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Abstract: In this paper, we establish the generalized Qi-type inequality involving local fractional integrals on fractal sets
R* (0 < o < 1) of real line numbers. Some applications for special means of fractal sets R* are also given. The results presented here
would provide extensions of those given in earlier works.
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1 Introduction

In recent years, there have been many useful developments in the theory of inequalities, which is one of the important
areas of mathematics. One of these fields is fractional integral inequalities. The reason why fractional integral inequalities
are so important is that they are new and open to development. Integral inequalities have been frequently employed in
the theory of applied sciences, differential equations, and functional analysis. In the last two decades, they have been the
focus of attention in [3]-[7]. Recently, especially Qi inequality, one of the integral inequalities, has been studied by many
authors. Recall the famous integral inequality of Feng Qi type:

Theorem 1. (Proposition 1.1, [7]). Let f(x) be differentiable on (a,b) and f(a) = 0. If f' (x) > 1 for x € (a,b), then

b

b 2
[irpar) = | [roar] . m

a
If 0 < f'(x) < 1, then the inequality (1) reverses.

Theorem 2. (Proposition 1.3, [7]). Let n be a positive integer. Suppose f(x) has continuous derivative of the n—th order
on the interval [a,b] such that f%) (a) >0, where 0 <i<n—1, f (x) > n!, then

b n+1

b
[irwrea) = [roa) ®)

a

In [6], Ngo et al. gave the following inequality which is one of the open problem’s solution. Let f(x) be differentiable on
(a,b) and f(a) = 0. If f' (x) > 1 for x € (a,b), then where f € C" (a,b), f{) >, 0<i<n, f) >n!, neZ.
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Theorem 3. Let f € C[0,1] and f (x) > 0 for every x € [0,1]. If

/f(t)dt > 3)

then, for every n € N
1

1
/f”*' (t)dt > /t”f(t)dt (4)
0

0
holds.

2 Preliminaries

Definition 1. [11] A non-differentiable function f : R — R*, x — f(x) is called to be local fractional continuous at xo, if
for any € > 0, there exists § > 0, such that

|f(x) = f(x0)| < €
holds for |x —xo| < &8, where €,8 € R. If f(x) is local continuous on the interval (a,b), we denote f(x) € Cq(a,b).

Definition 2. [11]The local fractional derivative of f(x) of order o at x = xg is defined by

A% (f(x) — f(x0))

(74 )

where A% (£(x) — f(x0)) =L (@ + 1) (f(x) — f(x0)).

k+1 times

——
If there exists f*T1)%(x) = D*...D% f(x) for any x € I C R, then we denoted f € Dis1)a(I), where k=0,1,2, ...

Definition 3. [11] Let f(x) € Cq [a,b]. Then the local fractional integral is defined by,
N—1

b
) = s [ S0 = s tm X /()

with Atj =tj4 —tj and At = max {At;,Aty, ..., Aty_1 }, where [tj,tj11], j=0,.,N—landa=1ty<t; < .. <ity_j <
ty = b is partition of interval [a,b] . Here, it follows that I f (x) = 0 ifa = b and I} f (x) = —pIJ f(x) if a < b. If for any
X € [a,b], there exists ,IZ f(x), then we denoted by f(x) € I%[a,b].

Lemmal./[/]].
(1) (Local fractional integration is anti-differentiation) Suppose that f(x) = g\® (x) € Cy |a,b], then we have
ol f(x) = g(b) — g(a).

(2) (Local fractional integration by parts) Suppose that f(x),g(x) € Dy [a,b] and f(® (x), g'® (x) € Cq [a,b], then we
have

AP f(0)8 D (x) = F(X)g(x)[2 —a I F1P) (x)g ().
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Lemma2./[/1].

do‘xko‘ _ F(1+ka) (k—1)ct.
dx* F(1+(k—1) a’

a (1—|—k(X) (k+)a _  (k+1)a
a+1 /xk ri+k+a )(b a )’kER'

The interested reader is referred to [8]-[15] for local fractional theory.

The aim of the paper is to establish some generalized Qi-inequality involving local fractional integrals.

3 Main results

We start the following important inequality for local fractional integrals:

Theorem 4. Let f(x) € Cy [a,b] and f(a) =0. If0% < s éﬂ) < 1%, then

e o =)

Proof. Let

Simple computation yields

P ) T2 (/ e ) r“[f(zn“:!m (/ f(x)dX) [f(t)]z"‘] 01 =G 001",

G (1) = %r 1+ a) 01 - L2 o (0] = T2 [r o e - (o] rore.
Since [f'(t)]* > 0 and f(a) = 0, thus f(¢) is increasing and f(¢) > 0. When 0% < % < 1%, we have G (1) >

0, G (1) increases and G (r) > 0 because of G (a) = 0, hence F() (1) = G (1) [f(1)]*, F'®) (¢) is increasing. Since F (a) =0,
we have F(r) > 0, and F(b) > 0. Therefore, the inequality (5) holds.

Remark. If we choose @ = 1 in (5), then we have Proposition 1.1 in [7].

/ a
Theorem 5. Let f(x) € Cy [a,b], O (a) >0and f7) (x) > (14 na), where 0% < 1% < 1%, then

' ¢ (n+1)a
@ +1 / )N () > ( / f(x)dx) : (6)

Proof. Let
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Simple computation yields

o ez COtoina (7 "
H(0) = )" - = (/ f(X)dx) [£(0)

— [[f(t)]("“)o‘—w (/f(x)dx) ] [f()*

a

Direct calculation produces

(n—1)o
W0 = e e IO [F0) ~ F ( / f(x)dx> ()

(n—1)o
- w |:[f(t)](n1)06 [f/(t)]a _ M (/f(x)dx) ] LF(0)]*

I'(1+na) (I+(n—1a) J
e IO
W (1) = DUH =D oy oy122 L P (14 a) [ (0] 0% [ ()]

= h3 (1) [f(1)]*
and
a I'l+(n— n— e\ T o a
e
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H (14 @) L L [ 0] 0]
r (1 ) ; (n=3)o
+no o
_F(L+@—3)a)<!f&yh) )
= ha (1) [ ()]

By induction, we obtain

W @) = {Ir 1+ @)V o1 [190] +R.0)

'l+(n—-ia)

a

: (n—i)a
L) ( / f(x)dx) )"

= hip1 (1) [F(0)]*

where 2 < i < n and I Da)
n—l)o (n—=3)ot [ 20

r(+n-ia)
TU+(n-(i+D)a)

From f (x) > I'(14na) and f@ (a) > 0 for 0 < i < n— 1, it follows that ) (r) > 0 and are increasing for
0<i<n-—1.

Pz(t)z

o

OGN0

P @)% =B () +T (14 @)

Therefore, we obtain p,({a)(t) >0 and pgi(t) > 0, then p,(ﬁ)l (t) > 0 and pi(¢t) > O are increasing for 2 < k < n.

Straightforward computation yields

o

it (6) = [T (14 )] (7904 pi (1)~ T (14 na).
Considering £ (x) > I" (1+na), we get hy1 (t) > 0, and s (t) > 0, then A, (¢) increases.
By our definitions of A; (¢) , we have, for | <i<n-—1,
et (@) = [£(@)] " [0 (@)| " + pi () > 0.

Therefore, using induction on i, we obtain hga)(t) >0, hi(t) > 0, and h;(r) are increasing for 1 <i <n. Then Hi<a)(t) >0
and increases, and H;(¢) > 0. The inequality (6) follows from H(b) > 0. Thus, Theorem 5 is proved.

Remark. If we choose o = 1 in (6), then we have Proposition 1.3 in [7].
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Theorem 6. Le? f(x) € Cy [0, 1] satisfying

1

[ o> i (=) e 0.1, @
then )
I e W[ 1 TOta)
r(1+a)0/t ) (dn” = [r(1+2a)_r(1+3a) : ®
Proof. Let

By using our assumption we have

[ ([roas = ez e

t

o
I'l+o) I'(l1+2o)
I'(l1+2a) | I'( 1+0c I'(l+3a)

B [ 1 B F(H—a)}
Cr(1+20) T'(14+3a)]"

On the other hand, integrating by parts, we also get

(e )or e

t

1% f (1) (dr)*

0

Thus,

1
" o 1 I'(l+a)
r(1+a).0/t Fl)(dn) Z[F(l+2a)_1“(l+3a) '

The proof is completed.

Theorem 7. If (7) holds then we have,

/lt<"“)°‘f(t)(dt w Tllta) [1_F(1+(n+1)a)F(1+(n+2)a)

“I'(l+2a) I'l4+na)l’' (1+(n+3)a)

€))

0

Proof. Let

/lr ( / @) (dx)“) (dn)®.

0 t
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Integrating by parts, we have

1
_ I'(l+na)
na a _ (ntl)a
/t / Y (dx)* | (dt) t NECEI) /f ) (dx)*
0 t 0
1

I'(l1+na)
+n /thrlOtf )OC

F(1—|— (n+1)a
0
r(1+ /
n(X
_ tn+1 dtlx
ri+m+1)a) / )

0
On the other hand, by using our assumption we have

1

b/l't"“ /lf(x)(dx)a (@ 2 =2 1+2a /t"a (12% — £29) (dr)®

0
I'(l4+a) (I+na) r'(l+(n+2)a)
I'(l14+2a) [F (n+1) ) F(1+(n+3)a]
Thus,
1
D o I'l+a) Fl+m+1)o) L (14+(n+2)a)
/t( ") () “ T+20) {1_ T(tna)T (1+(nt3)a) ]

0

The proof is completed.

Remark. If we choose o = 1 in (9), then we have Lemma 1.3 in [6].

4 Conclusion

In the present paper, we establish the generalized Qi-type inequality involving local fractional integrals on fractal sets
R%*(0 < a < 1) of real line numbers. Some applications for special means of fractal sets R* are also given. Some special
cases are also discussed.
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