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Abstract: In the present paper, an initial boundary value problem for the linear Schrodinger equation including the momentum operator
is introduced. This problem is discretized by the finite difference method and a difference scheme is presented. Moreover, an estimate
for the solution of the proposed scheme is obtained. Finally, with the help of the estimate, it is proved that the proposed scheme is
unconditionally stable and convergent.
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1 Introduction

The general form of a Schrodinger type equation (StE) is as follows:
eu +F (6, tsu)uce + Fi (6, t5u)uc + Fo(g,t5u)u =0, (1)

where € = const., u(g,t) is the wave’s complex amplitude; u, = %, u; = g—g, Uge = 3—2‘2‘ Equation (1) describes the slow
variation of the function u(¢,#) in a medium with quadratic dispersion [1]. The diversified versions of equation (1) and
its applications have been studied widely in many fields such as hydrodynamics, water waves, optical fiber setting,
photonics, nonlinear transmission lines, Bose-Einstein condensates, plasma physics [2]. In equation (1), the variables ¢
and ¢ have different meanings according to the context of its application areas. Here, ¢ and ¢ denote the space and time
variables, respectively.

In the present paper, we study an initial boundary value problem (IBVP) for a particular case of equation (1), which is a

linear Schrédinger equation including a momentum operator, in the form

d 92 d

Gy + gz Hip1 52— Pt atu=p(S.0), (61) € 2, @
u(g,0)=n(¢), ¢ €1, 3)
u(0,0) =u(l,1) =0, 1€ Q, 4
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where i =+/—1,1=(0,1), 0= (0,T), Q =1x Q, po,p1 > 0 are real numbers; p(¢) and g(¢) are real valued functions
such that

0 < p(g) < uo almost everywhere (a.e.) in I, [y = const. >0 | (5)

d
g€ 1), gl <bo. |“MY| <byacino, ©

bo,by > 0 are given numbers; 1 € H3(I), p € H*!(Q). Here, almost everywhere means that a property is said to hold

almost everywhere in any set E if it holds in E except in some subset of E with measure zero. Also, H3(I), H*!(Q) are

Sobolev spaces defined as in [3] and L,(Q) is a Hilbert space with the inner product (u,v) = [u(t)v(¢)dt for any u,v €
Qo

L(Q).

In this work, we examine the solution of problem (2)-(4) with the help of the finite difference method. For this, firstly, we
constitute a difference scheme for IBVP (2)-(4). Later, we obtain an estimate for the solution of difference scheme.
Finally, by using the estimate obtained we show that the scheme is unconditionally stable and is convergent. According
to characteristics of the coefficients Fa, @ = 0,1,2 in (1), we obtain the varied forms of linear and nonlinear
Schrodinger equations from equation (1). The solutions by finite difference method of IBVPs for linear Schrédinger
equations obtained from equation (1) in case of Fy(¢,#;u) = Fy(¢,t) are previously analyzed in the works [4,5,6,7]. In
these papers, the coefficient F; is usually zero. But, in [6], there is a nonzero real valued function. Also, when
Fy(g,t;u) = const., F1(g,t;u) = 0, Fy(,t;u) = Fo(g,t;u) in (1), we obtain the nonlinear Schrédinger equations such that
the solutions of such equations by the finite difference method are studied in [7,8,9,10,11,12,13,14]. The stability, error

and convergence of the method have been demonstrated in most of these papers.

As different from previous studies, in this paper, we work out an IBVP in the form (2)-(4) for linear Schrodinger
equation including a momentum operator with coefficients € = i, F(g,t;u) = po, Fi(¢,tu) = ip,

Fo(g,t;u) = —p(g) +¢q(t), which is more comprehensive and current than the problems studied before.

Based on results in [15], we write the next theorem for problem (2)-(4). It is easily proved by the Galerkin’s method.

Theorem 1. Assume that (5) and (6) are satisfied and € H3(I), p € H*'(Q). Then, there exists a unique solution
u € By =C%Qr,H3(I)) NC(Qr,La(I)) of problem (2)-(4) for any t € Qr = [0,T] and the following estimate holds

du|?

(O | 57 <co (Il +lPlz01 @) ) » ©)
0() at 0() ( )

Ly(1)

where cy > 0 is a constant independent of n,p,¢t.

2 Notations, some useful lemmas and difference scheme

In this section, we present some notations and give some lemmas and theorems used in the paper. Let I be discretized
using by grid points ¢; = jh— 4, j=1,2,..,LA— 1,6 —4=0, -1+ 2% =1, h = ;5 and let Q7 be divided by #; =k,
k=0,1,...,B with T = %, where A, B are any positive integers. Let uj, j=0,1,...,A, k=0,1,...,B be the numerical

approximation of u(g,#) at the point (gj,%). Also, we define the finite difference operators
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_ Ujk — Ujk—1 Ujk — Uj—1k
[/ T » Mo Ujk h )
+u Dy
Dy — Ujyik — Ujk D2 — DZuje—Dg ujy Uik — 2t Uk
¢ Y4jk — A ) c%jk — h - l’l2 )

and some discrete inner product and norms as

o,
1<j<A-1 2

A—1 A—1
ow)=h Y viws, = [h Y vl V= max |vl,
Jj=1 Jj=1

for any grid functions v,w, where the symbols ||.||, and ||.||, indicate the discrete norms on spaces L (/) and L.(),
respectively and w; means the complex-conjugate of w;. Also, throughout this paper, we denote the positive constants
independent from 7, hand mby ¢,, r =1,2,...,12.

With these designations, we write the finite difference scheme of problem (2)-(4) for j =1,2,....,A—1,k=1,2,...,B as

iD; .+ poDZuji+ip1Dg uj — pjujc + qritjx = Pjk; (8)
Mjoznj’ j:O71a"'7A7 (9)
M()k:MAk:O, k= 1,2,...3, (10)

where the functions p;, i, pjx and ; for j=1,2,...,A—1,k=1,2,..., B are Steklov averages of the functions p(g), q(z),
p(g,t) and n(¢) respectively, defined by
gj+h/2

pi=y /p(g)dg,

Gji—h/2

1}
= — t)dt
qk T/q() ,

-1

1 te Gj+h/2
Pjk = E/ / p(g,t)dgdt,
lk—16j—h/2
1 gj+.h/2
n=y / n(g)dg, no=na =0
gjfh/z

[16]. Also, from conditions (5) and (6), the inequalities

gl < bo, k=1,2,..B, |D; qi| <b1, k=2,..B, (12)

are written.

We need the following lemmas and theorem.
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Lemma 1.(Discrete  Gronwall’s  Inequality  [17]):  Assume  that the nonnegative grid  functions
{v(s),y(s), s=1,2,...,8, ST = T} satisfy the inequality

W(s) < 3(s) + 7Y B(r),

r=1

where B, (r = 1,2, ...,5) are nonnegative constant. Then, for any 0 < s < S, there is

v(s) < y(s)exp <s’c 23r> .

Lemma 2. (Summation by Parts Formula): For any two grid functions

vyw e {v:iv=(vo,v1,V2,..,Va-1,V4), Vo = V4 = 0}, we have
Al A
h Z (ng.f) wj= —h Z (Dg_vj) (Dgw,) .
j=1 j=1
Lemma 3. (€ —Cauchy's inequality [18]): For any €> 0 and arbitrary a and b, the inequality

€, 1 5
b < — —b
Y=

is valid.

Theorem 2. (Fubini’s Theorem [19]): Let the function f(g,y) be integrable over @, ., = 0, x @,. Then, f(g,y) is
integrable with respect to 'y € ©, for almost all ¢ € O, is integrable with respect to ¢ € O, for almost all y € ©,, the
functions [ f(c,y)dy and [ f(g,y)dg are integrable with respect to g € @, and y € ©,, respectively, and

0 o,

p g
[ tasay= [ ac [ ray= [ay [ ras,
Op+q 6, 6 6 6

where O, is a p—dimensional bounded region in variables y = (y1,y2,...yp), Oy is a g—dimensional bounded region in
variables ¢ = (G1,62,.--G4)-

3 The stability of scheme (8)-(10)

We firstly get an estimate for the solution of difference scheme (8)-(10). By this estimate, we provide the proof of
unconditional stability of the difference scheme.

Theorem 3. Assume that (5) and (6) are satisfied and ) € Hg (I), p € H*'(Q). Then, the solution u im of difference scheme
(8)-(10) for any m € {1,2, ..., B} satisfies the estimate

A—1 5 m A—1 2 m 5
WY ujm| +20 Y Y |uj— i1 | +2p17 Y, lua—1]
=1 =1 j=1 =1

m A—1 ) A—1 ) B A—1 )
+2p11’2 Z|ujk—uj,1k‘ <c (hz‘nj‘ —‘rfl’lz ’pjk’ ) (13)
=1 j=1 =1 =1 j=1
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Proof1t is clear that for any scheme function & such that o

Eax =0 for k=1,2,...B, scheme (8)-(10) is equivalent
to the summation identity

A-1

A—1
ih Z Dy uj& i+ poh Z DZup& o +ipih Z D uj& j—h Z pjujk& ji+h Z Q& j = h Z P ji (14)

where & jk 1s the complex conjugate of & jk- Substituting 77 for Ejk in (14) and applying the formula of summation by
parts, we get

2 A-1 A—1 A—1 A—1
l/’lTZD Uil ji p()hTZ ‘Dgujk‘ —|—ip1h‘L'ZDgujkﬁjk—hTij|ujk|2—|—hfzqk|u]k|2—h12pjkujk
j=1 j=1 j=1 j=1

(15)
By subtracting its complex conjugate from (15) and using the relations
© (D wjedtje+ Dy ) = [l = g [+ Juje — e[ (16)
h(DE“jkﬁjk +D5ﬁjkuﬂ<) = [l = || + | — i (17)
we have
2 2 2 ~ 2 2 2 ~ _
hy (’”J‘k| = [ [+ fue = e | )+PITZ (|“jk| = Jatjaa] " e — e ):ZMZ”" piti)  (18)
j=1 j=1
for k =1,2,...B. If we sum all equalities in (18) in k from 1 to m < B and consider
m A— 5 A-1 A-1 5
2T (=i = X (= o) = z il = X, | 19)
k=1j j= =
m A—1 By ) m
Z Z <|”jk| *|”j—1k| ) = Z (|MA—1k| — |uok| ) Z |ua— 1k| (20)
k=1 j=1 k=1
with (9) and (10), we obtain from (18) the inequality
hz ”hm! +h2 Z ’ujk Ujx— 1| +pITZ|MA 1k|
—1j=1
m A—1
+P1TZ Z i — - 11<| <2hfZ Z |pji| ‘”/k|+hz |n1’ : 2D
oy |

By € — Cauchy's and Young’s inequalities it is written that
ZhTZl T [osl s = 228 Z [ 4| +2h7 Z Z [P e
j_

m—1A—1
<ean T low+

Z 4jn]* +h’fZ Z |’ +hfZ Z i
m—1A—1
<2Tth|PJm| +3 Zlujm\ +hTZ lefkl +he Y, Y Jup|’

k=1 j=1 k=1 j=1
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with € =27t and 7 < T. Thus,

m A—1 m A—1
hZ\ufm| +2hZZ!uﬂ< wj [ +2p1fZIMA il +2p1TZZ|”Jk_”J ul®
B A—
hty, Z ’Pﬂf‘ +2h72 Z ’”Jk| +2hZ ‘TI]| (22)
k=1 j=1 k=1 j=

for any m € {1,2,...,B} is obtained from (21). From the non-negativeness of all terms in the left-hand side of (22), it is
written that

A-1 5 B A-1 ) m—1A-1 ) Al
WYl <amie Y Y Joul+2ne ¥ Y fun 20 Y [ 03
Jj=1 k=1 j=1 k=1 j=1 j=1
Applying the discrete Gronwall’s inequality to (23), we achieve
A-1 5
hZ‘ujm| <c Z\Tb\ +ThZZ|p,k’ foranym e {1,2,...,B}. (24)
j=1 =1j=1

If we use inequality (24) in (22), we get for any m € {1,2,...,B},

m A—1 m A—1

hZ|qu| +2hZ Z |“Jk*”1k 1} +2PITZ|”A wl? +2WZ Z|”ﬂ<*"1 lk

25
c3 (’12 |’71|2+th i ’ij\2> 25)
= k=1 j=1

which completes the proof.

Theorem 4. Suppose that u}k, u%k are solutions of difference scheme (8)-(10) with initial values N J] , 1"]2 and right sides p /1'k7
szkv respectively. Assume that the conditions of theorem 3 are fulfilled. Let ®j = u}k — u?k. Then, foranym € {1,2,...,B}
and h,t > 0,

Al Al B—1A—1
hzr@m\%m(hzm L T - m)
=1 =1

Hence, difference scheme (8)-(10) is unconditionally stable.

Proof. It is clear that for j =1,2,...,A—1,k=1,2,...B, ®j is the solution of scheme

iD; @i+ poD; Pji+ ip1D; Pjr — piPji + 4 Pjk = P — P (26)
Djo=1;—17, j=0,1,...,A, @7
Bop = Py =0, k=1,2,..B, (28)

which is equivalent to summation identity

A—1
thD kK/k+POhZD kK/k+lP]hZD ik K ik
Jj=
A—1

_thj JkK,k+hZCIk kKjk:hZ (P}k—P]zk)fjk (29)
j=1
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for any scheme function Kj; such that ko = K4 = 0 for k = 1,2,...B. If we substitute Tijk for X j in (29) and apply the
formula of summation by parts, we get

A—1
zhrZD di,k(b,k—pohrz o cb,k‘ +zp1h‘L'ZD Dy — hTij| "k

e Y gl =he Y (o)~ p3) s
= =

If we continue the process similarly to the proof of Theorem 3, we obtain for any m € {1,2,...,B},

m A—1
hZ |q51m‘ +2hZ Z|¢ﬂ< D 1| +2p172|¢A il +2p1’L'Z Y PP “"
7]‘/_ j 1
B A-1
<4ThTZ Z |p/k ij| +2’”Z Z |¢1k’ +hZ ’77] | : (30)

711

Since all terms in the left-hand side of (30) are non-negative, the inequality

hZ ‘q)/m| <4ThTZ Z |pjk pjk| +2ht Z Z |(p/k‘ +h2 \n,

=1 j=1 k=1 j=1

3D
is written. If we apply discrete Gronwall’s Inequality to (31), we obtain

A-l B A—
hZ’CDjm‘zScs <hTZZ‘P]k pjk’ +h2’n/ ‘ > foranym € {1,2,...,B}
j=1 k=1 j=1

which completes the proof.

4 The convergence of scheme (8)-(10)

In this section, we prove that the solution u j; of scheme (8)-(10) is convergent to the exact solution U j; of u(g,t), which
Uji is defined by

 Sith
Uj = ‘L‘ih / / u(g,t)dgdt, j=1,2,...,A—1,k=1,2,..B, (32)
g4
Ujp=mj, j=0,1,...,A, Uy =Uxr =0, k=1,2,...B. (33)

For this, let’s show the error of scheme (8)-(10) by ejx = ujx — Uj at (g}, ). It is clear that e satisfies the following

system:
iD; ejx+ poDZeji+ip1Dg e — pjejk +qrejx =L, j=1,2,..,A—1,k=12,..B, (34)
ej():O, ]':(),1,...7A7 eok:eAk:Q k:1,2,...B, (35)
where
o Sits
' du %u du
Iy =— — — +ip1=— — t dgdt 36
=T / (’at+poag2 Timge p(g)u+q( )u) S (36)
et g4

—iD; Uk — poDgUji — ipi D Ui+ piUj — iU

© 2022 BISKA Bilisim Technology


www.ntmsci.com

39 BISKA Nigar Yildirrm Aksoy: On the convergence of finite difference scheme

Theorem 5. Presume that the conditions of Theorem (1) are fulfilled. Then, the error ey of scheme (8)-(10) satisfies:

A—1
h Z |ejm|2 <cn (W(1)+W2+Wfll+72+h2) foranyme {1,2,...,B},
=1

where W(T) — 0, wg — 0, w,ll — 0 as 7,h — 0. Hence, the solution uji of scheme (8)-(10) converges to the solution
Ujx of problem (2)-(4).

Proof. System (34)-(35) is equivalent to the summation identity
A1 A-1 A-1

h Z l'Dl_EjkEjk + poh Z Déejkgjk +iph Z Dg_ejkgjk
j=1 =1 =1

A—1 A—1
thpjejkﬂ]kJthqkejkﬂjk—hZI]kﬂ]k, =1,2,..B 37)
j=1 Jj= Jj=1

for any grid function ¥ such that ¥, = ¥4 =0 for k =1,2,...B, where 3 jk is the complex conjugate of ¥;. With the
help of the formula of summation by parts for jk = Tejx in (37), we get

A—1
hTZ D ejk)ejk—pohTZ‘D e]k‘ —|—lp]hTZ (D e]k)e]k

—hTij’€,k| +hTqu‘€/k’ —h’L’Z k€ jk- (38)

If we subtract its conjugate from (38) and use relations (16), (17), we obtain for k = 1,2,...B

A—1
hZ [lesel = leser*+ e — €] ]+PITZ el = lejul* + e —ej-ul*] =200 ¥ i (yeie) . 39)
j=1 j=1

Let’s sum all equalities in (39) in k from 1 to m < B and use equalities (19) and (20) for e j; with (35). Thus, we have

m A—1

hZ\e/m! +hZZ!eJk—eﬂ< 15 +PITZ|6A ul tre ) Rlew—e ul” <2hfZZ!1ﬂ<Hefk\

k=1 j=

which is equivalent to

h2|€]m| +hZZ|€]k € jk— 1| +Ple|€A 1wl +P1’FZZ‘€JI< ej ul?

7]]
m—1A—1

<207 ), 3 il e+ 20e Z i em] -

By € — Cauchy's inequality from inequality above, it is written that

m A—1

hZ\em! +hZZ!efk—e,k [ +m):|eA ul e B R fei—ei- ol
§2hr£i ]ejm|2+2hr§i |Ijm]2+hri i} Iyl +hrZ Z leqi|? (40)
J=1 Jj=1 k=1 j=1

k=1 j=1

which implies that
m—1A—1

B —
hZ\em! (4T +2) TZZM\ 20 ) Z!eﬂf (41)
k=1 j=1
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noting that 7 < T by € = 27. In (41), by discrete Gronwall’s inequality, we obtain

B A—l
hz |e]m| <c(,h’L'Z Z ‘Ilk| for any m € {1,2,...B}. (42)
1j=
Let’s denote the grid function /j; as follows
L=+ O+ L+ T+ for j=1,2,..,A— 1,Lk=1,2,..B
Jjk Jk Jk Jjk Jjk Jk J YLy ey ’ y &y eeeDy
where
I Gﬁ‘z
Ih=r / / i dgdr —iD; Uy, (43)
’k 1g77
o Sith
= Poge  dgdt — poD2Us, (44)
Tk— Ig,,
] n Sith 5
3 . u . _
jk—ﬁ/ /zpla—gdgdt—lpngUjk, 45)
Tetgi—4
| o Sith
I;“k:ﬁ/ /—P(G)”(G»I)dgdf+PjUjk» (46)
e1gi—4
n Sith
jk h"L’/ /q gtdgdt QkUjk- @7
=t g4
From (32) and (43) for j =1,2,...,A— 1, k=2,3,...B, it is written that
te Sjt 2 I §,+2
jk hr/ / z—dgdt iD; Uy = - / / z—dgdt / / u(g,t—1))dgdt
f-1g; -1t ftg; -1t le—1g; 4
St
i du(g,t) du(g,t+8)
=i | [ (P dedsa
l1g; _k -7
which implies that
ISP () _2ulsi+0)
u u
dodgdt. 48
|"|_h12/// ot ‘ ¢ (“48)
75 ]g 7& —T
In (48), using Fubini’s Theorem and Cauchy-Schwarz inequality, we achieve
0
B A-1 2
2 1 du(g,t) Jdu(g,t+0)
/’t‘L’Z Z |Ij S;/ / % Y dgdt| do. (49)
k=2 j=1
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As known, any function belonging to L,(£2) is continuous in the norm of L,(£2). So since du/dt € L,(R2), for a given
€ > 0, anumber o > 0 can be found such that

1/2
[ du(g,t)  du(s,t+0)|°
/ o ot dgd <€
Q
for all |8| < t < o [19]. Therefore, we write
B A—1 5
thy, Y | <we, (50)

k=2 j=1

where

dgdt | do, wi>0

0
o1 du(g,t) du(s,t+6) [
Ve / /‘ ot ot

L 4
-7

and w(% converges to zero since 0 — 0 as T — 0. Similarly, from (32) and (43) for k = 1, we have

A—1 P
2 du(.,t)
Jj=1 0
by (7). Combining the last inequality with (50), we obtain
B A—l 5
th) Y || <cst+wl. (51)
k=1 j=1
From (32) and (44) for j =2,3,...,A—2, k=1,2,...B, it is written that
ty Sjt
;o 9u(sn) , Uj+lk_2Ujk+Ujflk
i = hr sl = 2
T~ lgi—
o Sithcth ¢ 3214 B Sithcth ¢ 32
/ / / / d(pdCdgdt——/ / / / a¢2 91 yoazdcdr
lklg_,QCh lklg_QGCh
i SitS b0
Po Qu(g,r) Pu(g+E+9.0)
_ Po d
(55 G ) dedgasd
[kflgj*% 0 —h
which implies that
n Sit5 R0
9%u( gt “u(g+C+9.1)
I \_ e / O/ / 30 dodldgdt.
h

17 _h
k=lgi—3
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In above inequality, by using Fubini’s Theorem and Cauchy-Schwarz inequality, we get

hoo 2
B A2 2 Qu(g,t) Pulg+¢1)
o P D dgdr | dod
Bl ([ 2o o
o 2
2po Pu(c+8,t) Pu(c+l+9.1)
i 0/ 1 (g/ 0@ o | ded)dede

Since 9%u/dg? € L,(R), for a given € > 0, a number ¢ > 0 can be found such that

9%u(g,r)  d*u(¢+¢,1)

5 1/2
u(g, u s €
({Z e e dgdt) < 7

1/2
2
dgdt) <

for |{| <h<oand|9p] <h<o[l9]. Since { — 0and ¢ — 0ash — 0, it is clear that

N M

/82 (6+&1) u(s+{+9,0)
d¢? d¢?

2, 92 2 2
/‘8 (¢.1) u(g+2€,t) §+C t) o u(g+g+¢,t) dedi — 0.
s 9¢? Js
Thus, we can write
B —
ZZ|1 > <wl, (52)
where
h 0 2
25 *u(g,t) d*u(c+8.1)
0 _ <F0 v )
=2 ] (|75 PSS ) o
0 —h \Q
h 0 2
2p5 Pu(c+81)  u(c++9.1)
0 —h \Q
So we say w2 converges to zero as h — 0. From (32) and (44) for j =1and j =A — 1, we get
o S1ts
3po 9%u(g,1)
2 )
I gﬁ/ / o dcdt fork=1,2,...B,
1 -4
I §A71+%
3po 9%u(g,1)
1 _ il gﬁ/ / SFra dcdt fork=1,2,..B
ftgy 14
which is equivalent to
B B 2
2 2 %u(c,. 0°u
he Y | +ht Y |G w]” <905 (/H ‘5 dg+/H dg). (53)
k=1 k=1 »(0,T) L,(0.7)
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From (53), we can easily say that the term At Z ‘I | +ht Z ’I i k’ converges to zero as 1 — 0. Combining (53)
with (52), we obtain

h}B Af:l 2R <w? 54
T !Jk‘ =Wy (54)
k=1 j=1

By formulas (32) and (45) for j =2,3,....,A—2,k=1,2,...B, we write

n Sith o Sith B Sith
1 du (Up—Uj—ix) 1 du ip1
13:—//'—ddt—' %:—//'—ddt——// 1) — (g —hy1))dgds
Jk hT lplag 9 Ip1 h ht lplag 9 W2t (M(g ) u(g )) S
g4 g4 et g3

which implies that
n Sit5 0

sz [/

Tj— 1g777

du(g,t) du(g+¢.1)
Jg Jg

’ dédca. (55)

From (55), by means of Fubini’s theorem and Cauchy-Schwarz inequality, we get

B A du(g,r) du(g+¢.n)|
3 (s, ct6,
Z Z ’Ijk‘ <M /‘ So | dedr | dc.
Since du/d¢ € L»(L2), for a given € > 0, a number ¢ > 0 can be found such that
5 1/2
0 0
P S S
for |§| <h < o.Since { — 0 as h — 0, we can write
B A-2 2
3 ’Ifk‘ <wl (56)
=1 j=2
where
P 1 flaulen) du+gnf
/’ F D dgdr | dg

and w,ll converges to zero as h — 0. Similarly, from (32) and (45) for j =1 and j =A — 1, we get

B h 2
rh2|1fk\zg4p’f/ S 4y ) de = ap / dc,
k=1 5 L,(0.T)
5 I /T 5
wh Y[Rl < 4t [ /a”(g W ar ) ag=4p /Ha”a dg
k=1 1“n \0 ¢ leom

which implies that

u(c,.) ||

ag

dc |. (57)
L,(0,T)

I
dg+/
Lr(0,T)

B 32 B 2
e Bl < ]
k=1 k=1 [—h
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In (57), since ht ): |I ’ +ht Z ’1,4 1k’ — 0 as h — 0, combining (56) with (57), we can write
B A1 2
oy Y |5 <wh (58)
k=1j=1

From (32) and (46) for j =1,2,...,A—1,k=1,2,...B, it is written that

h i
e Sjta 0w Sits 4 Sita

I = Ly //(I’j (G))dgdt+—/ /p jk—u(gt))dgdt:ih/ /p(g)(Ujk—u(g,t))dgdt

’L'h

1 h 1 1
k— lgjf7 k— 1{"177 k— 1g,,

which implies that
B Gith

—m/ /\Uk—ugtydgdt

Ti— 1g_,

by condition (5). Since

e Lorte
u 5 uly,
u(g,z)_a/ // G dndpdo + //h/ 5y drdpdo.

lele bt
k=1gj—3

it is obtained that

1 i Sjta (L, 6) ip du (.1
w1 T T T TP ] )
15| < - - dodlde + 3y dydlde | dgdt
tk,1€j7% T— Ig 7% Ii— lg 7% 9
St Sith g P C 9) I gﬁz IA 9/ beit
< / / / / / u ‘d¢d§d9dgdt+ ’:’ / / ’ ) dyacavacar
(T T~ 1gJJlf1< Ig;— -1 (z ) k—1¢ ,htk lgi—hg
8 f Gt ulc.r)
u( u
d dt+— dgd
-+ / / ‘ 52 dsd.
lk 1g,_7 lk 1g_7
In (60), by Cauchy-Schwarz and Young’s inequalities, we get
2
/ / dd +2“°h / / dgdt

le1 ;-1 k1 gt

which implies that

2 2

u

+2ugh? % <co (TP +h?)

L(2)

by the estimate (7).

Similarly to the computations obtaining inequality (61), from (32) and (47) for j =1,2,....,.A—1, k=1,2,...,

(59)

(60)

(61)

B, we
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obtain 5 Al
- 2 du du
5 2.2 2,2 2, 32
rhk; ; 15| <20 7 R P <cio (2 + 1) (62)
=1j= 2(Q) L (Q)
by the estimate (7).
Thus, from (51), (54), (58), (61) and (62), we have
B A—1 5
thY Y |[Li]” <wi+wh+wi+cn (2 +77). (63)
k=1 j=1

Inserting (63) into (42), we achieve

A=l
h Z ‘ejmlz <c12 (w(f)—i—wg—l—w},—i—rz—l—hz) forany {me1,2,....B}.
j=1

This completes the proof.

5 Conclusion

In the present paper, a finite difference scheme for Schrodinger type equation including the momentum operator has
been constructed. Unconditional stability and convergence of the proposed scheme have been proved. Here, it is worth
mentioning that the considered equation in discretized problem contains a momentum operator. Such problems focussing
on the solution of Schrodinger type equations including momentum operators by finite difference method have been very

slightly studied in literature. Hence, our paper is more comprehensive and current than previous works.
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