # x; then

_ (G =x)y1 = (x1 = x) y)]
(X2 —x1)

since 0 is on the line P, P,. Now, using this value of y in the first bracket of the equation (8) we get

(xa—x1) (xa—x1)
2=y (x=x2)(x1=%) _ (y2a—y1)(x—x2) (x1—x)
(2 —x1) B (xa—x1)

<y1 _ w) (r—x2) = (w 7y2) (x) —x)

which shows that the equation (8) is satisfied.

The following corollary shows how one can find the coordinate of the division point which divides the line segment
joining two given points in a given ratio, in the plane R,zﬂ.

Corollary 1. Let Py = (x1,y1) and P> = (x2,y2) be two distinct points in the plane R2,. If 6 = (x,y) divides the line
segment PP in ratio A then,
_x1+7Lx2 _y1+7Ly2.

1+2 07 144 ;A ERA £ -1

as in the plane R?ﬂ.
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Proof. Although the corollary follows from Theorem 2 we prefer to give a direct proof. The given formula is obvious
when A =0o0r A = —1.If A #£0,—1 and 6 divides the line segment P; P, in ratio A we have

dn3 [Pl 9]

——— | =14].

The proof of the theorem will be shown in two stages by considering the inclination of the line passing through P and P>
in the plane R?ﬁ. Let the slope of line be m;

(i) For0 < |m| <+/3;
|x1—x|+%|y1—y\

T = [4] ©)
|x —x2| + 7 [y — 2|

Since P1 7é P2

A=l |X1—X2|+%|y1—y2| |)»X1—3~Xz|+%\ly1—/1yz|

et = x|+ 5 [y1 = 2] et = x| + 5 v = e
Adding x; —x; and y; — y; to the first and second summands in the numerator and similarly Ax; — Ax; and Ay, — Ay, in
the denominator respectively, one obtains

|Ax1 +x1 —x1 — Axo| + \/% [Ay1+y1 —y1 — Ay

e A — Axy — x|+ \/% ly1 +Ay2 — Ay —ya|

1
Multiplying the numerator and denominator of the right side of the last statement by T one gets

] e
n A Ay ’
mlt—lxz 7x2‘ + Y11-:_x>2 7y2‘
Comparing this result with the equation (9) we obtain
_utAn o yitAy
142 YT
(i) For /3 < |m| < oo
2 Iyt —
y1 =Yl
=2 (10)
73 ly =2
since P # P;
2
2= 75 1Ay =24y,
Z -

adding x; —x; and y; — y; to the first and second summands in the numerator and similarly Ax; — Ax; and Ay, — Ay, in
the denominator respectively, one obtains

A= |Ay1+y1 —y1 —Ays|
Vi +Ay2 — Ay2 — y2
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Multiplying the numerator and denominator of the right side of the last statement by ﬁ, one gets
_ VitAy
B ‘y 1 T+A

A=
yit+Ay
‘ llJriLz_yz’

Comparing this result with the equation (10) we obtain

:y1+7Ly2
1+A

3 Theorems of Menelaus and Ceva in the plane wa

Ceva’s and Menelaus theorems are two classic theorems in plane geometry. The main question of these theorems is to
determine conditions under which three points are collinear and conditions under which three lines are concurrent.
Ceva’s theorem characterizes the concurrency of lines and Menelaus’s theorem characterizes the collinearity of points.

In this section, we give analogues of the Theorems of Menelaus and Ceva in the plane R,zﬂ. In fact, the validity of these
theorems is clear from the Theorem 2, but we prefer to state and give partial proofs for them.

Theorem 2. (Menelaus Theorem) Let {Py,P,,P3} be a triangle and 0y, 6,, 63 be on the lines that contain the sides PP,
P, Ps, P3Py in the plane Rfﬂ. If 61, 0,, 65 are collinear, then
dn3[P161] dp3 [P262] dr3 [P365]

. . =—1 11
dn3 [01P2] dp3[02P3] dn3 [63P] (b

where none of 01, 6,, 65 coincide with any of P;,P», Ps.

Proof. Several cases are possible, according to positions P, P>, P; and 0;,6,,0; We give a proof of the theorem only in
the following special case. Let P, = (x;,y;), i = 1,2,3, x; # x;41 and the points 0}, 6,05 be on a line [ given by y = mx+k
such that 6; = I A P.Pi;1, (mod3) and [ is not parallel to the line P,P;1 for i = 1,2,3. Clearly, mx; —y; +k # 0 since P, # 0;
fori,j=1,2,3and m# (y;i11 —yi)(xir1 —x;)~". The equation of the line P,P | is given by y = (y; 1 —yi) (%1 —x;) " 'x—
(Xiyit1 — Xit1yi)(xie1 — x;) 1. It follows from a simple calculation that

0 — (Xiyi+1 —Xip1Yi —kxi —kxipr mxiyip) —mxig1yi — kyi 4 kyig )
' mx; —mxi 1 —yi+yiy1 MX; — MXjt1 — Vi + Vi1

Now, let’s find %. Let’s the proof it, the position of the line segment in the plane Rfﬁ Let the slope of line segment

be m;

(i) For 0 < |m| < V/3;

dn3[P10)]  dn3(P1,01)  |mxi—y1 +k]|
du3[01P]  d3(61,Py)  |mxa—y2+K|
similarly,
dn3 [P0  dp3(Pr,02)  |mxa —yy +K|
dp3[6:P3]  dn3(62,P3)  |mxs —y3+k|
and

dz3 [P365] _ dn3(P3,63) _ [mx3 —y3 +k]|
dm3[6:P1]  dp3(63,P1)  |mx;—y; 4k
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and consequently,

dn3[PO) _ |mx—yitkl {—1, ifi=1

dp3 [0:Pi1]  mxicr —yi +k7 T )1, ifi=2,3

131 ( dz3 [P;6;] ) _ 1
i=1 \ dr3 [0;Piy1]

dz3[P161] dz3[P202] dr3[P365]

now, it can be easily computed that

and therefore, we obtain

. . =—1.
dn3 [01P2] dr3 [62P3] dn3 [63P]
(ii) For v/3 < |m| < o;
dn3[P16)] _ _ dx3(P1,61)
dz3[01P2] dn3(01,P>)
2 |, mxyyp—mxpyy —kyy+kyp ‘
Vel mx) —mxy —y| +yp

2

mx|yp —mxoyy —ky| +kyo
mx) —mxy—y|+yp o
) 2

mx1y| —mx1y2+y1y2—yi+kyi *ky2|

3

_ 3
% |mxzy2—mxzy1 +y1y2—y5+kya—ky |

_ %b’l(WI*YIJFI‘)*YZ(WI*)’PLI‘)‘

% [y2 (mxy —y2+k) =y (mxa—ya2-+k)|
- %\)’1*)’2\\”“1*)‘&’6\

%b’l —y2||mxy —ys+k|

_ _|mxi—yi4k
T maxy—yatk|
similarly,
dm3 [P26)] _ dm3 (P>, 0:) _ |mxy —y2 +k|
dn3[6:P3]  dp3(62,P3)  |mx3—y3+k|
and

dz3 [P365] _ d3(P3,03) _ |mx3 —y3 +k|
dm3 [03P]  dp3(03,P1)  |mxy—y; +k|

and consequently,

dz3 [Pi6)] _ lmox; — yi + k| G -1, ifi=1
dr3 [eiPHl} |mx,~+1 — Vit1 —l—k" 1, ifi=2,3.
now, it can be easily computed that
3 d3 [P0,
i=1 \ dr3 0Py 1]
and therefore, we obtain
dn3 [P163] dr3 [P261] dn3[P362] 1

dn3 [63P] dg3[61P3] dn3 [62P1]

Theorem 3. (Ceva’s Theorem) Let {Py,P>,P;} be a triangle, P is any point inside of {P\,Py,P3} and lines l,15,13 pass
through the vertices Py, P>, P3, respectively, and intersect lines containing the opposite sides at points 01, 0,, 03, The lines
1,105,153 are concurrent (or parallel) if and only if

dz3 [P161] dz3[P26s] dn3[P365]
dn3[61P] dr3[62P3] dr3 [63P1]

=1.

Note that none of 61, 6,,03 are Py, P,, P3.
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Proof. Let’s apply the Menelaus’ Theorem separately by considering the triangle {P;, P5, 0; } and line segment 63 PP ; the
triangle {P;, 617P3} and line segment P> P6, for both situation in the plane Rfﬁ. ‘We obtain

dn3 [P361] dp3[P263] dg3 PP

. . =-1
dn3 [P3P2] dp3 [03P1] dns [P6]
and
du3 [P261] dr3 (P36, dn3[PIP] 1 (12)
dr3 [PaP3] dr3 [62P1] dr3 [P ]
when (11) and (12) equations are divided by side to side we obtain
dn3 [P162] dn3 [P361] dn3 [P265] _

dz3[62P3] dr3[61P2] dr3 [63P]
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