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Abstract: In this paper, we provide a new mapping class termed hesitant fuzzy weakly continuous, which includes hesitant fuzzy
continuous mappings, and obtain several characterizations of hesitant fuzzy weakly continuous mappings. Furthermore, we propose
the concepts of hesitant fuzzy preopen and hesitant fuzzy semiopen mappings in hesitant fuzzy topological spaces, as well as various
features of these mappings.
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1 Introduction

As a generalization of a crisp set, Zadeh [14] developed the concept of a fuzzy set. Fuzzy set theory provides a new method
for dealing with fundamentally ambiguous language notions. Chang [1] defined the notion of fuzzy topological spaces,
and then, many researchers investigated various properties, for example neighborhood systems, continuities, compactness,
and separation axioms in fuzzy topological spaces. Torra [12] introduced the notion of a hesitant fuzzy set as an extension
of a fuzzy set, and the motivation for this extension is the hesitancy arising in the determination of the membership value
of an element. Hesitancy does not arise just because of an error margin or a possibility distribution, but because there
are some possible values of which there is a hesitation about which one would be the right one. These situations mainly
arise in decision-making problems where there are a group of decision-makers to consider the evaluation of a scenario.
In a hesitant fuzzy set, the membership function takes values from the power set of [0, 1]. Hesitant fuzzy set theory has
a wide range of applications in various fields such as multi-criteria decision-making, group decision making, decision
support systems, evaluation processes, and clustering algorithms. Xia and Xu [13] applied a hesitant fuzzy set to decision
making by defining “hesitant fuzzy information aggregation”. Jun et al. [3] studied hesitant fuzzy bi-ideals in semigroups.
Divakaran and John [2] introduced a basic version of hesitant fuzzy rough sets through hesitant fuzzy relations. On the
other hand, Jun and Ahn [4] applied hesitant fuzzy sets to BCK/BCI-algebras. Kim et al. [5] gave characterizations of
a hesitant fuzzy positive implicative ideal, a hesitant fuzzy implicative ideal, and a hesitant fuzzy commutative ideal,
respectively in BCK-algebras. Recently, Lee and Hur [8] defined a hesitant fuzzy topology and introduced the concepts of
a hesitant fuzzy neighborhood, closure, interior, hesitant fuzzy subspace and obtained some of their properties. Also, they
introduced the hesitant fuzzy open and hesitant fuzzy continuous mappings. Ibrahim [9] studied the concepts of a hesitant
fuzzy preopen and hesitant fuzzy semiopen sets in a hesitant fuzzy topological space. Also, he introduced the notion of

almost y-continuous [10] and weakly y-continuous functions [11].
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2 Preliminaries

Definition 1. [/2] Let X be a reference set, and P|0, 1] denote the power set of [0, 1]. Then, a mapping h: X — P[0, 1] is
called a hesitant fuzzy set in X. The hesitant fuzzy empty (resp. whole) set, denoted by h° (resp. h'), is a hesitant fuzzy set
in X defined as h°(x) = ¢ (resp. h'(x) = [0, 1]), for each x € X. Especially, we will denote the set of all hesitant fuzzy sets
inX as HS(X) [6].

Definition 2. Assume that X is a nonempty set and h,h; € HS(X) for i belong to the set of natural numbers N. Then,

(1) hy is a subset of hy, denoted by hy C hy, if hi(x) C hy(x), for each x € X [2].

(2) hy is equal to hy, denoted by hy = hy, if h(x) C hy(x) and hy(x) C hy(x) [2].

(3) the intersection of hy and hy, denoted by hiNhy, is a hesitant fuzzy set in X defined as follows: for each x € X,
(hlﬁhz)(x) =mh (x) N hz(x) [6].

(4) the union of hy and hy, denoted by h1Uhy, is a hesitant fuzzy set in X defined as follows: for each x € X,
(hlghz)(x) =h (x) @] /’lz(x) [6].

(5) the complement of h, denoted by h®, is a hesitant fuzzy set in X defined as: for each x € X,
3 (x) = h(x)° = [0,1]\ h(x) [6].

(6) the intersection of {h;}ien, denoted by ﬁieNh,-, is a hesitant fuzzy set in X defined as follows: for each x € X,
(Piewh) (@) = Miewhi() [6].

(7) the union of {h;}icn, denoted by Uienhi, is a hesitant fuzzy set in X defined as follows: for each x € X,

(Uienh) (x) = Usew hi(x) [6].

Definition 3. [8] Let X be a nonempty set, and T C HS(X). Then, 7 is called a hesitant topology (HFT) on X, if it satisfies

the following axioms:

(1) O,n' e
(2) For any hy,hy € T, we have hNhy € 1.
(3) Foreach h; € T, we have Ujenh; € T.

The pair (X, 7) is called a hesitant fuzzy topological space. Each member of T is called a hesitant fuzzy open set (HFOS)
in X. A hesitant fuzzy set h in X is called a hesitant fuzzy closed set (HFCS) in (X, 7), if h° € T. The set of all hesitant
fuzzy closed sets is denoted by HFC(X).

Definition 4. [8] Let (X, T) be a hesitant fuzzy topological space, and hy € HS(X). Then:

(1) intyr(ha) = Uthy € T2 hy C ha}.
2) CIH(]’ZA) = ﬂ{hF € HFC(X) thy C hp}.

Definition 5. [9] Ler (X, T) be a hesitant fuzzy topological space. A subset h of HS(X) is called:

(1) hesitant fuzzy preopen if h C intg (cly (h)).
(2) hesitant fuzzy semiopen if h C cly (inty (h)).

Remark. [9]The concepts of hesitant fuzzy preopen and hesitant fuzzy semiopen are independent.

Theorem 1. [9]Let (X, T) be a hesitant fuzzy topological space, then the following statements are hold:

(1) Every hesitant fuzzy open set is hesitant fuzzy preopen.

(2) Every hesitant fuzzy open set is hesitant fuzzy semiopen.

Theorem 2. [9]Let (X, T) be a hesitant fuzzy topological space and iy € HS(X). Then, hy4 is hesitant fuzzy semiopen if
and only if cly (hA) = CIH(intH(hA)).
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Definition 6. [6] Let X and Y be two nonempty sets and f : X — Y be a mapping. Then,

(1) the image of hx € HS(X) under f, denoted by f(hy) is a hesitant fuzzy set in Y defined as follows: for eachy € Y,

Oxeffl(y)hx(x) lffil(y) 7& 0,

() otherwise.

flhx)(y) = {

(2) the preimage of hy € HS(Y) under f, denoted by f~'(hy), is a hesitant fuzzy set in Y defined as follows: for each
xeX,

S (hy ) (x) = hy (f(x)).
Definition 7. [8] Let (X, 7) and (Y, 0) be hesitant fuzzy topological spaces. Then, a mapping f : (X,1) — (Y, 0) is called
(1) hesitant fuzzy open if f(hy) € o, for each hy € T.

(2) hesitant fuzzy continuous if f~'(hy) € 1, for each hy € ©.

Theorem 3. [8]A mapping f : (X,7) — (Y,0) is hesitant fuzzy continuous if and only if cly (f~' (hv)) C f~'(cly(hy)),
for every hesitant fuzzy set hy in Y.

Proposition 1. [8]Let (X, T) be a hesitant fuzzy topological space, and h € HS(X). Then, inty(h) = (clg(h°))¢, that is,
(intg ()¢ = cly (h°).

Definition 8. [7]Let h € HS(X). Then, A is called a hesitant fuzzy point with the support x € X and the value 8, denoted
by xg, if x5 : X — P[0, 1] is the mapping given by: for each y € X,

o) s C0,1]ify=x,
X =
oV 0, otherwise.

In particular, Hp(X) is called the set of all hesitant fuzzy points in X. If § C h(x), then x4 is said to belong to &, denoted
by x5 € h. It is obvious that h = Oxgehx&

Definition 9. /8/Let (X,7) be a hesitant fuzzy topological space, iy € HS(X) and x5 € Hp(X). Then, hy is called a
hesitant fuzzy neighborhood (HFN) of x;, if there is iy € T such that x5 € hy C hy. The set of all HFNs of x5 in (X, 7)
is denoted by HF N (xg).

Theorem 4. [8]Let (X, T) be a hesitant fuzzy topological space, iy € HS(X) and x5 € Hp(X). Then, x5 € intgy (hy) if and
only if there is hy € HF N(xg) such that oy C hy.

3 Hesitant Fuzzy Weakly Continuous

Definition 10. A mapping f: (X,7) — (Y, 0) is said to be hesitant fuzzy weakly continuous at xg € Hp(X) if for each
hesitant fuzzy open set hy in Y containing f(xg), there exists a hesitant fuzzy open set hy in X containing xg such that
f(hy) Ccly(hy). If f is hesitant fuzzy weakly continuous at every xs € Hp(X), then it is called hesitant fuzzy weakly

continuous.

Remark. 1t is obvious from the above definition that hesitant fuzzy continuous implies hesitant fuzzy weakly continuous.

However, the converse is not true in general as it is shown in the following example.
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Example 1. Consider X = {a, b, ¢} with the hesitant topology T = {h°, k!, hx} and ¥ = {n,m, k} with the hesitant topology
o = {h°,h' hy,,hy,}, where

{0.1} ifx=a,
hx(x) =< {0.2} ifx=b,
{03} ifx=c,

{0.1,02,03} ify=n,
hy,(y) =4 ¢ ify=m,
¢ ify =k,
and
[0,1] ify=mn,
hy,(y)=q¢ ify=m,
o ify=k

Let f : X — Y defined as follows:

n ifx=a,
Ffx)=< n ifx=b,
n ifx=c.

Then, f is hesitant fuzzy weakly continuous, but it is not hesitant fuzzy continuous, because Ay, is a hesitant fuzzy open

setin Y, but f~! (hy,) is not hesitant fuzzy open in X, where

{0.1,0.2,0.3} ifx=a,
FNhy)(x) =< {0.1,0.2,0.3} ifx=b,
{0.1,0.2,0.3} ifx=c.

Remark. A mapping f: (X,7) — (¥, 0) is hesitant fuzzy weakly continuous if and only if for each hesitant fuzzy open set
hy in'Y containing f(xg), there exists a hesitant fuzzy open set 4y in X containing xg such that f(hy) C cly (intgy (hy)).

Theorem 5. For a mapping f : (X,7) — (Y, 0), the following statements are equivalent:

(1) f is hesitant fuzzy weakly continuous.

) f~Yhy) Cintg(f~'(cly(hy))), for every hesitant fuzzy open set iy in Y.

(3) cly(f~(inty(hr))) C f~'(hr), for every hesitant fuzzy closed set i in Y.

@ cly(f~ " (inty(cly(hg)))) C f~(cly (hp)), for every hesitant fuzzy subset B of Y.
(5) f~Winty(hp)) C inty (f~(cly(inty(hp)))), for every hesitant fuzzy subset g of Y.
©6) clg(f~'(hv)) C f~"(clg(hy)), for every hesitant fuzzy open set Ay in Y.

Proof. (1) = (2). Let hy be a hesitant fuzzy open set in ¥ such that x5 € f~!(hy). Then f(x5) € hy. There exists hesitant
fuzzy open set hy containing xg such that f(hy) C cly(hy). Thus, we obtain x5 € hy C f~!(cly(hy)). This implies that
x5 € inty (f~(clu(hy))).

(2) = (3). Let hr be any hesitant fuzzy closed set in Y. Suppose that x5 ¢ f~!(hr). Then, K¢ is hesitant fuzzy open in ¥
and x5 € f~'(hp)¢ = f~1(hS). By (2) and Proposition 1, we have

x5 € inty (f (el (hS.))) = inty (f = (inty (h)€)) = inty (f 1 (intg (hE))©)

= (cly(f~(intg(hr))))¢. Therefore, we obtain x5 ¢ cly (f~ ' (inty (hr))).

(3) = (4). Let hp be any hesitant fuzzy subset of Y. Then cly(hp) is hesitant fuzzy closed in ¥ and by (3), we have that
if x5 € cly (f~(inty (cly(hp)))) then x5 € £~ (cly (hp)).

(4) = (5). Let hg be any hesitant fuzzy subset of Y and x5 € f'(inty(hg)). Then, we have
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xs €  fWintg(hg)) = f Yclu(h$))". Then, xs ¢ flclu(hy)) and by 4),
x5 € cly (f~ (inty (el (h))))* = intyy (f = (clp (intp (hp)))).-

(5) = (6). Let hy be any hesitant fuzzy open set in Y. Suppose that x5 ¢ £~ (cly(hy)). Then, f(x5) ¢ cly(hy) and there
exists a hesitant fuzzy open set iy containing f(xs) such that ayNhy = h°; hence cly (hy)Nhy = h°. By (5), we have
x5 € inty(f~'(cly(hw))) and hence there exists hesitant fuzzy open hy such that x5 € hy € f~'(cly(hw)). Since
cly(hw)Nhy = B hyOf~'(hy) = h° implies that x5 ¢ cly(f~'(hy)). Therefore, if x5 € cly(f~'(hy)), then
X§ € f71 (ClH(hv)).

(6) = (1). Let x € X and hy any hesitant fuzzy open set in Y containing f(xs). Then, we have
xs € fUny) C f W inty(cly(hy))) = f'(clg(cly(hy)©))S. By (6), xs ¢ cly(f~'(cly(hy)°)) and hence
xs € inty(f~'(cly(hy))). Therefore, there exists a hesitant fuzzy open set iy such that x5 € hy C f~!(cly(hy)); hence
f(hy) C clg(hy). This shows that f is hesitant fuzzy weakly continuous.

Theorem 6. For a mapping f : (X, t) — (¥, 0), the following statements are equivalent:

(1) f is hesitant fuzzy weakly continuous.
) clg(f~"(hv)) € f~"(cly(hy)), for every hesitant fuzzy preopen set hy in Y.
(3) f~Y(hy) Cintg(f~"(clg(hy))), for every hesitant fuzzy preopen set iy in Y.

Proof. (1) = (2). Let hy be any hesitant fuzzy preopen set in Y such that x5 € cly(f~'(hy)). Suppose that
x5 & f~'(cly(hy)). Then, there exists a hesitant fuzzy open set Ay containing f(xs) such that iy Nhy = k. Hence, we
have hwNcly(hy) = h° and hence cly(hw)Ninty(cly(hy)) = h°. Since hy is hesitant fuzzy preopen, then
hy C inty(cly(hy)) and we have hyMcly (hw) = h. Since f is hesitant fuzzy weakly continuous at x5 and Ay is a
hesitant fuzzy open set containing f(xs), there exists hesitant fuzzy open Ay containing xg such that f(hy) C cly (hw).
Then, f(hy)Nhy = h° and hence hyNf~'(hy) = h°. This shows that x5 ¢ cly(f~'(hy)). This is a contradiction.
Therefore, we have x5 € f~!(cly(hy)).

(2) = (3). Let hy be a hesitant fuzzy preopen set in Y and xs € f'(hy). Then, we have
Y hy) € fWintg(cly(hy))) = f'(clu(cly(hy)©))¢. Therefore, x5 & f~'(clu(cly(hy))). Then by (2),
xs & cly (f~" (clu(hy)%)). Hence, x5 € cly (f 1 (clu(hy )%))" = intg (f " (clu (hy ).

(3) = (1). This follows from Theorem 5, since every hesitant fuzzy open set is hesitant fuzzy preopen.

Theorem 7. Let (X, 7), (Y,0) and (Z, 7)) be hesitant fuzzy topological spaces. If f : (X,7) — (¥,0) is hesitant fuzzy
weakly continuous and g : (Y,06) — (Z, 1)) is hesitant fuzzy continuous, then the composition gof : (X,7) — (Z,11) is
hesitant fuzzy weakly continuous.

Proof. Let x € X and hy be a hesitant fuzzy open set in Z containing g(f(xs)). Since g is hesitant fuzzy continuous, then
g !(ha) is a hesitant fuzzy open set in ¥ containing f(xs). But f is hesitant fuzzy weakly continuous, then there exists
a hesitant fuzzy open set /i in X containing xg such that f(hg) C cly(g~"(ha)). By Theorem 3, we obtain (gof)(hg) C
g(cly(g7 " (ha))) C cly(ha). Therefore, gof is hesitant fuzzy weakly continuous.

Definition 11.A mapping [ : (X,t) — (Y,0) is called hesitant fuzzy preopen (resp. semiopen) if f(hy) € o, for each
hesitant fuzzy preopen (resp. semiopen) hy in X.

The proof of the following corollaries follows directly from Theorem 1 and is thus omitted.
Corollary 1. Every hesitant fuzzy preopen mapping is hesitant fuzzy open.
Corollary 2. Every hesitant fuzzy semiopen mapping is hesitant fuzzy open.

The converse of Corollaries 1 and 2 are not true in general as it is shown in the following example.
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Example 2. Consider X = {a, b, ¢} with the hesitant topology T = {h°, k!, hx} and ¥ = {n,m, k} with the hesitant topology
o = {h°,h' hy,,hy,}, where

{0.3} ifx=a,
hx(x) =< {0.2} ifx=b,
{0.6} ifx=c,

{0.2,0.3,0.6} ify =n,
hy,(y)=1q ¢ ify =m,
¢ ify =k,
and
[0,1] ify=mn,
hy,(y)=q¢ ify=m,
0] ify==k.

Let f : X — Y defined as follows:

n ifx=a,
Ffx)=< n ifx=0b,

n ifx=c.

Then, f is hesitant fuzzy open, but it is neither hesitant fuzzy preopen nor hesitant fuzzy semiopen, because /4 is both

hesitant fuzzy preopen and hesitant fuzzy semiopen set in X but f(h4) is not hesitant fuzzy open in Y, where

{0.1,0.3} ifx=a,
ha(x) =< {0.2,0.4} ifx=b,
{0.5,0.6} ifx=c,

and
{0.1,0.2,0.3,0.4,0.5,0.6} ify=n,
flha)(y) =1 ¢ ify=m,
0 ify=k.

Remark. From Remark 2, the hesitant fuzzy semiopen mapping need not be hesitant fuzzy preopen in general as it is

shown in the following example.

Example 3. Consider X = {a,b,c} with the hesitant topology 7 = {h°, '} and Y = {n,m, k} with the hesitant topology
o ={h"h'}. Let f: X — Y defined as follows:

n ifx=a,
f)=4q m ifx=b,
k ifx=c.

Then, f is hesitant fuzzy semiopen, but it is not hesitant fuzzy preopen, because /4 is hesitant fuzzy preopen set in X, but
f(hy) is not hesitant fuzzy open in Y. Where

(0.1,0.5) ifx=a,
ha(x) =< {0.1,0.5} ifx=b,
(0.6,09) ifx=c,
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and
(0.1,0.5) ify=n,

f(ha)(y) = § {0.1,0.5} if y=m,
(0.6,0.9) ify=k.

Theorem 8. Let (Z, 7;) be hesitant fuzzy topological space. If

(1) f:(X,7) — (Y,0) is hesitant fuzzy preopen and g : (Y,0) — (Z, 71) is hesitant fuzzy open, then gof : (X, 7) = (Z,71)
is hesitant fuzzy preopen.

(2) f:(X,7)— (Y,0) is hesitant fuzzy preopen and g : (Y,6) — (Z, 71) is hesitant fuzzy open, then gof : (X, 1) = (Z,11)
is hesitant fuzzy open.

3) f:(X,7) — (Y,0) is hesitant fuzzy preopen and g : (Y,0) — (Z, 11) is hesitant fuzzy preopen, then gof : (X,7) —
(Z,7) is hesitant fuzzy preopen.

4) f:(X,7) = (Y,0) is hesitant fuzzy preopen and g : (Y,0) — (Z,7;) is hesitant fuzzy preopen, then gof : (X,7) —
(Z,71) is hesitant fuzzy open.

Proof.

(1) Let hy be a hesitant fuzzy preopen set in X. Since f is hesitant fuzzy preopen, then f(h4) € ©. Since g is hesitant
fuzzy open, then g(f(ha)) € 71 and so (gof)(ha) € 71. Therefore, gof is hesitant fuzzy preopen.

The proofs of (2), (3) and (4) are similar to (1).

Theorem 9. Let (Z, ;) be hesitant fuzzy topological space. If

(1) f:(X,t) — (¥,0) is hesitant fuzzy semiopen and g : (Y,0) — (Z,7;) is hesitant fuzzy open, then gof : (X,7) —
(Z, 1) is hesitant fuzzy semiopen.

(2) f:(X,t) — (¥,0) is hesitant fuzzy semiopen and g : (Y,0) — (Z, 7)) is hesitant fuzzy open, then gof : (X,7) —
(Z,71) is hesitant fuzzy open.

3) f:(X,7)— (Y,0) is hesitant fuzzy semiopen and g : (Y,0) — (Z, 7;) is hesitant fuzzy semiopen, then gof : (X, 7) —
(Z,71) is hesitant fuzzy semiopen.

4 f:(X,7) = (Y,0) is hesitant fuzzy semiopen and g : (Y,0) — (Z, 71) is hesitant fuzzy semiopen, then gof : (X,7) —
(Z, 7)) is hesitant fuzzy open.

Proof.

(1) Let hy be a hesitant fuzzy semiopen set in X. Since f is hesitant fuzzy semiopen, then f(h4) € ©. Since g is hesitant
fuzzy open, then g(f(h4)) € 71 and so (gof)(ha) € T1. Therefore, gof is hesitant fuzzy semiopen.

The proofs of (2), (3) and (4) are similar to (1).

Theorem 10. Let (Z, 1) be hesitant fuzzy topological space. If

(1) f:(X,7)— (Y,0) is hesitant fuzzy preopen and g : (Y,0) — (Z, 7)) is hesitant fuzzy semiopen, then gof : (X,7) —
(Z,71) is hesitant fuzzy open.

(2) f:(X,7) — (Y,0) is hesitant fuzzy preopen and g : (Y,0) — (Z, 1) is hesitant fuzzy semiopen, then gof : (X, 1) —
(Z,71) is hesitant fuzzy preopen.

3) f:(X,7) — (Y,0) is hesitant fuzzy semiopen and g : (Y,0) — (Z, 71) is hesitant fuzzy preopen, then gof : (X,7) —
(Z,7) is hesitant fuzzy semiopen.

4) f:(X,7) — (Y,0) is hesitant fuzzy semiopen and g : (Y,0) — (Z, 71) is hesitant fuzzy preopen, then gof : (X,7) —
(Z, 1) is hesitant fuzzy open.
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Proof.

(1) Lethy € 7. Since f is hesitant fuzzy preopen and every hesitant fuzzy open is hesitant fuzzy preopen, then f(h4) € ©.
Since g is hesitant fuzzy semiopen, then g(f(ha)) € 71 and so (gof)(ha) € 71. Therefore, gof is hesitant fuzzy open.

The proofs of (2), (3) and (4) are similar to (1).
Theorem 11. If a mapping f: (X, 1) — (¥,0) is

(1) hesitant fuzzy semiopen, then f(inty (ha)) C inty(f(ha)), for each hy € HS(X).
(2) hesitant fuzzy preopen, then f(inty (ha)) C inty(f(ha)), for each hy € HS(X).

Proof.

(1) Let f be hesitant fuzzy semiopen and hy € HS(X). Since every hesitant fuzzy open is hesitant fuzzy semiopen and
intg (hya) is hesitant fuzzy open, then by the hypothesis, f(inty (hs)) is hesitant fuzzy open in Y. Since inty (hs) C ha,
so f(intg(ha)) C f(ha) and hence f(inty (ha)) = inty (f (intg (ha))) C intg (f(ha)).

(2) The proof is similar to (1).

4 Conclusions

The terms hesitant fuzzy weakly continuous, hesitant fuzzy preopen, and hesitant fuzzy semiopen mappings were
introduced. Moreover, several of their characteristics are studied. Meanwhile, we discussed the relationship between
hesitant fuzzy weakly continuous and hesitant fuzzy continuous, and also relationship between hesitant fuzzy open,
hesitant fuzzy preopen and hesitant fuzzy semiopen mappings.
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